oy

1

i

‘,-.yé(__ :
—~~ g

3 Unit Mathematics Worksheet

NENTON'S METHOD OF APPROX:

Page . 1

Exercises ,
1. (2) Show that the equation x> = 3x~-1=0has

aroot between x = 3and x = 4.
(b) Use the method of halving the interval to show
that the root is between x = 3.25and x = 3.5.

. Show that the polynomial equation

2x3 - 3x2 - 12x +15=0
has a root between x = 1 and x = 2. Use the
method of halving the interval to show that the root

Solution  f(0.5) = 0.5% + 2(0.5) — 1
~ : = 0.125.

EXAMPLE ,

Find an approximation of the root of
y=x+2x-1

by using Newton’s Method once and starting

with an approximation of x = 0.5.

) = 3x2 4 2
1(0.5) = 3(0.5)? + 2

lies between x = 1and x = 1.25. | . = 2.75.

3. Sketch y = 2x5 — 1, showing any turning points.’ - f(@)
From the graph, the root of 2x* —'1 =0 lies a=a- '@
between which 2 integers? Halve the interval twice /(0.5)
to find an approximation to the root correct to 2 - = 0.5 - 70.5)
.decimal places. ‘ 0.125

4. The polynomial equation 3x” — 1 = 0 has a root =05 - 275
between x = 0 and x = 1. Halve the interval twice = 0.455.

to find an approximation to-the root.

Newton’s Method
Vi

Exercises 4

5. The polynomial equation x> — 3x2 + 9 = O has a
root near x = —1.5. Find an approximation of the
root (to 2 decimal places) by using 1 application of

/ 7, a , J Newton’s Method.
6. A root of the equation x3 — 6x2 + 12x - 1 =0

lies near x = 0. Use 1 application of Newton’s
Method to find an approximation of the root, to 2

(a, /(@)

e

/ significant figures.
) - 7. (a) Show that a root of the equation
If x = ais close to the root of the equation f(x) = 0, ¥ — 3¢ + 5x + 1 = 0 lies between x = —1
the x-intercept of the tangent at a (i.e. a) is closer to and x = 0. _ v
the root. /(a) (b) Use 1 application of Newton’s Method to find
a =a- F(a) an approximation to the root, using x = -0.5

as the first approximation.
8. The equation e** — 2 = 0 has a root between
x = 0 and x = 1. Find an approximation to the
root by using 2 applications of Newton’s Method.

Notes (a) This method gives a more accurate
solution in fewer steps than halving the interval.
(b) Newton’s Method doesn’t work in some cases, (e.g.
if a is too far away from the root or f*(a) = 0).
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Test yourself

Revision questions
9. Show that x* — 3x* + 3 = 0 has a root between
x=1 and x = 2. By starting with an
approximation of x = 1.5, use 2 applications of
Newton’s Method to find an approximation of the
root to 3 significant figures.

10. The equation 2x° = 3x2 + 6 = 0 has a root
between x = —2 and x = —1.
(a) Use Newton’s Method to find an approximation
to the root.

(b) Use halving the interval twice to find an
approximation to the root.
(c) Which is the best approximation?

11. (a) Sketch the curve y = —x* =3P 4+ 9x + 1
showing any stationary pomts

(b) The equation ~x* =3+ 9x + 1 =0 has

3 roots. Use Newton’s Method to find an
approximation to each root. |
(c) One of these is not a good apprommanon
Which one? |
12. The equation sin x = 2 — 2x has a root between
x=0and x = 1. Use f{x) =sinx — 2 + 2x |
and Newton’s Method to find an approximation of |
the root, correct to 2 decimal places. j
13. (a) Sketch the curve y = 2x* - 3x% + 2, showinig
any stationary points.

(b) From your graph, how many roots of

2x* — 3x* + 2 = 0 are there?
(c) By halving the interval twice,
approximation to the root.

find an

Challenge questions
14. (a) Find the equation of the tangent to the curve
y = f(x) at the point where x = a.
(b) Find the x-intercept of the tangent and hence
prove that
fla)

/)
where a) is the x-intercept of the tangent.
15. Sketch the curve y =x* - 6x*+8x+ 1 showing
any turning points. Estimate the roots of equation
x' — 6x* + 8x + 1 = 0 by choosing appropriate
approximations for the roots and using 1 application
of Newton’s Method.

| 16. Why is the value x = 1 a poor estimate of the root

a =4a4 —

of x> —=2x — 1 =10 when using Newton’s
Method? Illustrate with a sketch.
17. (a) Divide p(x) = x* — 4x® + 4x* + x — 2 into

its prime factors.

(b) Sketch the curve on the number plane. How
many  roots  does the  equation
x* — 4x* + 4x? + x — 2 = 0 have?

(c) Using Newton’s Method to find approximations
to the roots where necessary, find all the roots.

18. (a) Show that f(x) = x* — 10 has a root between
x=1landx = 2.

(b) Use the method of halving the interval to show .

that v/10 lies between 1.75 and 1.875.
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Polynomials 2

Estimation of roots (3 unit)
1. (2) Show f(3) < 0, f(4) > 0.
(b) Show f(3.25) < 0, f(3.5) > 0.

2. Let f(x) = 2x3 — 3x2 — 12x + 15
J(1)y =2>0andf(2) = -5 < 0,
so there is a root between x = 1 and 2.

1+ 2
f( 2 )
= f(1.5)
= 2(1.5)3 ~ 3(1.5)2 — 12(1.5) + 15
= —3’
.. the root lies between x = l and x = L.5.

1+ 1.5
s ( 2 )
= f(1.25)
= 2(1.25)3 — 3(1.25)% — 12(1.25) + 15
= —(0.78,
.. the root lies betweeen x = | and x = 1.25.

74

The root lies between x = Oand x = 1.
The root is approximately 0.88.

4. f(0) = 3(0)

M) =37 - 1
2

S f0) <0, /(1) >0
- f(0.5) = 3(0.5) - 1
= —0.977
<0
- root lies between f (0.5) and f(1).
f(0.75) = 3(0 75)7
= —0.5996
root hes between f(0.75) and f(1).
f (0.75) gives a closer approximation to 0,
Lx =075

It

5.-1.43

6. Letf(x) = x> — 6x% + 12x — L
Then f/(x) = 3x* — 12x + 12

‘ f(@
_0 - J0)
f fO)
=0 — o
= 0.083 ;
7. (a) Show f(~1) < 0, f(0) > 1. g
(b) x = —0 21 s
8. flx)=e” =2
fx) = 2
Using x = 0.5,
f(05)=e*°5—2 |
= 0.72 1
£10.5) = 2% |
= 5.44
o= a Sl
‘ T f@
0.72
=05 - 5.44
= (.37
F(037) = 27 - 2
. = 0.087
£10.37) = 277
= 4.17
4= fla@)
s
=037 =517
= (.35
Revision questions
9. f()=1>0
@) =-1<0

.. the root lies between x = landx = 2. |
o = 1.35

10. (a) Using x = —1.5,
f(=1.5) = 2(~1.5° — 3(-1.5 + 6
= ~15.9375
Fi(x) = 10x* - 6x
F(=1.5) = 10(=1.5)" = 6(-1.5)
= 59.625
o = fla) -
| f(a}( 1.5)
1.5 L)
- _ s o15.9375
. 59.625
=-1.23
®) S = 2(-1° = 3(-1)" + 6

2-2)° - 3(-2* + 6
-70

12

o
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Since f(-2) < 0, f(-1) > 0, the root lies |

between them.
f(=15) = —15.9375 .from (a) |
Since f(-1.5) < 0, f(-1) > 0, the root lies
between them.
f(—=1.25) = 2(—1.25)> = 3(-1.25)> + 6
=—-479
Since f(—1.25) < 0, f(~1) > 0, the root lies
between them.
Since f(-1) is closer to zero, x = —1 is the
closest approximation.
(©) f(-1.23) = 2(=1.23)° = 3(-1.23)* + 6
= —4.25
S =1
S x = —1 gives the best approximation since
f(=1)is closer to 0.

11. (a) "

30 +

y=="=3x"49x +1

«Y

-3-29 -3071
(b) Usinga = —4.5, = —4.87
Usinga = —0.5, x = -0.13
Usinga = 1.5, = 2.15

(c) x = 2.151s not a good approximation. ’

12. f(0.5) = sin0.5 — 2 + 2 x 0.5 :
= —(0.52 J

cosx + 2

cos 0.5 + 2
2.88

L _J@
f@

S(x)
710.5)

o

a, =

il !
o o
N L
oo]

13. (2) 37

" |

-14

24

il
e

(b) There is 1 root, between x = —1 and x
{c) x = -0.75

Challenge questions
14.(a) Whenx = a,y = f(a)
Whenx = a,y" = f'(a)
Equation:
y =y =mlx— xp)
y - J@ =[f@x - a
(b) For x-intercept, y = 0. ‘
0= flg) = (@ - a)
- fla) = f(@)x - fa)a
f@a - f@ = fa)x
f@a - fla) _

S
a - J@ _ S
J(a)
Lo fla) : .
Lay=a - @ where a, 1s the x-intercept. “i.
15. a}
i |
10T+ y=x‘—6x2+8x+l!
5—/ !
1,4
S — A e
-4 -3 1 2 3 /
-5 /
_10—— . ‘ H
. /
-15+ j
~20-+ |
(-2,-23) -25+ / -
\ -304+ !l
a=-294 8= -013 [
16. Sketching y = x* — 2x — Lt il
: y = 2x ~ 2 |
For stationary points, " = 0 |
ie.2x —2=0 g
2x =2 1
x=1 ’ _ ;
Whenx = I,y =1"-2x1-1 i
y” = 2 > 0. minimum 1
yA
,
2+
14
2 -1 T 2/ 3 %
__1\-\
A 21 B
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The tangent at x = 1 is horizontal, so AB has no -
x-intercept. E
i

(1) =0,s0a, =1- S .

IZ0 is undefined. |
Also, x = 1 is not near any root (one lies between f
2 and 3, and the other between —1 and 0).

For all of these reasonms, x = | is a poor |
estimate. 1

17. () p(x) = (x — 2)(x - Dx* - x - 1) .

b . |
(b) yh  PO=x —4x + Ax'ex =2 1
2 4
14
3 2 -1 1 M2 3 s *
|
1+ :
5
-2 g
|
34 |
c)x=12 |

Using £(1.5), x = 1.625. o
Using f(~0.5), x = —0.64. »

18.(a) f(1) = 1* - 10
= -9 o
<0 g
f@) =2-10
=6 ;
>0 f

= root lies between x = land x = 2.
® Kfx*—10=0
x* =10
x =10
" root of f(x)=x'— 10 will give an
approximate value of\‘y—la. |
£(1.5 = 15 = 10 :
= —4.9375
<0
= root lies between x = 1.5and x = 2.
£(1.75) = 1.75* - 10 : :
= —0.621
<0
= root lies between x = 1.75 and x

f(—1—7—5—2—+—2) = £(1.875)
1.875" - 10
2.36
>0
. root lies between x = 1.75and x

|
|
!
|

i
1

ot
i
N

Il

1.875.




