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1. Arclength: ¢=r6
Area of sector = lr 29 8 in radians
2 x 3z
2.y y oo
1 1 z l‘ui :
h 2r_, s /. DA
3z 4 '
..1-l U -]_-l z ] :f :/
y=sinx y=cosx y=tanx
Period =27 Period =27 Period=1x
Amplitude=1 Amplitude =1
3. Whenxissmall, lim sin x =1
x—0 x
4. Derivatives:
d, .
Z(smx):cosx i—[sinf(x)]:f’(x)cosf(x)
%(cosx):-sinx %[cosf(x)]:—f’(x)sinf(x) J
d d
Z;(tanx):secz:c -Jx-[tanf(x)]=f’(x)sec2f(x)
|
5. Integrals:
|
fsinxdx:-—cosx-i-C fsinaxdx:—-];cosax+c |
a |
fcosxdx:sinx-i-c fcosaxdx:—l-sinax+c
a
fseczxdx=tanx+c ‘[sec2axdx=ltanax+c 1
2 |
\
La and C constants]
EXERCISE 9: EXAMINATION-TYPE QUESTIONS
1. (a) The figure shows a sector of a circle
o, with radius 8 em. Find the area of
N this sector correct to 2 decimal places.

(b) Differentiate: (i) log, (sinx) (ii) cos(x +-72£)

sz 1
(c) Evaluate: (i) f cos2xdx (i) f sin-’sixdx
0 0

(@) Find the equation of the tangent to y =2sin2x at the point x=4

2. (a) Solve, where 0 x<2x, 2sinx=+/3.
(b) Evaluate lim M
950 @
(c) (i) Sketch the graph of y=cosx, for 0<x<x.
(ii) Where does the curve cross the x axis?

(iii) Show that the area between the curve and the x axis !
between x = 0 and x=7 is 2 units?. g

g

.

(d) Find L2 (i) y=tan= (i) y=sin2x
dx 3

T
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3. (a) Find the gradient of the normal to y = cos3x at the point x= %.
The figure shows a circle centre O with

triangle OPQ and R is a point on arc PQ.
OP =10 cm and £P0OQ =30°.

P (i) Find the area of AOPQ.

' R (ii) Express 30° in radians and show that

Q s N £ + ) 3 25’[
the area of sector OP@Q is

(b)

e 2
<m

(iii) Show that the area of the segment PRQ is 25( ”;3 ) cmz.j

(iv) Use the Cosine Rule to find the length of PQ.

(v) Show that the length PQ is shorter than the arc PR@ by
0-06 cm, correct to 2 dec. places.

(c) Find the nature of the stationary points on y =sin2x if

0 < x < 7 (using calculus).
c
(d) Findec, if j cos x dx =§, where 0 <c <—21£.
0

sinx

4. (a) Differentiate: (i) (i) e2cvsx
(b) Solve, for 0°<x<360°, 2sinx-1=0

(c) Evaluate: (i) I! sec?22x dx  (ii) f?sinx+ cos x dx
0 0

l+sinx {1
cosXx

(d) Prove that %[

l1-sinx’

sin2x

5. (a) Evaluate lim
x50 x

(b) (i) Sketch y=sinnx, on a number plane, where -2<x<2.

(ii) State the period and amplitude of y =sinxx.

(iii) Use the sketch to solve the equation sinrx=0.

(¢) If y=4sin3x, prove that y”+9y=0.

T x
(d) (i) Show that f sin—dx=2.

o 2
@ 5 e |
y= 2 Find the area between the ;
. . X . "
curve y= sm—é- and the x axis |
|

when x =0 and x = 27.
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6. (a) The minute hand of a clock is 4 cm in length. What area is swept
by the hand in an interval of 40 minutes? Answer in terms of =.
1
cosx

(b) Find the derivative of: (i) sin2x+cosx  (ii)

cos x
sinx+1

(c) Find: (i) f(sin x—cosx)dx (ii) f
(d) The diagram shows the graph of y = cosx and a straight line
y which cuts y = cosx at the points A and B. ‘
>T (i) Findthe coordinates of the points A andB. |
AN (ii) Show that the equation of the line \

passing through A and Bis y= mo2x .
[ x T |

?.21'»’. (iii) Findthe shaded area between y = cosx

n-2x

and y= (marked on the diagram). ’

7. (a) A The figure shows a sector of a circle with radius
1 & r cm. The length of the arc ABC is 7 cm.

0<ss B (i) Find the value of r, to one decimal place.

(ii) Show that the area of the sector OAC is
c approximately 21 cm?.
(b) Differentiate: (i) log(sinx+cosx) (ii) cos2(3x-1)
(c) (i) Sketch the graph of y=cosx, where —z#<x<rx.
(ii) On the same number plane, graph y= %

(iii) Using (i) and (ii), solve cosx > % for —x<xsx.

d) The area bounded by the curve y =seczx, the x axis and the lines
x=0and x= Ls'- is rotated about the x axis. Find the volume of

the solid formed.

8. (a) If y”=~3cosx—2sinx and when x=0, y’=0, y=5,findyin
terms of x.
(b) Find the equation of the tangent to the curve y = xcosx at the
point x = 7.
—J-%- where 0<x<2rx.
\

(d) (i) Show thatif f(x)=2sin2x+1, then f’(x)=4cos2x. [

(c) Solve the equation cos

ISR

(ii) Hence, show that T-—-ig-‘-)ﬁf—- dx = 1-0051, rounded off
o 2sin2x+1

correct to four decimal places.
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31.. i
9. (a) (i) Show that the point f—, £ lies on the curve y = Ss|=
3" 3 1+cosx
. dy 1 :
ii) Show that if y = ———— , then —==——.
G 0 Y= T+cosx o1 Fx  l+cosz
(iii) Find the equation of the tangent to the curve y = Sz
l+cosx
at the point x= L;-
(®o) O .
The diagram shows AB and CD as arcs of

concentric circles, with centre O. Itis

known that OB = 12 cm and BD = 8 cm.

(i) Find the arc length CD, correct to 2
decimal places.

(ii) Show that the area of the shaded
c region is 17 868-8 cm?.

10. (a) Show that gx—[ xsin x +cos x] = xcos x, and hence evaluate

x

7
f xcosx dx.

0

(b) The diagram shows the graphs of y =sinx
and y = cos x for the domain 0<x<27.

T 1

y=sinx and y=cosx are | —,—
. 5r 1 t 42
® and —’L,—-— .

J2

/ (i) Show that the points of intersection of
2

4

(ii) Show that y =sinx cuts the x axis at x= 0, 7 and 27, while

3z

y = cos x cuts the x axis at x =_7_2r_ and <

(iii) Show that the tangent to y =sinx at x = ris parallel to the
tangent to y=cosx at x =—72£.
(iv) Find the exact area of the shaded region.
(¢) Find the volume of the solid formed when the curve y=tanx is

. i1
rotated about the x axis between x =0 and x= T Leave your

answer in terms of m.
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EXERCISE 9: WORKED SOLUTIONS

1L @ A=2r2g
{Note 6 must be in radians.]

72 d = 72X =
egrees 2x180

=1-256 6371
(from cale.)
1

=—2-I’ze
=-21x82x 1-256 637 1

=40-212 386
=40-21 (2 dec. places)
*. areais 40-21 em?2.

®) @) E[log, (sinx)]= 252
sinx
[logf( )]-— S (=)
6)
=cot x.
Note <2% _ eotx
sinx

(ii) dix-[cos(x+%)]
nf=+)
=-sin| x4+~
2
(c) () chOSZxdx
°
=[%sin2x];
. n .
[sm2(z)—sm2(0)]
N
[smi— smO]

|

1] [

g
[y
|
[
[y

DOl O e

1 1
i (MsinZx s <[~ Boos
(i) fosmgxdx —[ ”cossx]

0

= =3 cos (1) = cos X
= ”[0053(1) cos-—a-(O)}

3 n
= —;[cos 3— cos 0]

e

(d) y=2sin2x

n
Subs. x = —in y = 2si
ubs. x 121ny 2sin2x

=2sin2 =z
12

.
= 2sin—
sin
1
=2x—
><2

=1
.. the point | - 1l
°P (12’ )

) d
For gradient, gy =4cos2x

Subs. in x = —

T

12
.9y _ d
L dx-4c052(ﬁ)

T
=4cos—
s

(4)
=243.

. Equation of tangent :
y=y1=mix-x,)

y—1=2a/-3_(x—-11‘§-)
y=-1= 2J"x-‘/-”

2. (a) 2sinx=

. sinx = ﬁ
2
2x
"3
LPos. in 1st and in 2nd quad.

=X
3

. sin38
®) lim—7

(ii) Cut x axis when
7 3% \
=5 |

2’ 2
(as seen from the diagram).

(iii) Area =f' cos x dx

0

4
+ J cos x dx

x

2

L
=[sinx]:+

T .
=| sin=-—sin0
(sm2 sin )

[sinx]:
2

+|sinz -sin=
2
=(1-0)+|-1-0]
=1+|-—1|
=1+1
=2.

.~ area is 2 units®.

(@) G) y=tan-;:- %:-31-::
y=tan-;'-x
. %:%seczéx
=%sec2§.
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(ii) y=sin2x
y={(sinx)?
d'
gy=2(sinx)'.cosx
=2sinxcosx.

3. (@) y=cos3x

d
2 o _3sin3x

& d
Subs.x=Z jn &
e M
. dy . /4
. z-——35m3(E)
=—35in£
2
=-3.1
=-3

~ grad. of tangent = -3,
. grad. of normal =_31.

*. gradient of normal to

[

/4
y=cos3xatx=— is —.
6 3

i A= iab sinC

2
=%x 10x10xsin30
1 1
=—=x10 _
2 X x10x2
=25
- area of A OPQ is
25 cm?,

(i) 30°=30x—2.-Z%
180 6

Deg. - Rad: x—".
180

A==r2g

[S] FRrSY

.102. %
6

_ 25z

NER
.. area of sector OPQ

257 em?,

is

e

(iii) Area of segment

= area of sector
— area of triangle

=22 95

=5

()

.. area of segment is

25("'3 cm?.

@iv)
PQ2%2=102+102-2(10)10)cos 30°
[a2=b2+c2—2bccosA I

J3

=100+ 100 - 200.—?

=200-100+/3
= 26-794 919 (from calec.)

s P@= 1/26°794 919

=5-176 380 9 (from calc.)

)
Now arclength PRQ =r8 |f=r8
2 [e=re]
=10.—
6
_5n
3
=5-235987 8 (from calc.)
.. Difference

=5-2359878-5-1763809
=0-059 606 8 (from calc.)
=0-06 (to 2 dec. pl.)

.~ PQ is shorter by 0.06 cm.

(c) y=sin2x

d
2 o 2c0s2x=0

dx
Stat. pts. when % =0

. cos2x=0
9x n 3z

2

N W

[}

=
=X 3%
23

3

Subs. in y =sin2x
4 . 4
SLx=— . y=sin2| —

—sinf-
2
3
=— = §in 2§ —
LT ( )
—sin§£
T2
=-1
. stat. points at I
1] 3_”,_1 .
4 4
d2
———J-'-=~4sin2x
do2
d2
Now subs.x:-zin 4
4 dx?
d2
dxg =-4sin 2(%)
.7
= —4sin—
2
=-4.1
=-4<0
;. max.
d?
Also, subs.x:-?—’-,-t- in 22
4 dx?
d2y . 3
dx2 =—4sm2(T
. 3xn
=—4 —
sin >
=-4(-1)
=4>0
.~ min.

. maximum at (%, 1) and
minimum at (%—”—, —-1).

4
(d) J- cosxdx:ﬂ
o 2

¢ (4
f cos x d:c:[sin:w:]0

0
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=sinc-sin0 e (7. .
. (ii) sinx + cos x dx (b) @) 7 1
=sinc 0 z 14 L
=[-cos.z:+sin:c]2 ' y=sinzx |
Sinczﬂ 0 3
2 =|~cos Z+sinZ% | T T T T x|
e==. 27 72) | | -2 -1\/ 1\/2
' ~(~cos0+5in0) 4.
4. @ O %[ Smx] =(0+D~(-1+0) |
{c =1+1 i (ii) y=sinzx
d: =smz d: =x =2 . . period: 2
—=Cc08x ~—~—=1 !
dx dx @ _d_[ 1+sinx | Note \
vﬂ—uéz dx coSx ' Period_%:Tn=2 |
= dx dx u=1l+sinx U=cosx . ‘
v2 du v amplitude: 1 :
. ~sinx. ——=cosx —=—si
_x cosxxzsmx 1 dx x sinx (Gif) For sinzx=0, |
_xcosx-sinx v du _ y dv -~ intersection of |
- 2 __dx _ dx y=sintx andy=0 |
d v2 [i.e. x axis],
(ii) Ex—[ezmsz] - COSx.COSx—(l-{—sinx),—sinx nx=-2,-1,01, 2.

%ef(x)___fr(x)ei(:)

= ~2sin xe 2ot

(b)

2sinx~1=0
2sinx=1
sinx:—l
2

5x

3
e x:—.,__..‘
6" 6

{c) @ f7sec22xdx
)

=[Eltan 2x:]

“3[3)

—tan2(0)]

[tan%— tan OJ

[}
] S Py Y
p—
—
I
=)
et

x
3

0

5. (a) lim SN2%

(cosx)?
_cos?x+sinx+sin?x ‘

cos2yx

Ecosx)2 = coszq

l+sinx
= coszx=1—sm2q
l1-sin2x
l4+sinx

T (A=sinzX L+sin%)
la2=b2=(a-b)Xa+h)

1
1-sinx

4| l+sinx _ 1
" dx| cosx | l-sinz’

-0 4x

=l im sin2x

2 x50 2x

1 . sinX
==.1

2 )1[1_1'{10 X
=1

T2

(¢) y=4sin3x

¥y’ =12cos3x

y”=-36sin3x

For y”+9y=0

~LHS =y”+9y
=~36sin3x+9(4sin3x)
=-36sin3x+36sin3x
=0 =RHS

S y”+9y=0

.4
@ G f sin dx
b

T 1
= in—x dx
f051n2x

x z
=|-2cos —]
[ 2 1)

= —Z[cos%— cos 0]
==-2(0-1)
=2

7T
. x
. fosmadx-&
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27 x
Gi) A= f sin dx
P 2

4 . X

= 2}0 sxn—z- dx

symmetrical

aboutx=nx
=2(2) [from ()]
=4

.. area is 4 units?.

6. (a) 40 minutes

) @) —c%c-[sin 2x+cosx]

=2cos2x-sinx.

.oy d 1
i) Ex{ cosx}
d -
=§x—[(cosx) 1]
=—1(cosx)—2.—sinx.

sinx

cos? x
_sinx 1
COSx COSx

=tanx.secx.

() @) f (sin x—cos x) dx

=—cosx—sinx+c

()J' cosx
mnx+1

—COS X

~f31nx+1
=-log, (sinx+1)+c.

(d) (i) ForA:
subs.x=0in y=cosx

e

=~ A0, 1) and B(-g-, o).

(ii) Eqn. of AB:

Y=JY1 _Ya—¥1
x—-x, ~x2-x1
y=-1 1 0-1
x-0 12‘._.0
y-1 -1
x x
2
y-1_-2
x  n
. Ry-nm=-2x
Ay=rm-2x
_T-2x
==

¥ |

(iii) Area = f * cosx dx
0

_J'z zt-Zxdx
0 ¥4

x
2
=f cos x dx

]

--lf?(zt—2x) dx
mJo

=[sinx];:.-%[7tx—x2 ]3

y=cos0
y=1

~ A(0, 1).

For B:

subs.y =0in y=cosx
O=cosx

cosx=0
=X 37
7 5

(sm——smO)
/4

1{ n2
=(1-0)—-—| 2.
(-9 ”[ 4 J !
=1-Z
4
_4-r
T4
- areais 4-=7 units 2,

7. (a) (i) 68° — radians

n
L 68X —
8x180

=1-186 8239
=@ (from calc.)
Now, £{=r8
. T=r(1-1868239)
- 7
~1-1868239

=5-898 095
(from calc.)
=5-90 (2 dec. pl.)

(ii) A=%r26
=~21—x5-92x1-186 8239

=20-656 67 (from calc.)

= 21 (to nearest whole)
. area approximately

21 metres?,

-c-id;[log(sinx +cos x)]

_cosx~sinx
sinx+cosx ‘

d _S(x)
-&-x—[logf(x)]— e

(b) ()

(i) %[0052(3::— 1)]

=§x—[(cos(3x- 1))2]

=2co0s(3x—-1).-3sin(3x-1)
=-6sin(3x~1)cos(3x—-1).




2UNIT _ SOLUTIONS - TRIGONOMETRIC FUNCTIONS PAGE 5

. s k=2 |
c) (i), (i) ¥ _ . j
© 4 -~ y=3cosx+2sinx—-2x+2. —1°ge(25m-§+ 1) I
: J
/\ y=% ®) y=zooss : —~log, (25sin0+1) f
— /; ;\ — .t_il__vd dv _ =loge(J§+1)—loge1 |
- -3 3 4 2 Uz Vdx “
| =1log, (v3+1) |l
ﬁ:x, v=cosx] 1 '
1 y=cosx . | =1-0050525 (from calculator)
(iii) cosx > = means 4 =cosx.1+x.—sinx ~1-0051 (4 dec. pl.) f
y = cos x is ‘above’ a—;—:cosx—xsmx. | J‘% 4cos2x \
y=l- But cosx:-}- Subs. in x = 7in ﬂ ! o 2sin2x+1 ‘
2 oz 2 4 dx =1-0051 (4 dec. pl.).
when z=7,-7, z”:coszr—nsinzz |
1 =-1-17(0) z |3
.. cosx>-— when 1 9. (a) (i) Subs. —-,—
- -1 3’3
r r | sinx
—_—< L=, - grad. of tangent =-1. ; iny=
3 3 . ) ' l+cosx
I3 Subs.inx=rminy 73 |
@ V=xf y2 dx ~  y=xcosx . LHS=y=33 |
e =CcosST 3
3 2 _ ' sinZ
o =—7 1+cos %
=,,fsseczxd, - point (7, —-7), grad.(m)=~1 J3 1
0 . o y—yi=mix-xy) i =—2—+(1+§-)
- san ] yer=iem 53
y+T=—x+T =3 .2
= x| tanZ ~tan0 . xry=0 | 2 2
3 - Y= ) | J3 .z
. eqn. of tangentisx+y=0. | =x3
=E[J§—O] |
(c) cos== L | =_“/_§_
=37 2- 72 | 3
- volume is /37 units3. x_x 1z -~ LHS=RHS
2 4 4
8. (a) y”"=-3cosx-2sinx o 1 (%,—?J lies on |
y'=f(—3cosx—25inx)dx 2’ ’21 _ sinx \l
y’'=-3sinx+2cosx+C (cannothave --27-5) Y= 1t cosx |
Subs.inx=0, y’=0 . du dv
0=-3sin0+2cos0+C 2 - .‘fl_ v:i?—uz
0=2+C dx v2
»C=-2 (@ (@) f(x)=2sin2x+1 [u=sinz, v=1+cosz]
s y’=-3sinx+2cosx—2. f(x)=2.2c0s2x . :
=4dcos2x _(1+cosx).cosx—sinx.-sinx
Now, y=f(—35inx+2cosx—2)dx . = (1+cosx)?
" y=3cosx+2sinx—2x+k. (ii) J _4cos2x _cosx+cos®x+sin®x
Subs. inx=0, y=5 Zsm2x+1 = (1+cosx)?
o 5=3c0os0+2sin0-2(0)+k =[1og. (2sin2x+1)]? __l+cosx
. 5=3+k (1+cosx)?




. 6x-9y—2r+3/3=0.
(b) () 40°—->radians

. 8=40 x——
180

= 2z radians
= 0-698 131 7 (from
Now, £=r@ cale.)
=20x0-698 1317
= 13-962 634 (from calc.)

= 13-96 (two dec. pl.)
. arc length is 13.96 cm.
(ii) Letr;=20, ry=12
- Area —%—r2 9—-%r2 0
[subtract areas of sectors]

1
=—2~6(r12-r22)

L 2”(202 122)

2"

J’:\:cosxdx_;2
2

(b) (i) y=sinx, y=cosx
sinx=cosx

Divide by cosx:

tanx=1
£=X 5%
4’ 47

_ L. ( 1
7\t
Subs.x:-?f- iny=sinx

—sin—s-zt-
Y=

#)
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Lsin2x+c052x= 1] ‘ =Z (956) .
d 1 " V2
A S = 89-360 858 Y
dx l+4cosx ~89-4, (_f_,_:/_____)
dy Area of shaded region 2 1
(iii) Subs. x=§ in Tn is 89.4 em?2. . points of int. are £,—-—
dy 1 R
o AP d
dx  1+cosZE 10. (a) —[xsinx+cosx [_. L
3 dx[ ] and 1 ) .[_
__1 =sinx.1+x.cos x—sinx b V2
1+3 =sinx+xcosx—sinx (ii) Cutsx axis, . y=0
_1+§ =xc0sx Subs.y=0iny=sinx
T2 .'.i[xsinx+cosx]=xcosx. sinx=0
—1x2 dx x=0,7,2x,...
=Xz 5 . cutsxaxisat 0,7, 2.
2 xcosx dx .
== o z Now, subs.y=0in y=cosx
3 . 7
) 1 =[xsinx+cosx]? cosx=0
x V3 i 0 z 3z
point | =, = | and| (from above) x== =L
22 -(nsin”+cos”) 2 27! 3r
2 =|gsmytosy . is at =, 2L
grad. (m)=§- 2 2 2 . cuts x axis at R
- (0sin 0+ cos0)
y=y = m(x—x,) z (iii) For y=sinx
: =|—+0|—~-(0
_i—i:.g. x—= (2 ) O+1) 2 o cosx
Y73 73778 Ty d"d
T2 Subs. x =7 in =<
Mult. by 9 z-2 ubs. x = mdx
9y—3.\/§=6x—27f 2 —y=COSﬂ

dx
=-1

.~ grad. of tangent to
y=sinxatx=mis-1.
Fory=cosx
2 - _sinx
dx
d
in -y

Sub =
ubs. =
in—~.
2

NIN

&‘I& ]

=-1
~. grad. of tangent to

y=cosxatx=%is—1.

.. tangents have same gradient
.~ tangents are parallel.

(iv) Shaded region
above x axis
= shaded region
below x axis




2 UNIT

SOLUTIONS - TRIGONOMETRIC FUNCTIONS

'~ areais 2+/2 units2.

. Area of shaded region
y =2 X area above x axis.

, y=sinx

|t
)

“y=cosx

.4 x
=2X J sinx dx— * cos x dx
z %
n .
=2|[- -
[[ cosx]_: {smx] ]
4
-2[(—cosn+cosz)
- sin—’f-—sinf-
2 4

LI

[ 1 1
=2——(—1)+T§-—(1—J—_2:J}

! 1
=2-1+:j-_;—1+-—ﬁ]
=2_._2_.] - 4 2

;ﬁ z 2
=2»\/-2_ =2ﬁ

) b
(C)Vzlrj y2 dx
a
=7IJ“(tanx)2 dx
0

=1rJ“tan2xdx
[1]

=7IJ‘ (sec?x~1)dx
0

[tan2x=sec2x—1!

-, volume is it( 1—%) units 3

PAGE 7

I
f




