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Time Allowed: 90 minutes + 5 minutes reading time

Topics: Complex Numbers Name:

Teacher:

General Instructions:

e There are THREE (3) Questions which are of equal value.
o Attempt all questions.

o Show all necessary working. Marks may be deducted for badly arranged

work or incomplete working.
e Start each question on a new page.
o ‘Write on one side of the paper only.
e Diagrams are NOT to scale.
e Board-approved calculators may be used.

1.
J.cos ax==sinax+C
a

Total: 75 marks

QUESTION 1 (25 Marks)

AW .
a. Express 3cis (—g] in Cartesian form.

b. Solve 2x” +3x+4 = 0 giving your answer in the form x +1y.

c.If z=3+2iand w=5-1, find in the form x-+iy:

i w—2z

ii. wz

L v

iv. Z—w

v. 22 +2z+1

d. Let 1, w, w? be the cube roots of unity.
. Show that 1+w+w’ =0

ii.  Simplify (1+w)’ (3w+3w")

23056
e. Evaluate ?

Marks




, ~ Marks Marks
f. ¢. The points 4 and Brepresent the complex numbers 4—iand 1 3i respectively.
i.Solve z° =1 over the complex field. 2 i.  Plot the poifits 4and B.on an Argand diagram and mark the point P so 2
that OAPB1% a parallelogram.
ii. Plot your solutions on an Argand diagram 2 ii. What complex number does P represent? 1
d. If zis such that ]z[ =3and argz = 21 Mark on the same Argand diagram:
( 3z .. 37r)( 2w ., 27[) 3
cos—+zs1n—4— cos—+isin=——
g. Simplify o giving your answer 3
cos——+isin—
3 Lz t
in the form a+bi
1. z 1
i, iz 1
QUESTION 2 (25 Marks) iv. 2z . i
a. Y. z —; 1
. . 1+2i
i Find the exact value of the modulus and argument of =
ii.  Hence find the exact value of 121 in Cartesian form 2 2 9
. Hen < . ) - _
i ~3i e. The roots of the equation 2% —1=0are: 1,1, cis%, cisTﬁ, cis—”, cis—?{i . 2
Use this information to express z° -1 as a product of real quadratic factors
i.  Find ~/-3-4i 3 f. Factorise z° —8 over the complex field. 2
ii.  Hence or otherwise, solve z° —3z+(3+i)=0 2

g. Find an expression for cos56 in terms of powers of cosé




QUESTION 3 (25 Marlks)

a. If z=1++/37and Iwi =4 find:
1. ]z|
ii. the greatest value of |z+w).

iit. if Iz + w[ takes its maximum value, express w in the form x +iy

b.If z=cosf+isind

i. Show that z” ~in =2isin (nd)
z
ii. Use the result obtained in i. to show that sin® @ = %(cos 40 —4c0s26 + 3)

T
ifi. Hence evaluate Esin4 xdx

c. Find the equation of the locus of each of the following in Cartesian form.
i. Jz—1=Re(z)

i |z+2-1=4

d. Sketch the locus of |z - I! = |z + z'|

Marks

Marks
e.
. . z=1) =&
1. Sketch the locus given by arg| — |=~ 2
z+1) 6
ii. Find the cartesian equation of the locus found in part i. , 2
f. Sketch the following regions on separate Argand diagrams.
i i <
i ]z + 21] <3 3
il. z—;‘ <2and 7~”—Sargz <z
4 4 3

End of Task




Extension 2 Solutions;

Complex Numbers 2010

Question 1

a. 3cos —Ej—i-Bisin —EJ
6 6

3[3

2

343 —4x2x4

i 5—1-203+2i) =—1-5i
i (342)(5—i)=15-3i+10i+2
=17+7i

iii. (5% +(—1)? =+/26

iv.3-21—(5+1) = —2-3i

v. (z+1) =@ +2i+1)
=(4+2i)
=16+16i+4i
=12+16i

d.

. 3 2 2

Lw +ww =ww’ +1+w)
w0

Slwtw =0

it (-w?) (-3) =-1x-3

f.

i (rcisﬁ)s =

=1, r=1

50 =0,2%,47,67,87

Im(z)

.55
cis 23z
0 2
A TR
cis—ﬂ 60
3
.. 297
=C0S——+isin——

=10.05233595624 +0.9986295348i

Question 2

o i L2 1+3i_1+5i+61‘2
R TR P TR Y.

1,
=
2 2
mod:L 01—2
2 2
arg~-3£
4
9
V2 . 3x) 2 (21
a.t,| —Ci8s— =— _
4 3 4
1 1
=
32 32

bi. =3 -di =x+iy
x'~y*=-3 and 2xy=-4
x'+3x*-4=0
(x* +4)(x*~1)=0
x=%1, y=72

V=34 =+(1-2i)

.. 34£.9-4(3+10)
b.ii. =
2
C3k4-3-4
=
3#(1-2i)
=
z=2—1 or 1+i
c.i.

B(1,3)

A4, ~1)

c.iL5+2i

d.
/
Ay
2z
z
o5
3 X
M _
- iz
z
3

ofa-)o o) s-anZ | 5-is )
a3 (-5
(= 132 (2cos_jz+1J[zz_(2005%]2”1)

(*-1)(= —z+1)(2* +%+1>

f;(z—Z)(zz+2z+I—3iz)
=(z-2)((z+1)"-37)
:(2—2)(z+1+\/§i)(z+1—\/§i)'

1l
Lu]:;

g.(cosHJrsinH) =¢ +5ctis +10¢%s +1067 s
+5ei'st 4150
Equate real parts
c0s50 = ¢’ —10cs* + 5¢s"
=’ =108 (1~} 5c(1-c*)
=16c0s’ §-20cos’ @ +5cos




Question 3

a.

i o =13
=2

ii. ]z| -|-|w| =2+4
=6
i, if ]z + wl takes its maximum value, then

arg(z) = arg(w).
L w=2z

w=2(1++3i)
=2+23i

b.
i.z=cos@+isiné
2" =cos(nd) +isin(nd)
27" =cos(~nd)+isin(-nb)
= cos(nB) —isin(nd)
2" - L" = cos(nf)+isin(nd)~ (cos (nf)—isin (m?))
z
= 2isin nf

" . 1 ..
ii. fromi. z—— = 2isiné
z

(2isin )’ :[z~lj4

z
1+1
2z

l6sin' 0=z 47 L 167 -%74.2

z z

:(24+—17)—4(22+—17j+6
z z
=2c0848-8cos28--6

sin* @ :%(cos 40 ~4cos20 +3)

iii. Esin" xdx= é E(cos4x~4cos 23 +3)dx

1t . 2
=—{—sindx—-2sin2x+3x
8l 4

o
ZL(EE_OJ
8\ 2

_n
16
c.
i. |z—1|=Re(z)
|x+iy—1|=x
()c—l)2 +3y" =x
(x—l)2 +y'=x
¥ =2x-1

ii. [z+2-1|=4

circle centre (—2,1) radius 4

(x+2)"+(p-1)" =16

R

s
tan-—=
6

=3
. centre of circle is (0,+/3 )
By Pythagoras:
1++/3 R
r=2

2

. equation is: x* + (y - \/3) =4

lz+;’<2 and —%Sargzs%




