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1. Arclength: ¢=r#

Area of sector =%r28 } 9 in radians

Yy

o 2 7

=TT gy
g

y=sinx y=cosx y=tanx
Period =217 Period =27 Period =17
Amplitude=1 Amplitude =1
3. When x is small, ]in}) sin z =1
= X
4. Derivatives:
%(sinx): cosx %{sinf(x)]:f’(x)cosf(x)
d .
E(cosx):-smx -i—{cosf(x)]:—f’(x)sinf(x)
d
z(tanx):seczx %[tanf(x)]zf'(x)seczf(x)
5. Integrals:
fsinxdx:—cosxq-c jsinaxdx:—icosax+c
a
jcosxdx:sinx-i-c fcosaxdx:-l-sinax-bc
a
fseczx dx=tanx+C fseczax dx:ltanaz+C
a

[a and C constants ]

EXERCISE 9: EXAMINATION-TYPE QUESTIONS

The figure shows a sector of a circle
8 with radius 8 cm. Find the area of
this sector correct to 2 decimal places.

1. (a)

(b) Differentiate: (i) log, (sinx) (i) cos(x+%)

£ 1
(c) Evaluate: (i) j cos2xdx (i) J sin%xdx
0 0

==
-

(d) Find the equation of the tangentto y =2sin2x at the point x =3

2. (a) Solve, where 0<x<2nr, 25inx=«[§.

(b) Evaluate lim sin38 . i
=0 ]

(¢) (i) Sketch the graph of y=cosx,for 0sx<x.
(ii) Where does the curve cross the x axis?

(iii) Show that the area between the curve and the x axis
between x =0 and x =7 is 2 units®.

(@) Find -:% if: (@) y=tani;- (ii) y=sinZzx
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3. (a) Find the gradient of the normal to y = cos3x at the point x=%.

The figure shows a circle centre O with
triangle OPQ and R is a point on arc PQ.
OP =10 cm and LPOQ =30°.

P (i) Find the area of AOPQ.

/ R (i) Express 30° in radians and show that

Q

(b)

.. 267
the area of sector OPQ is —— cm?2.
9

(iii) Show that the area of the segment PRQ is 25( I;S ] cm?2,

(iv) Use the Cosine Rule to find the length of PQ.

(v) Show that the length PQ is shorter than the arc PR@ by
0-06 cm, correct to 2 dec. places.

(c) Find the nature of the stationary points on y =sin2x if

0 < x < x (using calculus).
14
(d) Findc,if f cos x dx =—‘/2-§-, where 0<c <%.
]

sinx .s
(Xl) e 2cusx

4. (a) Differentiate: (i)
(b) Solve, for 0°< x<360°, 2sinx-1=0

(c) Evaluate: (i) j ‘sec22xdx  (ii) J‘: sinx + cos x dx
0 0

(d) Prove that | 1l+sinz) 1 .
dx| cosx l-sinx
. sin2x
5. (a) Evaluate lim ———.
x—0 x
(b) (i) Sketch y=sinzx, on a number plane, where -2<x<2.
(ii) State the period and amplitude of y =sinzx.

(iii) Use the sketch to solve the equation sinrx=0.

(c) If y=4sin3x, prove that y”+9y=0.

T
(d) (i) Show thatJ- sin—;-dx=2.
0

G 3 —sinZ
Y 2 Find the area between the
curve y= sin% and the x axis

when x =0 and x = 271.




2 UNIT __ REVISION - TRIGONOMETRIC FUNCTIONS PAGE 3

6. (a) The minute hand of a clock is 4 cm in length. What area is swept
by the hand in an interval of 40 minutes? Answer in terms of 7.

(b) Find the derivative of: (i) sin2x+cosx (i) —
CosS x
(¢) Find: (& f(sinx-cosx)dx (ii) fﬂ—dx
sinx+1

(d) The diagram shows the graph of y = cosx and a straight line
which cuts y = cosx at the points A and B.

(i) Findthe coordinates of the points A and B.

N

(ii) Show that the equation of the line

passing throughA and Bis y= z —”21 .

37"’. (iii) Findthe shaded areabetween y =cosx

and y = x-2x (marked on the diagram).
7. (a) A The figure shows a sector of a circle with radius
& r cm. The length of the arc ABC is 7 cm.
0see B (i) Find the value of r, to one decimal place.

(ii) Show that the area of the sector OAC is
c approximately 21 cm?,

(b) Differentiate: (i) log(sinx+cosx) (ii) cos2(3x-1)
(¢) (i) Sketch the graph of y=cosx, where -x<x<rx.
(ii) On the same number plane, graph y =%.

(iii) Using (i) and (ii), solve cosx >—21- for —-r<x<x.

(d) The area bounded by the curve y =secx, the x axis and the lines
x=0and x= L;- is rotated about the x axis. Find the volume of

the solid formed.

8. (a) If y"=-3cosx-2sinx and when x=0, y’=0, y=5,findyin
terms of x.

(b) Find the equation of the tangent to the curve y = xcosx at the
pointx=rm.

where 0<x<2x.

(c¢) Solve the equation cos

MR

L
J2
(d) (i) Show thatif f(x)=2sin2x+1, then f’'(x)=4cos2x.

(i) Hence, show that | — 2% _ jr- 10051, rounded off
o 2sin2x+1

correct to four decimal places.
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. . 31,. i
9. (a) (i) Show that the point )—r-, £ lies on the curve y = L L
3" 3 l1+cosx
i dy 1
ii) Show thatif y=————, then —— = ———.
(i) Y 1+cosx N Zx 1+cosx
. . sinx
(iii) Find the equation of the tangent to the curve y = ————
l+cosx

at the point x = Lst-

Q

L} oY

The diagram shows AB and CD as arcs of

concentric circles, with centre O. Itis

known that OB = 12 cm and BD = 8 cm.

(i) Find the arc length CD, correct to 2
decimal places.

(ii) Show that the area of the shaded

c region is 17 868-8 cm?.

10. (a) Show that -;:[xsin x +COS x] = xcos x, and hence evaluate

sfa

J xcosx dx.

0

(b) The diagram shows the graphs of y =sinz
and y = cosx for the domain 0 x<2x.

/ (i) Show that the points of intersection of

y=sinx and y=cosx are r_L
4’ 2

a 5r 1
2 and | —, ——|.
[ 4 ﬁ)

(ii) Show that y=sinx cuts thexaxisatx=0, 7 and 27, while /
. T :
y=cosx cuts the x axisat x =3 and §2£ '

(iii) Show that the tangentto y=sinx atx=ris parallel to the
tangent to y=cosx at x= %
(iv) Find the exact area of the shaded region.
(c) Find the volume of the solid formed when the curve y =tanx is

- n
rotated about the x axis between x =0 and x = i Leave your

answer in terms of 7.
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EXERCISE 9: WORKED SOLUTIONS

L @ A=2ro
[Note 8 must be in radians.}

72 degrees = 72x ——

180
=1-256 6371
(from calc.)
=%"l’2 g

=-§-x82x 1-256 637 1

=40-212 386
= 40-21 (2 dec. places)
.. areais 40-21 ¢cm?2.

cos x
sinx

d _f(x)
z{logf(x)}—m

®) 6) {log, (sin )] =

=cotx.

Note -,——z-:: cotx
sinx

(ii) %{cos(xa--;)]
=—sin| z+~
N 2

() @) J‘Tcos2xdx
1]

X

[ Lgnae ]t

—[ZszxL

=-{sin2(£)-—sin2(0)}
4

. X .

[sm-z-—smo}

N s

]

(] T ST PR TY P
. ——
[y
|
(=]
[

1 1
(i) J- sintz dx =[——3-cosf-z]
o 3 x 3

Q

3 n T
= “;[COS?( 1)— 608-3—(0)]

3 n
= -;[cos?- cos 0]
31
;k“ﬂ
-3 1
T x|l 2
=3
=ox
(d) y=2sin2=x

) 4
Subs. x = ~——in y = 2si
S, x 121ny 2sin2x
. r
sm(m)

.
—Zsm-é-
1
=2xX—
2
=1

. T
. th t| —— .
e poin ( Y 1)
. dy
For gradient, P 4c082x

Subs. in z = —
s.inx 5

. Equation of tangent :
y=y1=m(x-x,)

y—1=21[§(x--i’z§-)
J3x

y-1=243z~ =

2sinz =43
A3
2

2r

3

2. (a)

~ sinx=

x=

W]

LPos. in 1st and in 2nd quad.

®) fim 2239

80 8
sin38

-3

(ii) Cutx axis when

_x 3z
=TT

(as seen {rom the diagram).

x

(ili) Area =Fcosx dx
b ]

7z
+J cosx dx
5
=[sinz=]F+|[sinz]
3
=(sin-g-—sin0)
. e _lt_
+{sin”<T sm2
=(1-0)+|-1-0]
=1+|-1|
=1+1
=2.

~ areais 2 units2.

x

|

) y=tan= |Z=
(d) (1)3'—“:3113 3
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(ii) y=sin2«
y={(sinx)2

) dy_z(. ,

"= sinx)’.cosx

=2sinxcosx.

3. (a) y=cos3x

dy .
z——3sm3x .
Subs.x:% in d‘_z
. dy e
-~ dx—-351n3(§-)
=—3sin£
2
=-3.1
=-3

. grad. of tangent = -3,
. grad. of normal =§-

*. gradient of normal to

T . 1
y=cos3xatx=— is ~,
6§ °3

i) A=—absinC

xlele-l
2

It

1
2
=1
T2
1
2

[}
[
(]

- area of A OPQ is
25 cm?,

(ii) 80°=30x-~*_._Z%
180 6

Deg. — Rad: x—"—
180

x10x10xsin30 |

_ %z
== _
.. area of sector OPQ
257
3

(iii) Area of segment
= area of sector
— area of triangle

em?2,

is

= ——25

r
xf23)
= zs(i‘_‘g)
3
-~ area of segment is
25( n-3

em?2,

@(v)
PQ2=102+102-2(10)10)cos30°
[a2=bz+c2—2bccosA ]

J3

=100+ 100— 200.—2—

=200-10043
= 26-794 919 (from calc.)

& PQ= \/ 26-794 919

=5-176 380 9 (from calc.)

)
Now arc length PRQ =r8

T
=10.—
6

5n
R
=5-235987 8 (from calc.)

.. Difference
=5-2359878-5-1763809
=0-059 606 8 (from calc.)
=0-06 (to 2 dec. pl.)

~ PQ is shorter by 0-06 cm.

(¢) y=sin2x
%: 2c082x=0

dy
tat. . —_—
Stat. pts. when Z 0

- stat. points at

(51 ()

d? )

2 L4sinox

d=2?

d?y

dx?

d?y _ 4sina| =

) =—=4s5In :

.

=-—4sin—

2
=-4.1
=-4<0

. max.

Now subs. x= % in

d?y
dx2
d?y . [3=x
. dx2 ——4sm2(T)

. 3r
——45111—2—'
=-4(-1)
=4>0
.~ min.

- maximum at ({-, 1) and |

Also, subs. x =i4)i in

minimum at(%f-, -1).

{+4
(d) f cosxdx:ﬁ
o 2

C . ¢
Lcosxdx:[smx]o
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=sinc-sin0
=sinc
J3
smc-—z—
c=X
=5
4 @ O i[ smx]
x
u=sinx v=x
-d—u——cosx dv—l
dx dx
L dv
_ dx dx
= ~

x.cosx—-sinx.1
e ———————
<2
_xcosx-~-sinx
Polbahinaadii L)

x2

S 4
(11) ,d_x_[e2eos:]

%ef(’)zf’(x)ef(:)

= ~2sin xe 2=z

(b) 2sinx~1=0

2sinx=1
sinx——l-
2
T 5x
S X T e
6" 6

() @A) fTsecz 2x dx
o

z
8

=[itan 2x:,
2 0

1 b 4
= E[tan 2(-8—)

-tan2(0)}

4
tan——tan0
{an4 an]

]
N 0]~ 2]
——
=]
|
=)
ey

(i) fzsinx+cosxdx
z
=[—cosx+sinx]2
0
= -cosﬂ-a-sinx
2 2
~{-cos 0+5in0)
=(0+1)-(~-1+0)
=1+1
=2

@ i{ 1+sinxJ

dx| cosx

u=1l+sinx

du
——=cosx

v=
dv
dx dx

cosx

=-sinx

_cosx.cosx~(1l+sinx).~sinx

(cosx)?
cos? x+sinx+sin2 x

cos? x

L(cos x)2= cos 2?'

l+sinx -
= [coszx= 1—sxn2x'
l-sin®=x
Lisiix

" (I-sin=X Lremz)
|a2-b%=(a-b)a+b)
1
l-sinx
. @ l+sinx] 1
" dx| cosx | l-sinz

5. (a) lim 5122
x*=0 4x

sin2x
m ——————
-0 2x

—
for e

1]

R

sinX
m
X-0

—
o

Nl 09 00

(b) @) y

1 y=sinzx

\4\/

(il) y=sinzx
.. period: 2

amplitude: 1

(iii) For sinzx=0,
.. intersection of
y=smaxandy=0
[i.e. x axis],
Lx=-2,-1,0,1, 2.

() y=4sin3x
y’=12cos3x
y*=-36sin3x
For y”+9y=0

~LHS =y”+9y
-3651n3z+9(4sm3x)
=-36sin3x+36sin3x ;
=0 =RHS I

S y*+9y=0 ‘

® x

@ @ fsin-dx
° 2

o1

= —x dx
oslnzx
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2z z
(ii) A=f sin—dx
)

*ox
=2| sin—-dx
fosmz

symmetrical
aboutx=7x

=2(2) [from ()]
=4
-~ area is 4 units®.

6. (a) 40 minutes

_ 40 min
1h
40

=%X27r

x2r

=-§-x27t

Ar radians

=%r"9

=1 40 47
—2.4 3
=32z

3

) . 327 g !
. area1s—§——-cm .

() @) <L [sin2z+cosz]

=2cos2x~sinx.

ey d 1
@ z[ wsx]
d -
=z-[(cosx) IJ
=—1(cosx)'2.-sinx.

_ sinx

" cos2x
_sinx 1
T cosx cosx

=tanx.secx.

(c) (@)

j(sinx—cosx) dx

=-cosx-sinx+c¢

i) J‘ 'cosx dx
sinx+1

-COSXx
ol Rar dx
sinx+1

=-log, (sinx+ 1) +ec.

(d) ) ForA:
subs.x=0in y=cosx
=cnsO

=1

K

~ A0, 1).

For B:

subs.y=0in y=cosx
O=cosx

cosx=0
3

x=

of5)

- A0, 1) and B(%, 0).

oA

(ii) Eqn. of AB:
y—Ji1 - Y2~ Y1

x-x; X9—2x;
y--l__O—l
-0 x_

X 3 0
y-1_ -1
x Z

2

y-1l_-2

x T

L Ry-m=-2x
ry=x-2x
r-2x

-~

. 4

(iii) Area:J-i cos x dx
0

_J'%n'—Zxdx
o T

= chosx dx
0

—i_f?(ﬂ-2x) dx
TJo

2 1 -3
=[sinx]2 ——[ztx—x’]’
° =z 0

-7 .
4 units 2,

7. (@) (i) 68° > radians

n
. 68x——
* 180

=1-1868239
= § (from cale.)
Now, {=r8
=~ 7=r(1-1868239)
7
P ——
1-186 8239

=5-898 095
(from calc.)
=5-90 (2 dec. pl.)

ﬁﬂ,A:%rza

=%x5-92x1-186 8239

= 20-656 67 (from calc.)

= 21 (to nearest whole)
.. area approximately

21 metres?.

(b) () %{log(sin x+cosx)]

_cosx—sinx
sinx+cosx

J(z)

d
E[logf(x)]= s

(ii) %[cos2 (3x- 1)]

:%[(ws(3x~1))2]

=2cos(3x~1).-3sin(3x-1)
=-6sin(3x—1)cos(3x—1).
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() @), ) ¥

1
. cosx>— when
2

T cx<l
3 3’
b

@ V=zf 2 dx

cln h

=r| (secx)? dx

0
x

3
nj sec? x dx
0

=7r[tanx];;'

n[ta}n%-tano]
-[f5-o
=437

- volume is /37 units3.
y*=-3cosx~2sinx
y'=f(—3cosx—25inx)dx
o y’=-38sinx+2cosx+C

Subs.inx=0, y’'=
s 0=-3sin0+2cos0+C

0=2+C
- C=-2
~ y’=-3sinx+2cosx-2.

Now, y= J(—Ssinx+ 2cosx—2) dx

y=3cosx+2sinzx~2x+k.

Subs.inx=0, y=5
s 5=3cos0+25in0~2(0)+k
. 5=3+k

k=2
&~ y=3cosx+2sinx—2x+2.

(b) y=xcosx
L9y _,dw 3
“dx  dx dx

l u=x, v= cosxj

=cosx.l+x.—sinx

dy .
" T:cosx—xsmz.
ax

Subs.inx=xin %
. dy—coszr zsinx
- =
=-1-7(0)
=-1

- grad. of tangent=—1.
Subs.inx=xiny
y=xcosx
=TCOST
=nr(-1)
=-7
- point(x,-nx), grad.(m)=-1
y=y1=m(x-x;)
y+ax=-Ux=-1)
y+r==x+7
x+y=0
., eqn. of tangentisx+y=0.

(c) oS == L
2" T2
x_x Iz
274’ 4
X 1%
2’ 2
7

(cannot have _37_7:_)

x=

ISTES

(d G f(x)=2sin2x+1

f’(x)=2.2cos2x

=4cos2x.
(i) j

= [loge (2sin2x+ 1)]

4c052x
Zsm2x+1

© afa

=log, 251'n—§—+1
-log, (2sin0+1)
=log, («/§+ 1)—Ioge 1

=log, ( «,/3 + 1)
=1-005 052 5 (from calculator)
= 10051 (4 dec. pl.)
(% 4cos2x
=1-0051 (4 dec. pl.).

9. (a) (i) Subs. (—- 3/--5-]

3’ 3
sinx
iny=
l+cosx
J3
LHS=y=—
=73
si %-
RHS =
1+cos%

[u:sinx, v= 1+cosx]

_ (1+cosx).cosx—sinx.—sinx;

(1+cosx)?

cosx+cos?x+sin?x

(1+ cosx)?
_ l+cosx ‘
(1+cosx)? |
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sin2x+cos2x=ﬂ =g_(256) - %
L9y 1 = 89-360 858
‘dr  1l+cosx =89-4, . (5_:’_' LJ
x . dy Area of shaded region V2 1
(iii) Subs. == n == is 89.4 cm?. .. points of int. are £, —_—
dy 1 4 J2 )
—_— ———— d . :
dx  1l+cosk 10. (a)-zx-[xsmx+cosx] and (%’—71:)
2_1_ =sinx.l+x.cosx—sinx 2
1+-.i; =sinx+xcosx—sinx (i) Cutsxaxis, . y=0
- 1#_3_‘ ;xcosx Subs.y=0iny=sinx ‘
- lxg ...d—x'[xSinx.'-cosx]:xcosx. suli:g, r,2z,...
Y : -~ cuts x axis at 0, x, 27. i
2 xcosx dx )
=3 o x Now, subs. y=0in y=cosx |
a3 =[xsinx+cosx]°2 cosx=0 '
T
int | = X2 d (from above) _Z 3r 3
point 3 S}an 1_2,.2, |
2 =( sino +cos—] cuts x axis at =, 3% ‘
grad. (m)=3 2’ 2 |
-(0sin0+cos0) ‘
y=y,=m(x-x;) . (iii) For y=sinx
; ={ —+0|—-(0
y_fi:_z_ Z (Z+ ) (0+1) & - cosx
3 3773 _E_, =,
T2 =rin X
Muit. by 9 -2 Subs.x =7 in =
9y-3J3=6x-2x p) \ L A
. 6x—9y—-2)t+3-\/§=0- fxcosxdx-%- . d::—_l

(b) (i) 40° — radians

T
L =40 X —
180

2
=2 radians

Now, ¢=r6 cale.)

=20x0-698 1317
= 13-96 (two dec. pl.)
.. arc length is 13-86 cm.
(i) Letr;=20, rp=12

- Area —-;—rz 9—%’-1’12 9

[subtract areas of sectors|

1
=--2-G(1'1 "'z)

=% EZ'—(202—122)

=0-698 1317 (from:

=13-962 634 (from calc.)v‘

() (i) y=sinx, y=cosx
sinx=cosx

Divide by cosx:

L. ( 1 }
z TR
Subs.x:st- iny=sinx

= sin-s—{
7 n

.. grad. of tangent to
y=sinxatx=mis-1.

Fory=cosx

—Z-—sinx
=
z . dy
Subs. x = — —
ubs. 3 in =
f———sinﬁ
dx 2
=-1

- grad. of tangent to

y=cosxatx=—72£-is—-1.

.. tangents have same gradient
. tangents are parallel.

(iv) Shaded region
above x axis
= shaded region
below x axis




2 UNIT

SOLUTIONS - TRIGONOMETRIC FUNCTIONS

PAGE 7

-~ Area of shaded region
y = 2 x area above x axis.

, y=sinx

. 2
sinx dx-J cos x dx

x
+

it
[Sv]
X
e
| S—
‘|a‘

- of [~con =] ~[sinc] ]

~fnsan

F 4
=2|| ~cosx +cos—
( €08 7T + COS 4)

- sin-]-r--sinl
2 4

I 1 1
=2‘-(—1)+-J—_2_— 1-—-&.-}}

(1 1
=2-1+7—_2-—1+—ﬁ]
:2‘2—} 4 Xﬁ

;ﬁ E T
:2-\/’5 =2‘J—2-

. areais 242 units2.

|

b
(c)V:n’f y2 dx

a
X

=xf‘(tanx)2 dx
0

<
=;zf tan?x dx
0

=7tf‘ (sec?x-1)dx
0

tan“x= 2z
l 2 x=sec lJ

x

=7t{tanx-x]§

(o5
4]

- volume is zr( 1-%) units 3




