Diagnostic Topic Tests:
A% NSW Mathematics Extension 1 (Preliminary & HSC)

Test 4: Inverse Functions

Total 40 marks  {Suggested time: 45 minutes)

Directions to sindents

- Attempt ALL questions.

- All necessary working should be shown in every question. Marks may be deducted for careless or badly
arranged work.

« The marks for each question are indicated at the start of the question.

QUESTION 1. (10 marks) Marks
(a)  For each of the following functions, find its inverse and sketch the function and its inverse 8
on the same number plane. Clearly label each graph.
. _5-3x
®  fx =

(i) gx)=42x-3

(b) Evaluate cos“(%) + tan~1(—1) without using the calculator. 2

QUESTION 2. (10 marks)

@) If f(x) = x2 sin-Lx, show that f@ - é(n +.3). 4

(b)  Consider the function y = 3sin~1(2x) . 6.
(i)  State the domain and range. .
(if)  Sketch the graph, showing the important features.

. dy
Find == .
(iii) in o

(iv) State the values of x for which gX is defined.
x
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Mathematics Extension 1 Diagnostic Topic Test
Test 4: Inverse Functions

QUESTION 3. (10 marks) Marks

dt b3 3

J9-212 E .

3

2

(a) Show that J
0

(b)  The region bounded by the curve y = , the lines x =3 and x =3 and the x-axis is 4

9 4 x?
rotated about the x-axis. Find the volume of the solid formed.

(c)  Without using a calculator, show that tan“’(%) + tan™! G) = g . 3

QUESTION 4. (10 marks)
(@) Consider the function y = cos™} (2x — 1). 3

03] State the domain and range.
(ii)  Sketch the curve.

(b)  Find the exact value of sin(Zcos*}—;), X

(c) Consider the functions y =—cos~lx and y = 2tan~!(x—1). 4
(i)  Show that the graphs of these functions intersect.on the y-axis.

(ii)  Show that the graphs have a common tangent at this point of intersection.
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Diagnostic Topic Tests:
NSW Mathematics Extension 1 {Preliminary & HSC)

Test 4: Inverse Functions

Suggested Solutions

QUESTION 1.
@ O Let y=

Inverse is x= 3

2x=5-3y
3y=5-2x

5-2
y=3z2

f_l(X) — 5 ——321

5-3x
2

-3y

Uy =252

3
, N ) x
R
13\@5\3\ 4

(i) Lety=a/2x—3,x2%,y20,

Inverseis X=+2y-3, yZ%, x20

x2=2y-3
2y=x%2+3

_x2+3
2

2
g“(x):x—gL3 for x20.

Note:

Note:

Note:

Note:

Note:

Note:

Note:

Note:
Note:

Solutions to Mathematics Extension 1 Diagnostic Topic Test

Test 4: inverse Functions

Note:

Note:

The graph of y = g~1(x) is ihe
reflection of the graph of y = g(x)

intheliney=x.

The domain and range for both the

Always write in the form y = f(x)

Interchange x and y.

o e i(3)rmen=F &

function and its inverse have
restrictions as shown in the
diagram.

Note: tan~!(—x) =—tan~\x

=X

12
Solve for y.
Replace y by f1(x). *
The domain and range of both fand. - QUESTION 2.
F7} consist of all real numbers. (a) Axy=x%sin"'x

Py = 20 x sin~lx o+ e xx?
J1=x?
2

=2x sin~lx +

J1—x2

1
Always write in the form y = f(x) w4
=2 + _——3-
Interchange x and y. 4
1
n, 4
= —
6 B
2
= 1_; L
Replace y by g~'(x) 2.3
In the original function y 2 0. w3
Therefore x 2 0 in the inverse "5t s
function.
=(n+./3)

Note: Using product rule.

Mote: Rationalise the denominator.
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Solutions to Mathematics Extension 1 Diagnostic Topic Test

Test 4: Inverse Functions

()  y=3sin"1(2x)

® Domain:~1 £2x 51
ie. L <x=< 1
2 2
Rangc:—’j <¥<E
2 3 2
: 3t 3n
&~ Sy €=
ie~% YES
. y
(i) 3w
2
1 1
2 2
— T
0
3=
(iit) d—y_=3><—~1~——><2
dx J1-4x?
6

N1 —4x2

(iv) 4y is defined for — 1 <x <l as the tangents are
dx 2 2

vertical at x:—% and x=% and so the derivative

does not exist at the endpoints of the domain.

Note: For y=sin~lx, domain is

-1<x<1,rangeis —gSyS

Na

Note: If this is not recognised then it can
be shown by solving the inequality

- 1 1

1-4x2>0 giving —= <x<-.

BVIIE 5553
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QUESTION 3.

-
4.2

, fromx=-3tox=3

(by y=
9 4 x2

V= Tc-r)ﬂdx
a

3

V= njﬁ}(:/;%_;)zdx

3
veon| —dx
09+x2

3

1 X
=27l =t -l,}
Vv n[3 an 3

Zn[ _|x]3
V===t bl
310 3],

0

V= %"[tan—l(l) — tan-1(0)]

2nfn
y=20 -—o]
3[4

[

K3

V=—-=164
6

2
. .om
. required volume is % units3.

(or 1.64 units? correct to two decimal places).

Note: The formula in the HSC table of
standard integrals is:

J— L gy =sin1%.
a2 52 a

Here a2=9,a=-3—.
2

2

Note : It is often important to draw a
diagram.

Note: This is an even function
(i.e. f{x) = f(—x)) which means
the area on both sides of the y axis
is the same. We can change the
limits as shown.

Note: The formula in the HSC table of
standard integrals is:
1 1
Z?_—;;i dx = l—ltan

Here a2=9,a=3

1%

Canurinht € 2000 NEAP




Solutions to Mathematics Extension 1 Diagnostic Topic Test
Test 4: Inverse Functions

(¢)  To prove tan™’ @) + tan’l(

12

Let A =tan 3 and B=tan~!

=

;otanA = 2 and tanB =1
3 5

tanA + tanB
tan(A + By = And F tand
an (A ) = A an B
2,1
_.35
2.1
1-Zx=
375
_10+3
15-2
AvB=T
TRy

Note: Multiply numerator and
denominator by 15.

Note: Since A and B are acute:

3
QUESTION 4.
(a) y=cosT!(2x-1)
(1) Domain: —1<£2x-151 Note: For f(x) = cos™'x,
0<2x52 domain is ~} Sx <1,
0<xst rangeis O0<cos~lx<m.
Range: 0<y<n 1
(i) Y
-
Ty
2
0 ' 2
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Test 4: Inverse Functions

15
b) Let 6=cos!:=.
(b) € cos It

15
s.cosf ==
cosf=-3

Using a right-angle triangle and Pythagoras’ theorem,

17 8 <—— by Pythagoras
]
15
R 8
" f=—
sinf =

5in260 = 2sinBcos @

INE
=2X7%

- 240
289

s - lé) =240
. sm(ZCOS 17)° 280
() y=-cos™lx ....... n

y=2tan"(x-1)...(2)
(i)  Substitute x=0 into (1): y =~cos™'0
.n
=73

Substitute x = 0 into (2): y = 2tan~1{~1)
= 2(_"_“)
Y=

y=_1_[
2

Hence the curves intersect at the same point (0, —g)

on the y axis.

2

Note: 6 is acute.

Note: All points on the y-axis have an
x-coordinate of 0.
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Sclutions to Mathematics Extension 1 Diagnostic Tepic Test

Test 4: Inverse Functions

(i)

For y =—cos™!x

dy _ __:1_)

dx J1-x2

dy_ 1

dx [1_x2
When x=0, QX=_ !

dx }1 _02
=1
For.y = 2tan~!(x ~ 1)

Q:Q_.__l_<><]

dx” G-1Z+1

dy___ 2

dx (x-1)2+1
When x=0, @ =__2

N S |
dx (0-1)2+1
.. the tangents at (O, —g) have the same gradient.

Hence the curves have a common tangent at this

point.
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