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CANDIDATE NUMBER

SYDNEY GRAMMAR SCHOOL

2016 Assessment Examination

.

FORM VI
MATHEMATICS EXTENSION 1

Monday 23rd May 2016

General Instructions

o. Writing time — 2 hours

¢ Write using black pen.

¢ Board-approved calculators and
templates may be used,

Total -— 70 Marks

+ All questions may be attempted.

Section I~ 10 Marks

. Qtif:stions 1-10 are of equal value,

s Record your answers to the multiple
choice on the sheet provided.

Section 11 — 60 Marks
o Questions 1114 are of equal value.

o All necessary working should be shown.

o Start each question in a new booklet.

Checklist

+ SGS booklets — 4 per boy
o Multiple choice answer sheet
o Reference sheet _

¢ Candidature — 111 boys

Collection

» Write your candidate iumber on each
answer booklet and on your multiple
choice answer sheet,

+ Hand in the booklets in a single well-
ordered pile.

e Hand in 4 booklet for each question -
in Seetion TI, even if it has not been
attempted.

¢ If you use a second booklet for a
question, place it inside the first.

» Write your candidate number on this
question paper and hand it in with your
answers. ,

s Place everything inside the answer
booklet for Question Eleven.

Examiner .
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SECTION I - Multiple Choice

Answers for this section should be recorded on the separate answer sheet
handed out with this examination paper.

QUESTION ONE

d
il 9z}
Evaluate 7z S (2x)

® =

2

(B) 41— dg2
1

© 31— 4z
1

D) 2+/1 — 4z

. QUESTION TWO

A particlé undergoes simple harmonic motion according to the equation z =3 cos(2t).

What is the period of the motion?
(n) -
(B) =
(C) 2r

() 3

QUESTION THREE

If (z +2) is a factor of 32® + kz® — 31z — b4, what is the value of k?

(A} 4
(B} —4
() 23
(D) —23

Examination continues next page ...




SGS Assessment 2016 ....... ... Form VI Mathematics Fxtension I ......... , Page §

QUESTION FOUR

Y,
=

The diagram above shows the graph of:
(A) y =sin"Hz 1)
(B) y=sin"1(1 —z)
(C) y=cos Mz —1)
(D) y=cos (1 -2)

QUESTION FIVE

What is the natural domain of the function log, (T — )} ?

A) 2>7
By z<T
(C) z=27
D) z57

QUESTION SIX

The integral f ze® da is:

(A) & +C
(B) 2¢* +C
(©) L= +C .

(D) ze® 4O

Examination continues overleaf ...
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QUESTION SEVEN

Ya

HV

The diagram above shows the graph of y = P(z) where P{z) = az® +ba° + ez® +dz +e.
A pupil makes the following statements: '

I) The y-coprdinate of the point 5 is e, .
I a> 0.
11I) There is a doubte zero at the point T°

Which of the above statements are correct?
{A) T only.
(B) I and IT only,
() I and III only.
(D) 1, I and T are correct.

QUESTION EIGHT
Evaluate lim w
k0 L
(Ao
(B} 1
(Cy -1
(D) oo

Examination continues next page ...
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QUESTION NINE

The graph above shows the position of a particle = aleng a straight line at a time 1,
where 0 < t < 8. There are hotizontal tangents when ¢ = 1 and £ = 6, and a point of
inflexion when ¢ = 3.

For what values of ¢ Is the particle’s velocity incressing?
(Ay 0<t<3
(B) 1<t<b
(C)d4<t<s8
(D) 4 <t <6only

QUESTION TEN

|
If the length of & rectangle decreases at a rate of 28cm /s while its width increases at a rate
of 29 e /s, which of the following describes the change in area while the length is greater

than the width?
(A) The area is increasing,
(B) The area is decreasing,
(C) The area increeses and then decreases.

{D) The area does not change.

End of Section 1

Examination continues overleaf ...
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SECTION II - Written Response

Answers for this section should be recorded in the booklets provided.

Show all necessary working.

Start a new booklet for each guestion.

QUESTION ELEVEN (15 marks) Use a separate writing booklet. Marks

(a) Differentiate ¥ = £ sinx with respect to .
(b) What is the remainder when P(z) = z* — 3¢® + 2z — 1 is divided by # - 27

(c) A particle’s displacement z along & straight line at time ¢ is glven by the equation
2 = e 4 422 + 7. Find the acceleration of the particle in terms of &

x

T
{d) Using the identity tan® 2 4 1 = sec® @, evaluate f tan® z dx .
0

o) State the domain and range of the function f(z) = 2sin" 1z,
| £

(f) Consider the polynomial P(z) = 2% — 32% — 3z + 2.
(i} Show that z+ 1 is a factor of P(x).
(if) Write P(z) as & product of its factors and hence solve Plz)=10.

Examination continues next page ...’
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QUESTION TWELVE (15 marks) Use a separate writing booklet. Marks
{a) Show that the normal to the parabola o = 4t, y = 2t? has equation
yt— 2 =dt — .

(b} A particle moves along & straight line according to the equation
x=te ",

(i) Find the velocity of the particle as a function of time.

o] {]

(if) At what time does the particle change direction?

(c)

L
>

v
b

The diagram above shows an object Jaunched from a cliff nine metres above the ground,

. at an angle of elevation of 30° and at a speed of 24 m/s. Assume that the acceleration
of the object is due only to gravity, with g = 10 m/s%. Assume also that the origin
lies at the base of the cliff, as shown in the diagram.

The equations of motion are
#=0m/a® and §=—10m/s*.
(i) Show that the horizontal and vertical components of the initial veloeity are
_ #=12y3m/s and y=12m/s.
(i) Hence show that the equations for horizontal and vertical displacement are
z=12t4/3 and y=9-+12t 5%

(311} How long is the object in flight?
{iv) At what distance from the base of the.cliff does the object hit the ground?

HE = H

Examination continues overleaf ...
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(d) T
25m
X Ay X
1T
B

7z

The base B of a vertical tower BT sits on the edge of a straight river. From a point
X on the edge of the sams bank, the angle of elevation to the top of the tower is -
/BXT = 48°, From point ¥, directly opposite X on the other bank, the angle of
elevation to the top of the tower is ZBYT = 31°. The helght of the tower BT is

28 metres.

(e) Show that the width of the river is given by _ - v
2
XY =625 (tan® 59° — tan®42°) .

(f) Hence find the width of the river, correct to 2 significant figures.

Examination continues next page ...
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QUESTION THIRTEEN (15 marks) Use a separate writing booklet, Marks

(2) Suppose o, 8 and 7y are the roots of the polynomial 2% + 8z% + 8z —4=10.
Find:
@ a+B+y
1
7 , [2]
(iii) o® -+ 2 —1-")'2 . @

iy 1 1
(it) a+ +’Y

{b} Use mathematical induction to show that 37 —1 is divisible by 2 for all integersn 2 1.
(€) Use the substitution ¢ = tan§ to prove the identity tan 20 cot§ = 1 +sec28.
(d) A particle moves along a straight line with velocity » given as a function of its

displacement = by the equation

1 = —4z® + 8z -+ 12.
(1} Prove that the motion is gimple harmonic motion by showing & = —4(z —1).
,(n’) Write down the period of the motion.
-(il} Pind the amplitude of the motion.

[l ][]

Examination continues averleaf ...
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QUESTION FOURTEEN (15 marks) Use a separate writing booklet. Marks

() Let-f(w) =z —sin"cos z).
(i} Show that ' ) @

) s 1 sinz
fla) =1+ |sinz|

where |sinaf = Vsin®z.

(if) Explain why f'(z) =2 for 0 <z <= and f'(z) = 0 for « < m < 2.

[re] []

(iii) Hence sketch y = f() for —2r <2 < 2.

®
A

0
0 - > X
o
The diagram above shows a projectile fired from the foot of a ramp. The projectile

is launched at & speed of v m/s and at an angle of § to the horizontal. The ramp is
inclined at an angle of ¢ to the horizontal such that ¢ < & < 90°,
You may assume that the equation of the projectile’s path is
(3
gz sect
=gtanf — ———-
4 & 202
(i) The equation of the ramp is-y = (tan¢)z. Show that the projectile lands at a IEI
distance R upon the ramp, where

2
= 2%(tan@ — tan ¢) cos® G sec .

" dr _ n? . .
| (ii} Show that ¥ —g——sec ¢ eos{26 — ¢}, for fixed v and ¢. : @
(iif) Hence find the value of § for which R Is a maximum.

Fxamination confinues next page ...
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(c) Let a, 8,7 be the roots of the monic polynomial P(z) so that
Plz) =2® — (a+ B+ + (aB+ v+ fy)z —ofiy.

(i) By considering P(c), P(8) and P(y), show that
@+ 2+ 4% = 3oy = (@ + B+ (e + 7 +9* —af —oy — Bv).

(ii) Hence prove that -
VP—g+Va—r+yr—p#0

for all distinet real numbers p, g and 7.

End of Section II

END OF EXAMINATION
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May Assessment: Solutions

Multiple choice

1 ®
2 R
3 A
4 ¢
5 &
6 ¢
7 b
g C
0 A
10 4

Question Eleven

rd
v v
= o™ cosx + 25Sinx

(@)
= 2 (cosX +4inx)
(k) By remadnder Reosrem, B
() = P& N
-> g@)= (2% -30) 4 20)-1
J

= -1

(C-} )c';-e_.&-!-d.-’c."—l-:}
5 ar 22% 450 v
D 4 = tt-ﬂ_lt + % \/

@.) wa-lan"'& an = J oetx —1 dae v
. o

o
= loaww —1} S
Q
= lMIE.-»“‘__'_ —(-lnwa—u)
¥ 09
= | -1 v/

l.b
@.) -..Do‘v-a:\vx n(;» Lﬁn‘y\'l‘hf.'. -l5% > 851 1/’
ﬂ_o.m.ak H# Tgntn: ~TE2Ea'xgw |./
B Gy PCA) = aln? -a¢-0" - ala) 42
=0

= by Podor Reazam, (1) davdes PO,




Question Twelve

22" —Sx +2 0 w= 4t = 2%
(i) xi-llz.n:—-?:a_'!'-Su—l-Z or. ottrer 4
2.~ + -”_‘z.z .
S TTa Nl et o %y ﬂ(i)'-
— le - S LY .' . . _\_ . 4_
Z2x + 2 %\dﬂa %Uhm
Aw 42 = L-L
o 3
W Pl) = L'x+|)(?_‘x.1- Sx+2) ' o - a’ = x )
x
= (eadont - da -x 42) =t, Ra goadied (4t 28Y).
P
= CQC-HX 2.;(&-1)—(1-7.)) a"_“l“’& "f neraroh al (ﬂrt, 2:{:1) ‘s “-Iz_- (tio} - s

= (x4 1)x - 232 1) v
‘//

“Plw)z=o — %= -1, L 2.

2, r

E'-Luaifm.of normol st (at, 27) ¢
y~ 2’ = -JE(x—di:J

PR 3-&-.1{:1= 4+ - x as reguared. v

(b) GY 2= te-t
V'
- = t("c_-l—)-!- g": \/ 1 nearle -F:r Y vho ‘J-J.ac}(—a
/ 8.8 %Mﬂ%;;%mn’: vl Haae,
= ot U-¢) | woote, for Ha Corpest chrdive.
(i) Direchional chonge eeews uhan gign of & changes; ie @ t surh 4t -;cw\./
Since _e_‘t; o -for all +, any change. Sign will Yo due fo e fuder (I-t),
vhan L=i, -4 = O
For 04 et, 1% 50 B for £>1, 1-t 2O

e
Honee the dimchon changes only once. , whea =1V

“‘\}Gk‘?—, =1 weed m‘«a . ﬁ—.uﬂt\ —
no naed o -Q(ys-li{u, i qinenesS.

-




&) ()
) ZAME T \J‘a = AL gandn” wfe
.307 5 EL =12 MIS .
'}_u \["_ = 2—4—&5-5436 M,j.
= 12d3 wmfe .

tl‘l) Henzmaded ds placeaert:
¥ =0
= % =¢ fr e aonded forall Lo,
¢, = &, foco al trs.
fo = (2305

12vZt + ¢, ke ¢, costant .

i

—y x_
lélf\cn oo ) e =< L
L8] :'CZ.

% = 123t . v

Verdicad <lisplocenent :
;j = =10 wmfs*
-2 g = -tk e, wmk.
W Ezo ‘:&‘=f‘-—5 = 12wmf.
Hence %v- T T R
=y S Dk 4 ¢ m.
Wentro yz Gm, hene

\3' -SE,,*'l?_b'(-ol ™Mo, v

(i) Tiwe of fUght: drom tro to L sucn ot y=o.

So .
—St® A 49

Q
"

= -ctZ+ist-2 +9

1

~cr (b -3) - 3le-3)
- (b -3)st +3)

— t-:3,-—%

: ﬁgéed -% as £ 2o,
Lo of fUgat is 3 seeevels.
lv)  Herzontead ronge :
x() = 1zJFt
- %3 = (23)3) P
=363 medws . v

Ld) ) LETM=154 ¢ (mf:[e_n..mv{ ;-{L LB‘{T)
L grx=42° (wwmqsiﬂ\‘ex'r of LRXT)

4

and —!ansﬁiozg% , J\Atl—:f:%.\/

New

; X 9% =RY - ®X” (Pfuagoms) 1//

o XY= 25%an’sq® — 25 an 42
/
— ég_s-(_}umq.sqe_ -{e..y\,id.!_': V’:
i) X4 = 349419 . ,
N )('4 = G wa o o .sMcoﬁ— ﬁ‘gm v




Question Thirteen

(@) 2xfalx*+8x -4 =0
Y W g4y = —.Si /
) L5 Lat = xpapl+ \//'
ol FoY ot
= _d__
2
l/}

() ot g an? s (eapad) 2 (gt o)

Ty -2 (%)

= _z_ — %
= -22 »//
4

Uf’) 8('\) : '] =2m fm' VM Come :'t\.'i'ejet"_

® 8- 3-1=2

=2 y
3o shdevent is due for n=t. /
() Suppere it's dhe cose dot SCe) is Hue; ks,
2%l = 2m o m some indeger.
@) S gert o =g g ,
= 3 (dm+t) - G“é 50<)) /

bl &CZM) + 2,

= 2 (Sm ‘l‘l)
= 2m phere W= Amar .
g‘\."\C“— M 13 o W

, 3ml s mi-d—a‘je_r,

Hence 277-1  is dinsble by 2 s
it 2l e diieble by 2. 4
E“[ the princigle. af mocthamadhcal  neuchon ,
B e didigble L.;Q 2
4\"" all ;v\'f’ga,n_rs. nai,

© Let 1= fanb.

/
Then ton2o cote = ot L J/
R
= 2
1-£*
= [___:tz'l l.]..:b.L
[
= | 4 it
-t .
/!
= ] 4 Sec2& // 4
() vt = —da? +%w 412

. /
o — 2
b 2 = dd 1 (._L-x +8x .Hz) 4

= g;é.’lxi —+ 4 +£,) '




= 2.
2
2 S
(ii[) —&MFUMQ . sxtrenadhes of wwhor  occur WShew V=0,
&[U(n& =z —dx® L8 4 |0 V’/
we lrowe o = %% —2x — 3

0 = (9 —a)m +1)
% mew. lsplacenant o 222
hn . disptactnaest otttz -t

- Lawplidda] = ;-__LC—Q

= 2 v

Question Fourteen

(CYR
(I) '53(-&) = 2 —sm! (wsx) y

-~ £lx)y=1-_1 ) \/'!

o I —cos?n

| 4 _fux

v Santn

D4 s v
l‘a'm\x]

1"

il

() T q;u;.dhonh ove & e, tmnso. Henee
£ = 1 s

[ginxd
S
| =2
Ton guodrank, thr & four, snx<o. o
409 =t — Isins]

] smx
=1—-! /,

4

= o v
Qll) Ewwdafg N -FC'-Q-'I”C): e~ S (“"-‘-5(1'2'"))
= I~ .TE.L-

= -5T
2

for “dmex - CW{:I,E), 3“9..1;.,&- s 2,

Boundory i LY = - Gn(eos b))

= % — S (-1) ./—.-! 7

=-Tu +704
= -
2.




(b

For ~Tex < 0 (guadeoats T 7)), af'&dih"‘""- Rero . | & %L: @m‘,‘)x &
goum:loxra -F(o) = a - ‘a}w\"' éns(ta)) ’ g = eﬁf‘mx - mze "'2
= o - 'W/Z. Jpan - 2*,2.
= -—v —3 1 . -
* o._ £o chmﬁﬁ) = % (\{mtﬁ) -~ e 2
L ) - g 24t
fFor L% < Q‘u\.od!.. XL,
2. xto = Jung = -*cm.e - ‘e,
gyrodaet 'Z ) f s
Roundary - £(F) = F= &1 (cosre) Ve
e a . - So x = 2*42' C_Qsze (lﬁv\ﬁ - ‘}D\V\ﬁj R Cf) 1/"
"=1T_*"'f$\n"("') 3
=w 4Ty ~21 - 35-- / . .
“ ‘ ‘ 3 p Nod, by comstruckon, R = xsecd, /' (Hor sorma valid

- %_r g 53 o relodimn behizan R_8.=¢
’ -r{ o o
- . ' Q= ,_Z_Sf_.(lcme - {nnd)cm’e secg :;'"
émd-uud' 8 B = , 8_ / y

For T4 x < 2% (?vaod’s 1T ﬂ)
ez —

fm{.w\d-ora o ofFl2ay = A - ! (tos 2w} AY=SOnD
/s
= 1 . i ~ 2y 25 - E
3x s i / — (i} g%_ é%LSeL;ﬁ[c_l%é (cm. (foner “hvui)):[ J
© T P
/ Iz = 2y*cec Lt_n@.‘e Aec?p - J.cesbimd (’runa -'lune&):}
&
..-f'ﬂ"
Ty = 24 secs 15[ - 19gé-eine-,sr_.‘,ﬁ+2c¢es«:m+mg]
W & P
= 2v% sec| (eS2B 4 Ginze . fong
3 Cosd
= 2 Q(ﬁL (COSZBCDL;Z; 4 snnz_a&nxﬁ)]
q cosy

Vs

= etcedd cos(20 - ¢) // v

—




(it (j_&:o al exfrema. Hence o laoge u{rw hare. for
o

tos(28-¢) =0 > 26-g T
Z
s
b o= g \//
° A
Tor conapletion (bu-l— not necesnry  for- parte):

Note Hut Jlus mesult grves A Maasians fa-r trth O\vo and I Sma!l)
2{o4h)—§ > 26—, so  cos(2(4h)-¢) <o

Al.‘.o/ for  B-lh,
2(p-W) g 2204, so coslz(e-h)-¢ »o.
Next value. for

2 ~¢ Jhad stands g chance D@ ‘{ieldt'r% 5
Cwthan resdcieted  diwain tuele Hhat %5._-.—0 i &.IZE But Men

2o—th =3k &> 6 = Im P, Asuwme ofe < B e=Fvad
2 4 2 = 5 2

Thea ©g3IMeg SI
P o2 2
> @ £ dg-w
= 2

UM is. %Ju_ fwnee

oiﬁsg.

S b= s dae " et naasiuises B, hare .
Z+% ! Lot angle

© PGd= 2x* - (crp+0)2” + (aptpY + %) — opd

UY CGiven o, g, ¥ roots of Plx), we lhave

Py = PC F) P&} =0.
So PE+PE ANV = o v
= o= @St - (gt agtex)) + (g g - 2epY

(>« F.h-zg’) —Rocp¥ — (01+F,-!&'Xa(l+ ey 2o wp- R ~¥a<)

& (a>+ ?.‘-LK’D ~Beep¥ = (o(—i-f;-l&’Xo(z‘-!-Fi—i-\’L"%—Ff —rd) &

V.'

(i) Assame there =xist dichinet  mtal numbens prg.r Such Het

SJP’% + 3\/?+‘ r-p =0

(x)
Leb o =fp-g’, g=fg-c', ¢=3/r-p .
Then LR +Y = 0O, #a.—a;y\a RIS ;;;@_) o Yo zere.

v

2 + () + (- -2 Y G-g)g- X
o — 2 Ylp-3Xg~Xe-p)’

Now, LHS ¢ () gives

o g F,‘-LY"‘ — Botp¥

|

il

<o
Sinca pra.r olichact B p-fido, $-cfo, c-pio,
o m {T): LHS = o wlale. rHS+ 0o — a (‘.s\-chndic‘i,m.
U Tae e we disbred read vumlont p, g, ¢ v

tudh ok Wp-g + Y4 grop =0
N :{%r— ot lishadk read vadas p,q,¢
AP~ + 23—+ fr-prto y




