SYDNEY BOYS HIGH SCHOOL

MOORE PARK, SURRY HILLS

2017

HSC Task #2

Mathematics Extension 1

' Total Marks — 55

6 Marks

General Instructions

Reading time — 5 minutes.

Working time — 90 minutes.

Write using black pen. ‘ 7
Board approved calculators may be used. * Attempt Questions 1-6

All necessary working should be shown in e Aliow about 10 minutes for this

every question if full marks are to be awarded. section.
Marks may NOT be awarded for messy or [ (Section IT Pages 6-11
badly arranged work. |

adly arranged wor | 49 marks

Leave your answers in the simplest exact form, §
unless otherwise stated. * Attempt Questions 7-9
Start each NEW question in a separate answer
booklet.

A reference sheet is provided for this paper.

|+ Allow about I hour and 20
minutes for this section

Examiner; DY




Section I — Multiple Choice

6 Marks

Attempt question 1-6

Allow about 10 minutes for this section

Use the multiple-choice answer sheet for Questions 1-6

1 A point P(x, y} is moving on the curve defined by x=2 + 3tand y = 2 - 3¢,
where ¢ is a variable. '

What is the Cartesian equation of the curve?
(A) x+y+4=0
(B) x+y-4=0
(C) x—-y+4=0
D) x—-y—-4=0

2 Dennis, Eric and five friends arrange themselves in a circle.
In how many ways can they be arranged so that Dennis and Eric are NOT together?

(A) 61— 41 x2!
B) 7!1-5ix2!
(C) 6!—51x2!
(D) 7!— 4!x2!
3 Consider the function f{x) =x> + 3x — 1. It has one root &, 0 < o <0.6.

Take x =1 as a first approximation for this root.

Using ONE application of Newton’s method, which of the following is the second
approximation for the root?

(A) x= %
(B) x= %
(©) x=i—
@) x= %




4

The points 4, B and C lie on a circle with centre O, as shown in thediagram.

The size of ZAOC is 3?7[ radians.

NOT TO
SCALE

What is the size of £LABC in radians?

w =
® =
© 5
®»

There are m boys and m girls at a particular school and a committee of 4 students is to
chosen from the students.

How many different committees can be formed having 2 boys and 2 girls on it?

Ay  mlm-1)

B mm-1y

m{m—1)
© 5
D) m*{(m—1)"

4




Find f cosxsin’ x dx.

(A)  4sin*x+C

(B) —sin*x+C
| S
(&) Zsm x+C

(D) —%sin“xﬂ—c




Section I1

49 marks

Attempt Questions 7-9

Allow about 1 hour and 20 minutes for this section

Answer each question in a NEW writing booklet, Extra pages are available

In Questions 7-9, your responses should include relevant mathematical reasoning and/or
calculations.

Question 7 (17 Marks) Start a NEW Writing Booklet
X
Solve the i li <2,
(a) olve the mnequality Ty
(b)  Find the value of K if lim S‘;"'“ =5,
x> X

(c) The point P(2p, p°) lies on the parabola x* = 4y.
(1) Write down the equation of the normal at P.

(i)  Find the co-ordinates of the points £ and M where the normal at P
cuts the x-axis and y-axis respectively.

(iii)  Find the area of A OLM where O is the origin.
(d Find J cos’ 4x dx .

(¢)  Prove by mathematical induction that 6*° — 5 is divisible by 11 for integers 7 > 1.

x+2
|x]

¢3)] ) Sketch the graph of y=

(i)  Hence, solve 1< "|+|2 <1.
X




Question 8 (17 marks) Start a NEW Writing Booklet

(a) In the diagram below, the points P, O and T lie on a circle.
The line MN is tangent to the circle at 7' with A/ chosen so that QM is
perpendicular to MN.
The point XK on PQ is chosen so that 7K is perpendicular to PQ.

@ Copy the diagram to your Writing Booklet.
(i)  Show that QKTM is a cyclic quadrilateral.
(iii)  Show that ZKMT = ZKQT .

(iv)  Hence, or otherwise, show that MK is parallel to TP.

(b) (i)  Show that di(tan?’ x)=3sec’ x(sec’ x—1).
X

3
n
(ii)  Hence evaluate j sec'x dx.

1]

Question 8 continues on page 9




Question 8 (continued)

(©)

(d)

The points P(2ap,ap®) and O(2aq,aq’) lie on the parabola x* = 4ay.

The tangents to the parabola at £ and ( intersect at R and at an angle of 30°.
Y

N

30

/
(i) Show that the co-ordinates of R are (ap + aq, apq)
()  Show that 3| p—g|=| 1+ pq]

(iii)  Find the equation of the locus of R as P and O move on the parabola.

Consider the number 77...77 which has n + 1 digits, all sevens.

777.7=T+7%x10+7%10* +..+7x 10" (Do NOT prove)
\ﬂ_f

n+ldigits

Prove by mathematical induction that

T+TT+777 4.+ 77..77 :1(10"“—9;1—10)

n digits

for integers n > 1.

End of Question 8




Question 9 (15 marks) Start a NEW Writing Booklet

(a)

(b)

Let o be an approximation to a root of x* = £.

(i) Using Newton’s method, show that a further approximation
2
o +k

is given by

(iiy  Hence, find a rational approximation to 2\/5 using ¢ =3,

In a set of 40 cards there are 10 red, 10 green, 10 black and 10 blue cards.
Cards of the same color are numbered separately 1, 2, 3, ..., 10.

1) Find the number of different ways three cards may be selected at random
from the entire set.

(i) Show that the number of selections in part (i) for which the cards are
not all of different colors is 5880.

(iii)  What is the probability that the three cards selected have different colours
and are not consecutive numbers? .

Question 9 continues on page 10

10—




Question 9 (continued)

(©)

(d

In the diagram below, P4 and PB are two chords on the same side of a
diameter POQ, of a circle with centre O,

Chord PA is produced to C, so that OC is perpendicular to PQ.
OC cuts PB at D.

Prove ACBD is a cyclic quadrilateral,

The straight lines y = mx and y = kx meet the line y = ¢ at points P and  respectively.

The perpendiculars to the two given lines at P and Q intersect at R, which has

cm+ck , c(mk—-1) (Do NOT prove).
mk mk

coordinates R(

(i) Draw a diagram to represent the above information.

(i)  If the length of the interval PQ is 3¢, find the equation of the curve on which
R lies.

End of paper
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Question 9 15 marks
(a) Let & be an approximation to a root of *=k

1) Using Newton’s method, show that a further approximation 2
2
o +k

is given by

Let f(x)=x"—Fk and x,=¢
Sof(x)=2x
A7)
R A(C
o’ —k
20
20 -a’+k
20
o+ k
200

=0 —

Comment.

This is a “Show that ...” problem and so students who didn’t show enough were penalised.
Defining f'(x) and quoting the formula (from the Formula booklet) went a long way to showing
sufficient understanding.

(i)  Hence, find a rational approximation to 2\/5 using /=3, 1
~x'=8ie. k=8
3’ +8
X, =
2%3
7
6
Comment:

Surprisingly it seems that using k = 8, with the previous part, was not obvious.
Also, this is a “Hence ...” problem and many students ignored this fact.

(b)  Inasetof 40 cards there are 10 red, 10 green, 10 black and 10 blue cards.
Cards of the same color are numbered separately 1, 2, 3, ..., 10.

(i) Find the number of different ways three cards may be selected at random 1
from the entire set.

Choosing/selecting 3 cards from a set of 40 = *C, .

Comment:
Too many students answered with “P,.
A selection of 3 cards was asked for, not an arrangement.




(b)

Comment; |

(i)

Show that the number of selections in part (i) for which the cards.are 2
not all of different colors is 5880.

How many ways can they be of different colours?

Choose the three colours in *C, ways.
There are '°C, ways to pick a card from one colour.

“ there are *C, % '°C,x "°C x "°C, = 4000 ways to pick 3 cards of different colours

o there are “°C, - *C, x °C, x '°C, x °C, = 5880 which the cards are not all of different
colors,

This was not done well. Recognising complementary events needs more work by many students.

(b)

Comment:

(ifi)

What is the probability that the three cards selected have different colours 3
and are not consccutive numbers?

How many ways are there to pick 3 consecutive numbers of different colour?

First, consecutive numbers:
They would be: 123
234

89 10

For each one there are 4P3 = 4! ways that they could be of a different colour
i.e. 41x8=192 total possibilitics.

How many ways of picking three cards of different colours?
From (ii) there are 4000 ways.

So there are 4000 — 192 = 3808 ways of selected have different colours
and are not consecutive numbers.

3808 _ 476
®C, 1235

= the probability is

This was not done well. Recognising complementary events needs more work by many students,




(¢)  Inthe diagram below, P4 and PB are two chords on the same side of a 3
diameter POQ, of a circle with centre O.

Chord PA is produced to C, so that OC is perpendicular to PQ.
OC cuts PB at D,

Prove ACBD is a cyclic quadrilateral.

Let ZPQB=x
" LOPB=%—x (angle sum of A PB(Q)
W LZPDO=x (angle sum of A PDO)
N ZLCDB=x (vert. opp. £s)
B
Also £LCAB=x (exterior angle cyclic quad PABQ)

W ZLCDB=/CAB=x
~ ACBD is a cyclic quad (converse of Zs in the same segment}

Alternative

Let ZBPO=x
N LBAQ=x (angles in same segment)

S LBAC=%—x (angle sum of line PAC)

LPDO=%-x (angle sum A PDO)
SN LCDB=%—x (vertically opposite)

2

o ZBAC = Z/CDB=%~x

~ ACBD is a cyclic quad (converse of Zs in the same segment)

Comment;

This was generally done well by those who had time to do it.




(d)  The straight lines y = mx and y = kx meet the line y = ¢ at points P and  respectively.

The perpendiculars to the two given lines at 7 and () intersect at R, which has

cm+ck , c(mk —1) (Do NOT prove).
mk nk

coordinates R(

1 Draw a diagram to represent the above information.

Points P and Q have coordinates (i, c] and [%, CJ respectively
m

(ify  Ifthe length of the interval PQ is 3¢, find the equation of the curve on which
R lies.

PO=3&

c(k—m)
mk
_k—m)

Y
s ke—m) =9’k
em+ck c(mk— 1)} et o COUER)

=3c

= 9¢?

dy= c(mk -1)

3
mk mk mk mk

P c(m+ k)
m*k?
s (m—k) +4mk
=c >(—2 2
m'k
. Ok + dmk
X ———
mk

With R[

-~ x* +4cy=13c" is the equation of the locus of R.

Comment:
Students who used the absolute value for PQ, had a better chance of recognising that x* would be
involved with the equation of the locus.

End of solutions




