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19. Find the area enclosed between

the curve y=2—-—-1—-, the {
x-1 !

positive section of. the x axis,
and the linex=2.
(Hint You will need to calculate '
the point where the curve cuts

the x axis. A sketch would be |
useful.)
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(a) (i) Express the equation
y= -;-lo‘ge x, withz
as the subject.

(ii) Calculate the value
of b, when x = 4.
(b) By first calculating the
area between the curve
¥ =-%-loge x and the y axis
between the lines y =0 and
y=b, calculate the shaded -

area, leaving your answer

in exact form.
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21. By differentiating :
' y=e 2% sinx, show that |

22. (a) Prove that equation of the
tangent tp y= —i—loge 4x
at the point where x =%
is 4x—4y=1.

(b) Show that the curve
y= %Mge 4 x intersects
the x axis at (—i—, O).
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The shaded area is the
region between the curve
y= lloge 4x, the tangent

at x =% and the liney =b.

Note the line y = b intersects
y= —?i-loge 4x at (1, b).

By firstly rewriting
y=lloge 4x with x as
the subject, and using the

y axis as a reference,
calculate the shaded area.
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23. (a) Show that

-;—x{loge (x+\/_1_+F)}
1

1+x2

(b) Hence, or otherwise,
2

dx
o A/ 1+x2 '

correct to 3 decimal places. !

evaluate J




YEAR 12 - 2 UNIT REVISION - LOGARITHMS & EXPONENTIALS PAGE 6

I
24. Consider the curve givenby |

y=xe2%,

() Find any turning points
of this curve, and hence
sketch the curve.

(b) Find the equation of the
normal to the curve at the .
point where the curve
cuts the x axis.
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19.

\_.
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0
x=1
Now add 2 to this graph,
giving y=2-—1 .

[Raise graph upward 2 units.]

Hood
!
x=
1
Graph of y =2—'x—;—'-
When y=0, 1 =2
x=-1
1=2x-2
. 2x=3
x= 1—1-.

Curve cuts x axis at ( 1—;—, 0).

Area required is shaded.

2 1
A=J- (2— )dx
1_;_ x-1

2 2 1
=J zdx-j dx
i g *m 1
=[2x]; -{log(x— 1)];

=[4—3]—-[10g 1—10g(-:21-)]

=1+log2-!

=1-log2.
Area enclosed is
(1-log2) units2.

|

I
|

20. (a) (i) y=%logex

= 2y=log, x

=2
= *=e* I Definition
y of a log

(i) When z=4,

1
y=‘2‘1°ga4
1
=log, 47 =log,2
~ b=log,2.

(b) Area between curve and
y axis is given by

Note (i) 2log,2=log, 22
= IOge4
gltet=4

e?=1

(i)

(iii)
.. area between curve and
y axis is 1.5 unitsZ.

Now area of rectangle

4 units long and (In 2)

units wide is given by

A=LB=4In2 units?
In2

0 4

Then shaded area (area
between curve, x axis and
x=4) is the difference
between the calculated
areas.

A=4In2-1-5
Area is (4In2-1-5) units?.

——=-2e2%¥ ginx+e~2% cosx
dx
=e~2% (cosx—2sinx)

=-2e-2% (cos x — 28in x)

+e 2% (—sinx—2cos x)
=¢ 2% (-2cos x+ 4sinx
—sinx~2cos x)
=e~2% (3sinx— 4 cosx).

d*y d
Then dx§+42%+5y

=e~2% (3sinx —4cos x)
+4e72% {cos x ~25inx)
+5e~%2% sinx

=e 2% (8sinx~4cosx ‘
+4cosx—8sinx+5sinx)

= "2 (0)

=0,

d2
i.e. Y
dx?

1

dy

+4dx

+5y=0.

22. (a) y=-;1-loge 4x

L9y 11,1
Y dx 47 4x T 4x
=4il at x=-}
4
=1.

=0.
Equation of tangent is of ‘ '
1
form y~-0=1| x——
-o=i(=-3)
S
IEETY
s dx—4dy=1.
(b) Wheny =20, 0=%loge4x
. 4x=e"
4x="1
1
x=—
4

Curve cuts x axis at

£
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{c) Whenx—l y——ln4 =%{[§e*‘“ﬁ—2(ln«/§)z—myf§7 ® Jz dx
i.e. b-—ln4 . - o 1+x2 .
=ln4‘ —[Z -0- 0]} =[1n‘(‘x+«/ 1+x2 ]0
=in(2)%

=Inv2 1

1

Area required is area
between curve and y axis
less area between tangent
and y axis.

Now, if ¥ =‘%1n 4x

then 4y=ln4x
4x=et?

x=-—1-e‘y
4

dx—4y=1
4x=4dy+1

JUR
YTy

Also, tangent is
x=y+%[ﬁmn@ﬂ.

Area required
mJ" .
= —-e Y dy
J, %
1
= |d
4) Y

Iny2
1
3_
iny2
=J’ [_1_34:«-
0 4

b b
f f(x)dx—j g(x) de

b
=f Flx)-g(x) dx

mJy2 1 4
= Y y—=|d
J, Taeo-r-ile
1 lnﬁ 4
=ZJ0 [e y-—4y—1]dy

Take out factor of 71—

Iny2
111 4,
=—| = -2n2
: 4[43 Y yjl .

0

[y»r;})] dy

e -l )
-lnf__i.} =1
Elogea=logea"J
=-i-{i Ind_ (In-J—)
_1nﬁ_.§} (V2)4=(2D)*

=922 =4

-‘1—.4—2(lnﬁ)2—-ln«f'——-j-t]

eloker = ¢

1[1-—-1nf(21nﬁ+ 1)f

1[3 7

Iny2=In 2% ‘=.—2-1n2.

3 1
=3 _linainz+).
5§ n2(n2+D)

. 8 1 a2
Areais E—§m2(1n2+ 1) units

-j—;{ln(x+-\] 1+x? ‘} ‘

1
x—(x+«]1-‘-: )
x+s/ 1+x2

= ——-—1——-x 1+—(1+x2)"¢'.\2x

;\:+~,/1+::2 1‘2

23. (a)

1 x
= x| 1+
x4 1+ x2 !: 1+x2:l
Y
e TFx? Ji+x2
1

1+x2

24.

«Turning point at (—-1— ——). ‘

=Dn(§;J1+4)—hﬁJTﬂ
=In(2++5)

= (3dp).

y=xe?*

(a) %: l.e2% + x.2e%%
=e2%(1+2x).

dy

-0

dx

e?*(1+2x)=0.

Now 2%z 0
1+2x=0
2x=-1

For turning pts.

i.e.

2’ 2e
2
ii——y—= 2e2%(1+2x)+e?*.2
dx?

= 2e2’(2+2x)

=4e2*(1+x)

1
I\

:3>0.
e

- Minimum turning point

1
atx—-i.
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Whenx=0,y=0.

(b)

y :
h H
-1
-1 -3 :
T T T
s ;
- —0.05
- 0.1
DI— T
- —0.15
DI R T
= 0.2

Alsoas x = —, y— 0,
Curve is asymptotic to
negative section of x axis
for x < 1.

Curve cuts x axis at (0, 0).

. d
-Ex"-y-= e2* (1+2x)

=e%=1.
Gradient of normal = ~1
(negative reciprocal).

Equation of normal is of

form y—-0=-1(x-0)
=—x
L ox+y=0.

Equn. of normal is x+ y=0.




