SYDNEY GRAMMAR SCHOOL

2014 Half-Yearly Examination

FORM VI
MATHEMATICS EXTENSION 1

Tuesday 4th March 2014

General Instructions
o Writing time — 2 hours
¢ Write using black or blue pen.

¢ Board-approved calculators and tem-
plates may be used.

o A list of standard integrals is provided
at the end of the examination paper.

Total — 70 Marks

» All questions may be attempted.

Section I - 10 Marks

¢ Questions 1-10 are of equal value.

¢ Record your solutions to the multiple
choice on the sheet provided.

Section IT - 60 Marks
¢ Questions 1114 are of equal value,

¢ All necessary working should be shown.

o Start each question in a new booklet.

Checklist

+ SGS booklets — 4 per boy

» Multiple choice answer sheet
¢ Candidature — 130 boys

Colfection

¢ Write your candidate number on each
booklet and on your multiple choice
answer sheat.

e Hand in the booklets in a single well-
ordered pile.

¢ Hand in a booklet for each question
in Section II, even if it has not been
atternpted.

s If you use a second booklet for a ques-
tion, place it inside the firat.

« Place your multiple choice answer
sheet inside the answer booklet for
Question Eleven.

¢ Write your candidate number on this
question paper and submit it with
your answers.

Examiner
LRP

SGS8 Holf-Yearly 8014 .......... Form VI Mathematics Extension I .......... Page 2

SECTION I - Multiple Choice

Answers for this section should be recorded on the separate answer sheet
handed out with this examination paper. :

QUESTION ONE

What is the period of the function f(z) = Stan2z7

{(4)
(B)
(©)
D)

4

27

wol

QUESTION TWO

Which of the following is the derivative of sin™' 2z 7

2
Ay
(A) V1 — 42
—2
By —=o
(B) V1—daz?
/1 — dg?
-1
Dy —
(D) 241 — 42
QUESTION THREE

What is the general solution of 2cosz 4+ 1 =07

Gy
(B)
{C)
D)

@ = 2nw £ £, n is an integer
z = 2nm+ 2% n is an integer
# =2nm+ %, n is an integer
# =27+ 2%, n is an integer

Exam continues next page ...
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QUESTION FOUR. ' QUESTION SEVEN
What is the range of the function y = 2eos ™ 3a? 9
Which of the following represents the inverse function of f(z) = —— — 67
(A) —2<y<2 z~3
B) 0<y<¥k ‘ (a) f“(m)=ﬁ—i3

(C) —w=y<w a
_I:JS A
D) 0<y<2r ® & z+6 3

_ 2
QUESTION FIVE © @)=y -3

‘Which function does the graph below represent? @ fle)= 2 +3
36
y
#
4 L QUESTION EIGHT
How many solutions are there to the equation sin3z =0, where 0 < 5 < 2a7
(ay 1
- B 5
© 7
(A) y=cos'z—m
m 9
(B) y=cos ! (—x)
T § ris
(@) y=sin"z-3 QUESTION NINE
(D) y=sin'ow—a 5
The volume, ¥ em®, of water in a container is given by V = %ﬂ’h , where } cm is the depth

of water in the container at time ¢t minutes. Water is draining from the container at a

QUESTION SIX constant rate of 100 cm?®/min. What is the rate of decrease of f, in om/min, when h = 57

x
The angle # satisfes cosf = # and —F < 6 < 0. What Is the value of 5in 207 (A) I
) %
4
(B -3 B -
€ % (Cy 25
M -% (D) 2500«

Exam continues overleaf ... Exam continues next page ...
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QUESTION TEN

A trigonometric function has the properties f(r =) = —f(z) and f{x —x) = —f(—=) for

all real values of z. Which of the following is a possible equation of this function?

(A)  f(z) =sinz
(B} fle)=cosw
€ fle) =tanz

(D) f(z) = coseca

End of Section I

Exam continues overleaf ...
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SECTION II - Written Response

Answers for this section should be recorded in the booklets provided.
Show all necessary working.

Start a new booklet for each guestion.

QUESTION ELEVEN (15 marks) Use a separate writing booklet.
(a) Find the acute angle between the lines y =2z +3 and y=—-3z+ 1.
(b) Write down the exact value of:

o o 0T
(i) sin -

(i) tan? (”%)

(c) Differentiate:
6] sin%
(i) (cos™ )
(iii) ztan2z
(d) Find:
o) f cos (2 + 1) d

. 3
(if) ]de

(e) (i) Show that tanz = sin 2

1+cos2s

(ii) Hence evaluate tan § in simplest exact form.

Exam continues next page ...
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QUESTION TWELVE (15 marks) Use a separate writing booklet. Marks
{a) Pind the exact value of tan (2cos™ 3). (2]

(b} The two points P {2ap, ap®) and Q (2ag, ag®} are on the parabola 22 = day.
The equation of the tangent to z? = day at an arbitrary point (2at, atz) isy = tx—at’.
{Do NOT prove this.)

(i) Show that the tangents at the points P and Q meet at B (a(p +g), apa). @
(ii) Show that R lies on the directrix if the tangents at P and  are perpendicular. EI

(c) Solve cos2§+3sinf—2=0for 0 <0 < 2n. (3]

(d) 4 3

o

“The diagram above shows a sector OARB and an arc C1, both with centre O. The
figure is formed by pieces of wire. The area of sector GAB is four times the area of

sector OCD.
The length of OC is rem and LAOB is 6.
(i) Show that AC =r.

(i) If the total length of wire forming the figure is 48 cm, show that § = 18 :; 47‘.

[o] [=] [¥]

(iif) Hence find the value of r that maximises the area of sector OCD.

Exam continues overleaf ...
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QUESTION THIRTEEN (15 marks) Use a separate writing booklet. Marka
- N 0 '
{(2) Use the substitution { = tan 3 to show that cosecf 4 cotf = cot 5 @

{b) (i) Bxpress2sinz+4coszin the form Rsin{z + &), where R > 0 and 0 < a < 360°.
Give  correct to the nearest minute.

(ii) Hence, or otherwise, solve the equation 2sinz -+ 4cosz = 3, for 0 < = < 360°.
Give your solutions correct to the nearest minute.

{c) Use mathematical induction to prove that for all integers n > 1, @
T 2 3 n n+42
sttt tgm == g

d

@) D.

h
] 60°
A 30° B
45°
x
o}

In the diagram above, ABCD is a triangular pyramid with base ABC and
perpendicular height AD = k.

1t is given that LABC = 30°, LACD = 45° and LABD = 60°. Let BC be .
(i) Show that AB = 7h§- and AC = h.
(ii) Use the cosine rule to show that 2h% + 3zh — 3z° = (.
/33 -3

(iii) Hence show that g = .

4

o] [] [<]

Exam continues next page ...
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QUESTION FOURTEEN (15 marks) Use a separate writing booklet. Marks The following list: of standard integrals may be used:
{a) Consider the function y = 3cos™*(z — 1). ) "
o = M -1 if

{i) Draw a neat sketch of y = 3cos™ " (z — 1), showing the intercepts with the axes. /m T R 71 2 70,ifn <0

(ii) Find the exact area enclosed by y = 3cos !(z — 1) and the coordinate axes. [2] f_i_dz ~lng, >0
(b) A function is defined by f(z) =ain(z — ), where —a <z <a. 1

feﬂrda:_:geﬂz‘ a%o

If the inverse of f{z) is a function, what is the maximum possible value of &%

(c) /cosaa{d:c:ésinaaz, a#0

w 7
g
S * 4 /sinaa:da::——?icosam, a0
”
> sec? azde = ltane:z:..", a#0
¥ a
T2at-a) 1
fseca:l:tanazdz:-—secax, a0
a
nd /’ b o L1 oo
x2=-4ay a? 4 z? T . a’ @
v A Y 1 z
fﬁhzsin"la, a>0, —a<z<ao
The point T(2at, —at?} is a point on the parabola z? = —4ay. The normal at T meets f ﬁ dr=In (g;+ 2 - a2) , s> a>0

the line x = —at at point U. Point V lies on the normal and divides TU externally
in the ratio 2: 3.

1
—_—— el =1 2 2)
{i) Show that the equation of the normal to the parabola at 7' is  — ty = 2at + at’. IEI ./ 2% ¥ a? dz=1n (m tvatta

{ii) Find the coordinates of U/ in terms of ¢ and ¢.
NOTE: Inz=log,z, z>0

(iif) Find the coordinates of V in terms of a and £.

[eo] [eo] [o0]

{iv) The locus of ¥ is another parabola. Find the coordinates of its focus.

End of Section 11 —_—

END OF EXAMINATION
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