SYDNEY GRAMMAR SCHOOL

2014 Half-Yearly Examination -

FORM VI
MATHEMATICS EXTENSION 1

Tuesday 4th March 2014

General Instructions

s Writing time — 2 hours

» Write using black or blue pen.

» Board-approved calculators and tem-
plates may be used.

¢ A list of standard integrals is provided
at the end of the examination paper.

Total — 70 Marks

¢ All questions may be attempted.

Section I - 10 Marks

¢ Questions 1-10 are of equal value.

* Record your solutions to the multiple

choice on the sheet provided.

Section IT - 60 Marks
s Questions 11-14 are of equal value.

o All necessary working should be shown.
¢ Start each question in a new booklet.

Checklist

» SGS booklets — 4 per boy
+ Multiple choice answer sheet
+ Candidature — 130 boys

Collection
¢ Write your candidate number on each

L 3

booklet and on your multiple choice
answer sheet.

Hand in the booklets in a single well-
ordered pile.

Hand in a booklet for each question
in Section II, even if it has not been
attempted.

If you use a second booklet for a ques-
tion, place it inside the first.

Place your multiple choice answer
sheet inside the answer booklet for
Question Eleven. ’
Write your candidate nmbér on this
question paper and submit it with
YOUr ANSWETS. -

Examiner

LRP
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SECTION I - Mulitiple Choice

Answers for this section should be recorded on the separate answer sheet
handed out with this examination paper.

QUESTION ONE

What is the period of the function f(z) = 3tan 227

(A) 4m
(B) o
() =
oy %

QUESTION TWO

Which of the following is the derivative of sin™! 2% ?

W =g
-2
(B) V1 —dx2
1
© S
-1
(D) 21 — 42

QUESTION THREE

What is the general solution of 2cosz +1 =07

(A) = =12nwx %, nisan integer

(B) ==2nw+ 2, nis an integer
(Cy z=2nr+E nis an integer .
(D) = =2naw% 5%, nis an integer

Exam continues next page ...
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QUESTION FOUR QUESTION SEVEN
VWhat is the range of the function y = 2cos™ 3z? . . ) 2
: - Which of the following represents the inverse function of f{z) = —— —67
(A) —-2<y<2 . z—3

N 2
g _1 o _ =
(B 0<y<j @) @ =6-g
(Cy —w<ysn )
®B) [l@)=-Fp-3
‘D) Ogfy<2w z 46
© @=2-3
QUESTION FIVE )= =
_
Which function does the graph below represent? O f@) = - i - 43

T X QUESTION EIGHT

How many solutions are there to the equation sin3z = 0, where 0 < ¢ <277

(4) -1
(B) 5
© 7
(A) yp=coslz—=
: o 9
(B) y=cos~!(~m)
(@) y=sin'z-F QUESTION NINE
(D) y=sin'z—=
’ The volume, IV cm?, of water in a container is given by V = %wha, where hcm is the depth

of water in the container at time # minutes. Water is draining from the container at a

QUESTION SIX constant rate of 100 cm®/min. What is the rate of decrease of /, in em/min, when h == 57

The angle 0 satisfies cos@ = § and —§ < < 0. What is the value of sin 267 (A) %
@ #
® & ® ;
©) = ‘ ©) 2
o -% (D) 25007

Exam continues overleaf ... Exam continues next page ...
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QUESTION TEN

A irigonometric funetion has the properties f(m —z) = —f(x) and f{z — 2} = — f (=} for
all real values of &. Which of the following is a possible equation of this function?

(4)
(B)
(C)
()

f{z) =sing
f(z) =cosz
flz) =tanz

Flz) = cosecz

End of Section I

Iixam continues overleaf ...
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SECTION II - Written Response

Answers for this section should be recorded in the booklets provided.

Show all necessary working.

Start a new booklet for each question.

QUESTION ELEVEN (15 marks) Use a separate writing booklet.

(a) Find the acute angle between the linesy =2z 4+ 3 and y = -3z + L.

(b) Write down the exact value of:

o O
(i) sin ==

ey gt L
(ii) tan ( \/ﬁ)
{c) Differentiate:
(D) sin%
(it) (cos™'z)?
(iii) ztan2z
{d) Find:
] fcos (224 1) dz

(i) f ﬁ"iﬁ dz

in2
{e) (i} Show that tanz = oI 2%

14cos2z’

(ii} Hence evaluate tan § in simplest exact form.

Exam continnes next page ...
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QUESTION TWELVE (15 marks) Use aseparate writing booklet.

(a} Find the exact value of tan (2eos™ 2).

(b) The two points P (Qap, apz) and Q (2ag, aq®) are on the parabola 2% = day.
The equation of the tangent to z? = day at; an arbitrary point (2at, atz) is y = tz—at’.
(Do NOT prove this.)

(i) Show that the tangents at the points P and @ meet at R(a(p+4q), apg).
(ii} Show that R lies on the directrix if the tangents at P and @ are perpendicular.

(c) Solve cos2f+3sinf —2=0for 0 <6 <2m

(@ p

()

The diﬁgram above shows & sector OAB and an are €D, hoth with centre 0. The
figure is formed by pieces of wire. The area of sector QAR is four times the area of
sector OC'D, ’

The length of OC is rem and ZAOB is 8.
(i) Show that AC =r.

—4
{ii) If the total length of wire forming the figure is 48 cm, show that § = 18 .
I

(iil} Hence find the value of r that maximises the area of sector OCD.

Exam continues overleaf ...

(2]

(8]

B

8GS Half-Yearly 2014 .......... Form VI Muothematics Extension I .......... Page 8

QUESTION THIRTEEN (15 marks) Use a separate writing booklet, Marks
- 0 8
{a) Use the substitution ¢ = tan 3 to show that cosecd + cot # = cot g Izl

{b) (i) Express2sinz+4cosz in the form R2sin{z -+ ¢}, where B > 0 and 0 < o < 360°.
Give o correct to the nearest minute.

(i) Hence, or otherwise, solve the equation 2sinz +4cosx = 3, for 0 < = < 360°. @
Give your solutions correct to the nearest minute.

{¢) Use mathematical induetion to prove that for all integers n > 1, @
1 2 3 n n+2
ol T T AT TRLLOp ) S
2 + 22 + 23 et 2n 2n
{i:
@ .
i
2 60°
4 30z B
45°
x
C

In the diagram above, ABCD is a triangular pyramid with base ABC and
perpendicular height AD = h.

It is given that ZABC = 30°, LZACD = 45° and LABD = 60°. Let BC be z.
h

(i) Show that AB = ﬁ and AC = h.
(i) Use the cosine rule to show that 2h% + 3zh - 327 =0. @
h _ V833

{iii) Hence show that —="

Exam continues next page ...
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QUESTION FOQURTEEN (15 marks) Use a separate writing booklet. Marks

{a) Consider the function y = 3cos™ {z — 1).
(i) Draw a neat sketch of y = 3cos ' (z — 1), showing the intercepts with the axes. @
(if) Find the exact area enclosed by y = 3cos™ (z — 1) and the coordinate axes. @
b) A function is defined by f(z ‘= sin(z — % , where —e <z < a. 2
[

If the inverse of f(z) is a function, what is the maximum possible value of a?

()
w ¥ ‘
SoA , 14
o
]
X
T {2at,- al}
vt
xr=-4aqy
v v ¥

The point T{2at, —at?) is a point on the parabola £ = —4ay. The normal at T' meets
the line & = —at at point U. Point V lies on the narmal and divides T'U externally

in the ratio 2: 3.
(i) Show that the equation of the normal to the parabolaat T is  — fy == 2at +at?,
(i) Find the coordinates of IJ in terms of @ and .

(iii) Find the coordinates of ¥ in terms of & and ¢.

[eo] [o] 2] []

(iv) The locus of ¥ is another parabola. FFind the coordinates of its focus.

IEnd of Section II

END OF EXAMINATION

SGS Half-Yearly 2014
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The following list of standard integrals may be used:

1
" — n+1 1. ]
f:r dx n+1$ , n#E=L x#0,ifn<0
1
f—d:nzln.:c, x>0
x
1
eFdr =—¢e"" a#0
a
L.,
cosardr = —sinaz, a#0
a
. L
smaa:d:z;zﬁacosax, as0
2 1
gec axdmzatanaz, a#0
1
secaxtanardr = - secaz, a#0

1 1, =
| j—da:—gtan o a0

02_{_5‘2
Y 1 in—
BLANK PAGE f\/ﬁdm=smlg,a>0, _a<z<a
i
/-ﬁ\/ﬁdlen(z-%\/z?ma?), z>a>{

[ hetemler )
T L4

NOTE: Inz=log,z, z >0
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QUESTION 12
a) = (Qc.c:s"‘%_

Lt -1

R
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©-@: (p-dx-a(p=9) -0
w = 2PrgXp-gd

(p-9)

= QCP‘} CL)

[p%% QSSuleij F)'G? d-.shncfj

? L

¥

Su Infe @)

J

Y

P(QPFQQ)AQPZ ;
= QPC?/ J
SR (q("orcf’) , QPC}">

‘I'l> Ciradch ent af tean 3@/14 ot P

M, T P
QP Mg = q

e P#Peﬁdlcullca-’ Ho o My, ¥ m@.,_..,_] \/
. <o PCLT -1

3 - cacvd al K =QPCI/_

T a x| \/

= -
O R heeg on '”"\c: el ety ldz — \/

C) Cas 2O + Rsin® -2 =0 o< 8 =277

| - 23n*Y $ s -2 = O 1/

Dein*@ - 3l t 1 = O
(1:3]’\@—!)(31:’18~—|):O /
Lanm® = ‘J_,Z" as sinG = |

L8 =T
s | A* Retoted | T : 2
fa T g ‘
' i
- 1t §W
-0 =%,%¢
.xx .o S
6 <, 2 [

&)y 3 v oA xQ = H4xix0ctx§ 7

QA = Hr*
LOA = D (S‘lﬁcc O"\)O)

| )
AC = OA - QC (\/
)

it

v —
= ¥

1) 48

1

H

Qr + 2v + 2vrQ + v 9 Z

v 4 33r 9 \/

L0 = g8 — 4
[ '

R Ye--:T LAy c"'d




1

-8 -4
BY‘

- ﬁ r? o
- 1 Xy 2 x ‘48—‘%1# /
3
= Lf—_&r _ ‘-!-rl
G G

-

= 8y -2
=)
\/

Q when ¥ =G

= -4
= _ :
Vimax otew s Whoen ¥ [ /(J

<O vy

foe.

must
“ushpy mcz'x)

QUESTION 13

LHS = cos=c® + oot B

o)
e 2t
‘ [ - + i
® s tan
3 e .
LEEr 1—t? \/
= =7 1 e il
2¢ 2t (¢ )
= 4.
2€ )
- L i \/
£
‘ic\n“?‘_
=z cat®
I
= PHE os k‘t—-quvraf_
Y ‘{) Tsiax + Geoasx = Ramn (xtol)
LA
= Qsmbgcc:so( + Reosxsinl
Reca ™ = 2 e B
Rs~ ot = % @ }

Sqqumrin g ¥ addingt
&l(co-a’cx 43!/\1(}\) = 2% 4>

= lo
LR = AE (R> o) \/

|

<. s Ch
¥

Cos" (J‘“?)

G 43449, ..
Q 3 DQ.G ) ({m Nermrer gl muD

4

\
1
—_—
|
1
&
i

3]

S =

i}

L2sax b Heosx = WE sn (DC“L G%’.'QG')

A

I
(i a Neoer =gl !‘r\v\u'c")




ik

o0's x £ 36c°

g o o

\i) 208 sw» CX. te3 26 ) =3 ) <ty 1’) Fan GO = )
3¢’ = x4 3726’ €4128726

- - AS = h

S (X +c;s"1c,') = 3
2[— ‘?o
S ' /6:23;!‘2(.'

Rerlatemsl £ 7 San” (21-8 #
' = 42, (304, / ‘
FeomaHG”

X FCR°26’ = 180 - 42 1304..." o 3CoT t 41304, :
137-8695...° - 402 - (304 .. \/

Lx = 1420’ ok 338°42' /

C) Teesst firat aase:

i

When Nt
fus = % 1
RHS = 2 = 5
- &
2 -
= LHS - +VLA|:S 'r.cv Nz \/
Assume fue for nslb: Lia o y 7
5*5‘*%’*-4532_2“ : h: s ™ 4(‘1?)—:23(35)(\(_;(::95-30” /
Preve true for a=ktl: ' = x4 h? o 2xb y 13
. L+ 3 . 3 J3 2 :
—eltir el - = 2 - . \/
)—Q Aqu =l To prov e S _J 31 = Bx2+th* - 3xh
A Lo L ke Lt e+ +
€T k 21-4 b } . -+ E: + 2“1' = 2 - gk + kg\gn / - ;2],)2 ¥ 33le\ _ %xl = O s Vf-—qu\’c‘c(_
e ( i
20y ke
@Y 2 v

2k t ¢ Wt}
= 2 (-__ET 2!-.“)

k t D

SHr as vemueed,

- 7 -
oy the

The reasull now {follows {=r b ir\hf'a,e/‘s = !
Primcypele o0 M oty emm et et Iy Arati o




i2
| :
i) METHoD 1* QUESTION |4
Qh + th - SI =Q _X . |
a) y= 8ees(x-1)
o T2 . |
kb = 30c¢ ] .]) 3,
c = -3x?
L/Slﬂc-!‘oc
I e Ve
— 50
s - 3wt J@x)® —duax-3x3 \/
2 x2 : \ >
- -S3x tJ3mnn -
4-.
- /~3+J3 n) METHOD X
~ X (mu.rl-Ju.shC o y
ositive® answe’ Yy
BUT >0 - h = (—SE\E’,—%) znl?)w s A= fo cos 3 + 4 d'j' / ’
£
3T /
. * = 38nF +31T—(35\,,O+Q)
METHaD 2! | - \
dwicle “nrou.akou* by Il' . = ITC et
lb: P 3xh _oaur o (SV‘C: et O)
“xr x? = . . MeTHOD 2 y

JORROEERC IV | From symmetey abost (1) 5

Wb . -3 [3aiaes / o
X TTTawE ( | PO LY
_Lv : =t ‘U&'hc-), .
. -3t / e s Can /
v ) |
8"";_ b_ﬁ >0 St -3 4a3
= .




b) j(m) £ Sin ():-Ié)
{ . -{‘(x)= sv\(x—-%)

will Tl fhe
hanzontal ine

1
1
|
\ )
1

. trasst ocutsid e of
: [ -T oo <« 2T /
" T 2 = =
- L oaged /]1 ‘I\.\ ’ t S 3
2
= ¢ -
1_/ ) \/
=

3t
b3 E

bc:\-!ané s Pom‘:’ tie
tnwverac will po. fos g’

bﬂ = {u/\Ci\Cﬁ
’ p :j]:
P v ~ “a = \Q_ .

_...I[*]l_,_,:ﬁ.
21 G 3

C) l‘) Gf_lﬂ ‘,:.-‘ 2a

dy -2at
i fome woarkin 5
' Verag Lo -k,

i

= ~2at X?chz
-
- = Jt— \/
Ld—-(-'c\fil) = %_:(3“*20,&)

t5+ at® = x ~2afl

“\./_\f\_)

. '&.‘E\\] = QCL(“ - Qég as chul,,._-.;.,(_

- ' 3
'ﬁ) 3(—{“3 = 2&?‘#0.{? g)
> o= -
Quio @ nta (D !

—at -ty = Dol * at® v
Ly s -3a - at®

V) (‘- a(*} -3a-~ Q,(J') /

/‘Ltz

U( at, ~3a- q,(-)

e
3al

z - 2
V (2at + 2¢3at, - af t2x8a)
%V(sach,q-afz) /
METHaD 2

3 x 2at t C2)x(-ab)
T-1vs

m) METHOD #3

\/(&,mwhﬁ AX #Aj)

1 .
- Bat e

3 E(-2)

= ~3at? t Ga F at®

= Ga - al* )\/

~ V(BCL{:‘) CO_GL—CLG-L.




. v = Bat —3 o X
t\/) < ‘ Sa Y
Y = Ga-atb? @
Qoo O m*a@:

Y= ba - q(s};)l

a3
:GQ_:(_ /

GHa
x>z (ba~y)x e

:HG%Q(%,-@Q) /

HA =« Glta
= Ghta
A & Vertzx (OJGQ)

(0,7194) \

S Thes focus (O)—IC;)O') \/ |

!




