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ASSESSMENT TASK .#1

Mathematics Extension 2

General Instructions:
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Reading time — 5 minutes
Working time — 1.5 hours

Write using black or blue pen
Black pen is preferred

Board approved calculators may
be used

A table of standard integrals is
provided on the back of the
Multiple Choice answer sheet

All necessary working should be
shown in every question if full
marks are to be awarded

Marks may NOT be awarded for
messy or badly arranged work

Answer in simplest exact form
unless otherwise stated

Total marks — 70 Marks

Poges 2-3

T marks
¢ Attempt Quesiions 1-7

+ Answer on the Multiple Choice
answer sheet provided.

« Allow about 10 minutes for this
section

Pages 4-6

- 63 marks

» Attempt Questions 810

« Allow about 1 hour 20 minutes
for this section

¢ For Questions 8-10, start a new
apswer booklet per question

Examiner: Mr D. Hespe

This is an assessment task only and does not necessarily reflect
the content or format of the Higher School Certificate.

Section I— 7 marks
Select the alternafive A, B, C, or D that best answers the question.

Fill in the response oval on your muitiple choice answer sheet.

Marks

1. The probability that a randomly chosen angle has a sine which is less than a half is

ICF
(®)
(©
()

27
3
2
3
4
3

This graph is a representation of —z shown in an
Arpgand diagram. Which of the following shows {27

(A) Tm (B Im
i iz
c Re 0 Re
© m ®)
0
e . 0 Re
iz iz
3. If f(z) = ™*% what is the inverse function f~{z)7
(A) [ )= o2
(B) 1) = o
(C) fH(z) =log.z—2
(D) f(z) =log,z+2
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4. What is the domain and range of y = cos™! (‘%D) ?

(A) Domain: [ 2, §]; Range: [0, #]
(B} Domain: [—t, 1]; Range: [0, ]

(C) Domain: [ - &, 2]; Range: [, =]
{D) Domain: [—1, 1f; Range: [—x, #] -

5. Form a polynomial f(z) with real coeficients having the given degres and zeroes.
Degree: 3, Zeroes: 144 and -5.

(A) flz)=2+2"— 82110
(B) flz)=a®—52®—8=—12
{C) flz)=2%+232"—8x+10
(D) flz)=2*+82" + 10z —§ -

6. Find the indefinite integral f 221 + #*Y*dt using the substitution u = 14 £2.

(A) 31 +8P +e
(B) 21+ +c
(© 21+ +c
(D) E(L+8) +e

7.0 (z=3)24+(y+2%=0,thena+y=
(A} 1
(B) 2
cy 3
(D) 5
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Section IT— 63 marks

Question 8 (21 marks) (use a separate answer booklet)

(a) You are dealt a hand of 5 cards from a standard deck of 52
(in 4 suits of 13 cards). ‘

(i) What is the chance that you have a flush
(i.e. all cards from the same suit)?

(i) What is the chance of four of a kind
{f.e. 4 cards of the same value)?

(b) (i) Whatis / sec? 1) dip?

(i) Evaluate f sin® 4 do.
0

d
{iif) Find ] m by using the substitution y =2 — 2.

{¢) Mark on an Argend diagram the points representing the numbers 2 + 3¢ and
344

(d) Find, correct to three significant figures, the modulus and argument of '1-51_5
i

(e) Simplify:
i) (5—3i){2+1),
(i) (cosF +isinZ)(cos§ +isinE),
(i) ;o
53 bH4+3¢

{£) The cubic equation 2* + az — b has roots «, 3, . Given that v = of3, express
each of & and b in terms of v only, and hence show that (a+5)2 =8,
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Question & (21 marks) (use a separate answer booklet)
{a) The latters of the word EXCELLENT are arranged in & random order. Find the
probability that:
{i) the same letter occurs at each end.

(i) X, C and N occur tegether in any order.

(iii) the letters occur in alphabetical order.

{b) Ewvaluate

{D) sin (sin"l %)
(ii) sin (cos*l %)
(iii) cos™? (cos %’Fi)

{iv) Sketch the fanction f(z) = —2x cos™? (?;;m)

T gy
{e) Use the substitution = = tan# to evaluate ]{; (Tr;g)—z.

< - ' de 1
{d) (i) Use limits to show why Frie E'_E
dr
ii) Prove that i(tan“1 ) = L
(ii) Prove tha = =17
22
1+a%

(iiiy Hence find a primitive of
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Question 10 (21 marks) (use & separate answer booklet)

(a) A company has to place three orders for supplies among five distributors. Each
order is randomly assigned, and a distributor may receive multiple orders. Find
the probabilities of the following events.

(i) Bach order goes to a different distributor,

(i) All orders go to the same distribator,

(iii) Exactly two of the three go to one of the distributors.

(b) (i) Use De Moivre's theorem to express cos3 in terms of cos8 and sin 30
in terms of sin @,

(it) Use the result to solve the equation

8 -6z +1=0.

{c) When a rational integral function is divided by (z — «)® the remainder is
Rz(ﬂ: - C!) + Ry, t.e f({l?) = (.‘]J* Q)2Q(5..‘“) + Rz(x = C!) + Bi.
(i) Prove that B = f{er) and Ry = f'(}, where f'(z) is the differential
coefficient of f(x) with respect to =.

(i) Show that z” — nz+n — 1 is exactly divisible by {& — 1)? for any infegral
value of n greater than 1.

{iti) Deduce that 2% — 15r — 1 is exactly divisible by 225 for any integral value
of n greater than 1.

{d) (1) If @, b are the complex numbers represented by points 4, B in the Argand
diagram, what geometrical properties correspond to the modulus and argu-
ment of ¥a?

(i} Show that, if the four points representing the complex rumbers 2y, 2, 2z, 2y
are conecyclic, the fraction

{21 — #2){zs — #1)
(22—~ z)(z — 21)

must be real.

End of Paper
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Section I—7 marks
Select the alternative A, B, G, or D that best answers the question.
Fill in the response oval on your multiple choice answer sheet.

1. The probability that a randomly chosen angle has a sine which is less than & half is

1
@) ;
27 21
® = . %2
3 Solution: P T {C).

Argand disgram. Which of the following shows 42?7

(A) Tm (B) Im
0 . )Eﬂe E 0 Re
(C) m (D). Jm
0
Re 0 Re

This graph is a representation of —z shown in an °

Solution: z is w from —2 and iz is rotated § anticlockwise from z, so {[).

3. If f(z) = e**2 what is the inverse function f~*(z)?

(A) fHz)=e?

(B} f =)= Solution: log, =
{C) S (@) =log.z—2

i) +2,

F =) ; log, z — 2, so (C).

(D) fHz)=log,z+2
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4. What i5 the domain and range of y = cos™! (2%)?

(A) Domain: [ — 2, 3]; Range: [0, 7]

{B} Domain: [—I, 1]; Range: [0, =] Solution: 1 < % <1
(C) Domain: | — 2, §]; Range: [—m, =] e z ¥ 5
(D) Domain: [1, 1}; Range: [—7, =] ')
. 0 y<, so (/)

5. Form & polynomial f(x) with real coefficients having the given degree and zerces.

Degree: 3, Zeroes: 144 and -5.
(A) flz) =2+ 2% 8z +10
(B) flz) =1 -5z — 8z — 12
(C) fz) =2 +32? —8r+10
(D) flz)=2°+32 +10x — 8

Solution: Sy = (14+4)+{1—-9) -5

S = (1 J}s){l — )+ (1+8){(=5) + (1 — ){-5),
-8

b

Sy = (1+i)1—4)(-5),
= —10. :

So the solution is f(z) = =® 4 372 — 8z + 10, i.e. (C).

6. Find the indefinite integral f 22{1 4- £*Y*dt using the substitution u = 1+ 3.

(A) 20+ +e

(B) 21+ +¢ Solution: du= 3t%dt,
(C) 21+ +e =12 f 3t2(1 3 134t
©) Borire — i [a
= 2 X i + ¢,
=gxpte
21 +¢%)F
_ A+ EY 5 ),SO(D).
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7. I (z =32+ (y+ 2 =0, thena+y=

(A1
(B) 2 Solution: (z—3%20, (¥ +2)22 0,
(©) 3 (-8R (+2)¢ =0,
SE—-3=0,y4+2=70,
(D) 5 z—-3+y+2=10,
z+y= 1, so (A).
Page 4 of 16 .. fexams {2013/ Year1 2/X2 Task] tex
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Section IT— 63 marks

Question 8 (21 marks) {use a separate answer booklet)
{a} You are dealt a hand of 5 cards from a standard deck of 52
(in 4 suits of 13 cards).

(i) What is the chance that you have a flush
{i.e. all cards from the same suit)?

4x(¥) 3

Solution: (552) = leieo"

(if) What is the chance of four of a kind
(i.e. 4 cards of the same value)?

Lo 13x (-4 1
Solution: -——(ETW = g5

b

{b) (i) What is ]86021,[15!:,{;?

Solution: tan +c.

(i

[erd

Evaluate f sin® 8 49.
o

a3
Solution: 1= f sin?@sind dg,

= f {1 — cos’ ) sinf 40,
= | sin@df— | cos®@sinddl,

’ * cos97"
[~ estl |57
s)

(%)

it

Sl

(iii) Find ] S
va? —dr 420
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Solution: 2% —dz+4+16= {z— 27+ 4%,

dy = dx,
= [ %
= Infy+ /¥ +43) +¢,

= In{z — 2+ +/z? — 4z +20) +c.

(¢} Mark on an Argand diagram the points representing the numbers 2 1 3¢ and

—3 +4i.

T
Solution: 3 243

-3 Ol 2 Re

(d) Find, correct to three significant figures, the modulus and argument of

R
12 +5i°

Solution:

12+ 5i| = TH T 25,
=13
5

arg{12 + 5i) = tan™! )’
0.395 or 22.6°.

2

2 1
So Il?-&ﬁil EL
0.0769.

1
arg (m) = —0.395.

2

{e) Simplify:
i} (5—3)(2+4),

Solution: 104 5i—-6i+3=13—14,

(i) (cos§+ising)(cosk +ising),

Solution: cos§ +ising =1.

1 1
@) =~ 5ya

. 5+3i#(5u3‘i)‘3‘i
Solution: %519 =17
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[2]

{£) The cubic equation 2* + az — b has toots a, f, 7. Given that 7 = of3, express

4/4/2013

each of @ and b in terms of «y only, and hence show that (a + )% = b.

Solution: 0=a+fg+,
&+ﬁ: e
a= of + 87+
= ’r+"rga+ﬁ},
=7=7"
b= aeB'Yl
— ’YQ.
at+b=1,
(a+b)2: '721
= b
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Question 9 (21 marks) (use a separate answer booklet)

() The letters of the word FXCELLENT are arranged in a random order. Find the

probability that:
{i) the same letter occurs at each end.

12|22
+
==

Solution:

1
5

k-

AxA

(ii) X, C and N occur together in any order.

1
Solution: 3];[21 =,
Pl 12

(iii) the letters occur in alphabetical order.

Solution: % = @ljﬁ
(b) Eveluate
(i) sin (sirf1 %)
Solution: %
(ii) sin (cos“ %)
Solution: Siﬂg = ?

(ii) cos™! (cos 43:‘)

Sclution: cos™! (ﬁ z) = 2

{iv) Sketch the function f{r) = —2x cos™! (3%)

Page 8 of 16 ... fexams/2013/ Yearl2/X2 Task] tex
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3

el

Solution:

—27?
1 2%de
{¢) Use the substitution £ = tand fo evaluate { ——.
o (1427
Solution: d» = sec?d4s,
= = #=0,
z=1=—=0=4%,
= f‘:‘ tan? § sec? 8df
B 0, (L +tan%8)2 "’
isin®¢ 49 1

R—— X
o, cos?f " cos? T (sec?d)?’

4
= [ sin’ 8d9,
9

E
_ j4 l—cos%dg’
fi]

(d) (1) Use limits to show why g—z = d—;

dx

Solution: We consider a small change in z, §z and a corresponding
small change in ¥, dy.

T
If y is & continuous function of = then dy — 0 as dz — 0;

4/4/2013 ... Jexams/ 3018/ Year12/X 2 Task1 tex Page 0 of 18




1
whence d—z

dy = 51:150 J—_y’
=&
dz
. d, .. 1
(i) Prove that Ea—:(t&n T) = T
Solution: Lety= tan'z, zeB, —E<y<3,
x = teny,
dz 2
dy - W
= 1-tan’y,
= 1+zk
. dy ! dy
..a‘m—: m, zeR, E)O.
2
(iii) Hence find a primitive of T

Page i0 of 16

atdr 1
jon: | 225 ——\d
Solution f e f (1 g a:z) z,

=g—tanlate
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Question 10 (21 marks) (use a separate answer booklet)

{a) A company has to place three orders for supplies ameng five distributors. Each
order is randomly assigned, and & distributor may receive multiple orders. Find

the probabilities of the following events.
(i) Bach order goes to a different distributor.

(ii)

(5ii)

® O

4/4/2013

Solution: Total of all arrangements = §x 5 x §,
= 125,
Ways of distributing = 5x 4 x 3,
= 60,
: , 60
.. Pleach different) = 5
12
a5

All orders go to the same distributor.

Solution: There sre only 5 wayé this can occur,

so P(all to same) = T
1

=-2—5—_

Exactly two of the three go to one of the distributors.

Solution: Method 1—
‘This is the only other possibility

so P(20f3to1)= 1~ (E+ L),
=1
Method 2—
@) x5x4= 60.
SoP(2of3t01)= &,
-
25"

Use De Moivyre’s theorem to express cos 3¢ in ferms of cos# and sin 38
in terrs of sin §.

Solution:cos 39 +isin 30 = (cosf + isind)?,

0536 = cos® 8 - 3cos Bsin® 4 (real part),
c0s38) — 3 cos (T — cos® ),
4c05*§ — 3cosd.
sin36 = Icos?fsinf — sin® @ (imaginary part),
= 3(1 —sin® #)sind — sin®4,
= 8&sin@ — 4sin®4.

F

= cos®# -+ 3icos? 0sin® — Zcosfsin® — dsin®H.

... fexams/2013/ Yearl 2/X2 Taski.tex Page 11 of 16
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(i) Use the result to solve the equation

82% -6z +1=0

Solution: If we put @ = cos, then
8cos®f —Beosf + 1= 0,
4cos®f —Fcost = -p

ie cos3f = —3,
o B 5 10r
R

) > s L]
9 27? 9 dar 9 87 10
T = €08, 008 7, COS o, GOS8
As it is a cubic, only 3 values of z are possible,
w 107 "

T
Now, €08 - = —COS g, €08 T = — 03, ete.
7 T 4
Hence £ = — cos —, 08 —-, cos —— only.
g2 @8 Tgn O OB

{c) When a rational integral function is divided by (= — @)? the remainder is
Rolz — o) + By, de. flz) = (3 — )’ Qz) + Balz — o) + Ra.

@)

(i)

Page 12 of 16

Prove that By = f{e) and R, = f(@), where f'(z) is the differential
coefficient of f(z) with respect to .

Solution:  f{z) = (v —a)’Q(z) + Ra(z — o) + Bi...oveent,
fla) = {a—a)*Qla} + Rala— o} + Hy,
= 0+0+A;.
ie. B = f(a).

From differentiating w.r.t.z,
F(@) = 2o — Q) + (2 - aQ(E) + Ba + (z— )RS,
s @) = 20— 0)Q(o) + (a — ) Q) + B + (o - a) By,
= 0+0+ 240,
ie By = o).

Show that £° — nz + n — | is exactly divisible by (= — 1)® for any integral
value of i greater than 1.

Solution: Let f(z)= z"—nz+n—1,
My=1"-n¥+n—1,
=0= R].
fz)= n2" ' —n,
ffy=nl1"1—n,
=n—n=0=H,
s fE)= (2 1°Q(@)+0+0,
ie 2" —nz }+n—1is divisible by (z —1)%
n must be an integer since #° — nz + n — 1 must be & rational function
before the above procedure can be used.
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({ii) Deduce that 2% — 157-— 1 is exactly divisible by 225 for any integral value

of n greater than 1.

Sohutiont 2" —nztnr—-1=g"—(z—1)n—1,
Taking the z = 16 we have :
F—{r-1n—-1= 16"-1bn-1,
=2 151,
However z™ — {(z — L)n — 1 is divisible by (z — 1)%, = > 1.
-.2% —15n — 1 is divisible by (15)? for any integral value of n > 1.
{.e. 29 — 15n - 1 ia divisible by 225 for any integzal value of n greater

than 1.

(d} (i) If a, b are the complex numbers represented by peints A4, B in the Argand

diagram, what geometrical properties correspond to the modulus and argu-
ment of ¥a?

Solution:

(8] z

The lengths of the vectors OA, OB are equal rapectively- to |a| and |b]
and the angles 204, 2OB are equal to arga and argh.

Since b_M_oB

a| ol 04’

the modualus of ¥a corresponds to the ratio OB/OA.

Again, since arg (g) = argh—arga = Z20OB — /204,

= £LAOB.

(i} Show that, if the four points representing the complex numbers 21, za, 23, 24

are concyclic, the fraction

(1~ 2) (23 — 24)
(23 — z)(e1 — 23)

must bhe real.

Solution: Let the representative points of the four complex numbers
71, %o, 23, 23 be P, G, R, S.
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Clearly, the sum of the marked angles is # (opposite /s of & cyclic quad.
and vert. opp. £g). Since vectors SP, P represent repectively the
complex numbers z; — 2 and 23 - 21, the angle of turn from S to QP

is
arg Za— &
g 25— &1 i

Similarly the angle of turn from QR to SR is arg (2—%) . Hence
—z3

Zo— 2 Zy— 23
Aar| +eargl —— | =7
g(z4_z1) g(zz“zs)

But the sum of the arguments of two complex numbers is equal to the
argument of their product, so that

—2 2 —E
arg (”Z_i « u) o
Zy—Z Zp— I3
If the argument of & complex number is 7, the number is a negative real
number s required.

NOTE: even if we label the points around the cirele in some other, non-
cyclic order:

(8] E

Then the sum of the arguments is zero and we have a positive real
numbet.
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