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SYDNEY BOYS HIGH SCHOOL
: MOORE PARK, SURRY NILLS

2008

TRIAL HIGHER SCHOOL
CERTIFICATE EXAMINATION

Mathematics

General Instructions
¢ Reading time — 5 minutes.
e  Working time — 180 minutes. .
e  Write using black or blue pen.
" Pencil may be used for diagrams.
e Board approved calculators may be -
used. ] -
e All necessary working should be shown
in every question if full marks are to be
. éwarded. .
o Marks may NOT be awarded for messy
- or badly arrénged work.
o Start each NEW question in a separate

answer booklet.

Extension 2

Total Marks - 120 Marks
e Attempt questions 1 - 8

¢ - All questions are of equal value.

Examiner:  E. Choy

ThIS is an assessment fask only and does not necessarily reflect the
content or format of the Higher School Certificgte;
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STANDARD INTEGRALS

x"dx=Lx"“', n#-1; x20,ifn<0
n+l

Je""dx Le‘", a0
a

Jcosaxdx——smax a0

Ism ax dx= ———cosax a0

J
|

1
sec’ axdy=—tanax, g+0
a

1
secax tan ax dx = —secax, a#0
a

1

a*+x

1 X

JJ[;_dx—51n p a>0, ~a<x<a
J\/—dx (x+\/x2—az), x>a>0
J 1

=dy = (x+\/x2+az)

P X
z tan —, a#0
a

NOTE: Inx=log,x, x>0
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Total marks ~ 120
Attempt Questions 1-8
All questions are of equal value

Answer each question in 2a SEPARATE writing booklet. Extra writing booklets are available,

Question 1 (15 marks) Use a SEPARATE writing booklet Marks
, .
2
() Find J sin x cos® x dx 2
. .
0 . .
b Find f R ———— 3
® 1-cos@~sind
(© Using the technique of integration by parts, evaluate j Qg_;i dx. 2
1 X
(d) (i)  Find real constants P and Q such that #14‘— = L + @ . 2
2x"=3x-2 2x+1 x-2
(if) Hence find j _Zi‘i 2
©2x"=3x~2
L
(e) Let 7, _=j >— dx , where n is an integer and n 2 0.
o x“+1 -
() Showthat I +7, :_]“I‘ : _ ' 2
n—
(i) Evalvate I,. . 2

o
N

Question 2 (15 marks) - Use a SEPARATE writing booklet

(a)

(in

(iif)

(iv)

®)
®
(i)

(©

®

€]

Let w=—-5+7i

Sketch on a single Argand diagram w, W, and —w.

Find 1 in the form of x + iy, where x and y are real numbers.
w .

~

On a separate Argand diagram, sketch the Jocus of arg(z~ w) =

On a separate Argand diagram, sketch the locus of Re(z—~w)>0.

Let z= \E +1
Express z in modulus-argument form.

Show that z' +64z=0.

Suppose z;, z, and z, are three complex numbers such that

izl|=IZzl=lzal=1}

4tz +2,=0
Suppose also that z is a complex number, such that Iz] =3
Show }z—z,[2 =10-(7Z, + 7).

Show Je= g +lz =z, +]e— 5 =30.

-::e-] B

=
w
Tnnnand

Marks
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Question 3 (15 marks) Use a SEPARATE writing booklet

(a) Consider the relation defined by 227 +xy—-y*=0.
2
Find the values of <. and & Z at the point (2,4).
dx dx
(b) The graph below is that of y= f (x)
Ly
) ' '
—2

There is a maximum turning point at (—2, O) and a minimum turning point at _

(0,—2). The curve crosses the x-axis at (2,0).

Sketch the following on separate diagrams, showing all essential features.

M y=r{(2x)
. 1
i »y= )

@ y=[rx7
vy y'=s(x)

T (v) y=tan” [f (x]

p—
~
La—

Marks

Question 4 (15 marks)

(a)

()

)
©

(ii)

(i)
(d i

Use a SEPARATE writing booklet

It is known that 2—~{ is a zero of the polynomial p (x) , Where

p(x) =x*~2x—x* +2x+10

Express p(x) as a product of real guadratic factors.

Given p(x)=2x"~3x" - 36%+ 2k , where k is real.

By considering turning p‘oints, prer that the equation p(x)=0 has three real

and distinct roots if ~22 <k <404.

Find all the complex roots of the equation z° —1=0 in modulus and argument

form.

Show that w: i for any angle @.
: cos@-+isin @ i

i %—tz—:cosﬁﬂ'sinﬁ ,préve that z=itan§
-z

Using (c) (i) and (c) (iii), find all the complex roots of the equation

(] + 2)5 = (l— 2)5 in modulus and argument form..

Marks
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Question 5 (15 marks) Use a SEPARATE writing booklet
(a) Let o, f and ¥ be the roots of x* —x* +2x~1=0,

(i)  Show that @+ f=1~¥ and hence find a polynomial equation with roots
—(a+p), =(B+y) and ~(y+0).

(if)  Find a polynomial equation with roots 1 , % and —1«
o
(ili) Evaluate —]—+—l-+—l—.
a By
(b) The diagram below shows two tangents PT and PS drawn to a circle from a

point P, exterior to the circle.

S

Through T, a chord TA is drawn parallel to the tangent PS. The secant PA
meets the circle at £ and TE produced meets PS at F.

0] Prove AEFP lAPFT .

(ii) Hence show that PF? =TF X EF .

(iii) Hence, or otherwise, prove that F is the midpoint of PS.

o
=N
(-

Marks
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Question 6 (15 marks) " Use a SEPARATE writing booklet -

(a) The flower pot from the home of a Mathematics Teacher is shown below. It
has a circular base and top, and is cut from a cone.

The internal radius is 16 cm at the base and 26 cm at the top.
The depth of the pot is 40 cm.

The diagram below shows that any cross section parallel to the base is a circle.

26 cm

40 cm

«~ l6cm —>

(i) By considering a cross-sectional slice of radius r cm at  cm above the base,
show that

r=—}i+l6
4

(i)  Hence, find the volums of the flower pot.

() () A wedge is cut from aright circular cylinder of radius r by two planes, one
perpendicular to the axis of the cylinder, while the second makes an angle o
with the first and intersects it at the centre of the cylinder. Find the volume of
the wedge. :

() The region under the curve y=x(x— 2)2 and between the x- intercepts is

rotated about the y - axis. Find the volume of the solid by the.cylindrical
shells method.

Question 6 continues on page 9

Marks _
Question 6 (continned)

: . af 2x
(C)~ Given f(x) =sin I(l+x’)
: 2 Ix’<1
() Provethat f'(x)= l+a®
—— > 1

1+x

(ii)  Discuss the behaviour of the function and its derivative at and around the point

x=1.

(iii)  Sketch the curve y= f(x).

End of Question 6

Marks -
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Question 7 (15 marks) Use a SEPARATE writing booklet

(a) Some years ago, there was correspondence in the Sydney Morning Herald
about driving a shaft through the centre of the Earth and allowing a lift to fall
freely through to the other side.

In one model of the motion, we treat the Earth as an object with all its mass
concentrated at the centre. Then, Newton’s Law of Gravitation gives the

equation of motion as
: dv _ GM

dr 7

where r-is the distance of the lift from the centre of the Earth, M is the mass of

the Earth and G is a gravitational constant.

(i) - 1f the lift falls from rest at the surface'i.e: at r = R, show that the velocity of

the lift is given by

v=—[2GM (—l-—lj
r R

(ii)  Show that the tifnc, T, taken for the lift to go from one side of the Earth to the

other is given by V

. e
2GM

T=rx

(iii) Evaluate 7, correct to 4 significant figures, if G = 6-6x10" Mm®/kg,
M =5-98x10™ kgand R=6-37x10° m

(b) - A second model for the motion-of a lift falling through the centre of the Earth

assumes that the density of the Earth is constant throu ghout.

Then, according to Newton’s Law, the gravitational force at a distance r, from _

the centre of the earth, is due to the mass within that radius only,

3
C e r . C
i.e. a fraction (EJ of the total mass, and the equation of motion is

dv GM

V= e
dr R

(i)  Show that the velocity of the lift at a distance r from the centre of the earth is

. given by
v=- ((?;1 )(R2 =)

assuming that the lift falls from rest at the surface.

Question 7 continues on page 11

—
-
<

[
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Question 7 (continued)
(b) (i) By means of further integration, show that the time taken, from side to side is

) ’R’
V2T , where T was defined in (ii) of (a) above i.e. 7 i

End of Question 7

11

gm——
[
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Question 8 (15 marks) Use a SEPARATE writing booklet ’ . Marks
(a) How many arrangements of six zeros, five 1s, and four 2s are there in which:
(i)  The first zero precedes the first 1 ? 2
(i)  The first zero precedes the first 1 which precedes the first 2 2 2
(b) How many ways are there, on six successive nights, to invite one of three 3
different friends over for dinner, so that no friend is invited more than three
times?
(c) Let m.and n be two positive integers with m > n
(l) al ) . 2
: 2n+1
ShowthatZ(nv_J=22" o L oo . . .
=\ ntr
. 1Y
(if) By considering the coefficient of x* in (1+x)m(l+—j , show that 2
x

v FCr)

(i) A and B have (n+1) and n fair coins respectively and they toss their coins

where m—n<k<m.

simultaneously.
(o) Show that the probability that B gets r heads (r=0,1,2, ..., n) is given 1

1(n
by —| |
y2"(r)

(B)  Hence, find the probability that A will obtain k more heads than B, 2
where 1<k <n-+1.

(¥)  Show that the probability that A will obtain more heads than B is % 1

End of paper
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2008 Trial HSC Mathematics Fxtension 2:
Solutions— Question 1

1 (a) Find/zsinwcos“mde
0

Solution: I = /2 —cé)s%dcosm,
0 n
_ —cosfz]?
1 b o
= —Ii:(_o-*_l)’
=3
. dé
(b) Find / 1—cosf —sinf
Solution: Putt = tan%,
by
dt = ‘“2 249,
2dt
b= 11w
I= 2.dt
- 1-# 2\’
oy 2k
(1“)(1 158 1+t2>
_ / 24t
I N T
_ / dt
ot =1y
v LAy B
R T R
1= A(t—1)+ Bt,
pabt=0, A=-1,
t=1 B=1
1 1 o
= In{t—-1)~Int+e¢- -~ -
= In{tan=f — 1) —Intan{ +¢.
. . . °log,
(¢} Using the technique of integration by parts, evaluate o dz.
1
Solution: v = Inz o = %“g
W=1dp w=-1

e e
L dz
T |4 lcm2
- Lo i)
[ Z1
1 /1
(),
62 e
=1-Z
e

@

(e} Lek

®

Find renl constants P and @ such that w4 P

ey ey

Q

x—2

Solution: Te—4=Plz-2)+Q(z+1).

Put ¢ = 2, 10 = 5@, =@ =2
Put g = —Y2, -TYa= -5, =PpP=3
Hence find [ 5% da

Solution: I

3dz -I-/ 2dx
2z +1 z—2

tln(2z 4+ 1)+ 2In(z - 2) +c.

I

1
I, = /0 ’BTE—I-—I dx, where n is an integer and n 2 0.

Show that I, + I,—s = ——1——
: n—1

Solution: a" = g™ %(z? + 1) —z™2,
1

2 1 pn—2
. — 71— .
..L;—Am dz /U__——.'v2+ldw’

mn~1 1
= 1] =Ly,
=1y

1
Lot hho= =1

i) Evaluate I.

S(ﬂution: Li+1= %

1,2 K

o +1l-1
1“—/(,75:3““”*"
1.1




QUEST{OM 2

(2 we-5+70

I’,M ;(w)

[N
o
z
N

..Ao "" .‘ ﬁz(z>

& zaTsi
() I=l= Jimyadn =2
= AT
a,rcjz A
= zZ= 26,{5115“
C“) 27+6Ll,'z.
7 R
:<2dsjg> +éq<2cxs%>

—l ] A}
2 cls I 4 bu@yest
[

B‘

il

"

[23@4&%'4.]&'

11@[~£ TN
; |

2

1

N o
+

plo

| U |

© (Mary ward)

lZ"\zn

1

(=-2) (E-2)
27 '—'Z—Z'; le%_ +,Z,$_l . .
zlm_(z.i, + 22 ) Jzi)*

g - (z'i\+£z.\ + |

H

u

H

(“) |£— z,|*

|2 ~z.|*

I'z— 7—3\1 =

10 ~—-~(7_2, +-;z‘z',)

=10~ (‘Z.E( + 2%)
= |0 ~ CZE.A _:.?:Za.)

waing () |

l@ - CZE'; O+ 22_5> 2

(W) Re (z-w) >o

Jof 2 <zty|

Pe G’C"’“Lﬁ_ +5s=11) »o
a Re E@cﬂ") +i (Y *7):] >0 .

Adinay column wite =

|z~ z\* -\.[z—Z\ + SZ za\l =

o—-[z(z, +Zs +2Q4 z(z, +2“23>]

'. =30 - [z(z +25 +23) + 2(07_]
1230 -[ZCO) '

o+ 2(9)1

=30

.() U/Slb\ﬁ (2172 27 + - conjudtle gl%rops
e EERY

\'y

:(&2-»\[4 PZ%J— (“"‘7)/‘,%3"@

_—,_,\
(z?jl(_fff);fﬁﬁfi"\

. 3( -3k
R

Jor @
#ooxa Y - E";m” +9[7'7dja
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foay? - ryi-g =o

-——g&u =
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2008 Trial HSC Mathematics Extension 2:
Solutions— Question 6

6. (a) The flower pot from the home of a Mathematics Teacher is shown below.
It has a circular base and top and is cut from a cone.

The internal radius is 16 cm at the base and 26 cm at the top.
The-depth of the pot is 40 cm.
The diagram below shows that any cross-section parallel to the base is a circle,

~—— 26 cr——>

40cm

16 cir—
(i) By cousidering a cross-sectional slice of radius rcm at hom above the base,
show that ; .
L

7"=Z-|-16

Solution:

h:@’

Hence find the volume of the flower pot.

(i

Ry

40 n\?
Solution: V=1 / <16 + Z) dh,
s
=i (64 + h)? dh,
0 R
_m [(64+R)T"
T 16 3 1
= 21%(1 124864 — 262 144),

53 920m

»

3
i.e, The volume is 56 465 cm®,




(b) (i) A wedge is cut from a right circular cylinder of radius r by two planes, one (i) The region under the curve y = @( — 2)? and betwoen the z-infercepts is

p(.arpendicula,r to t'he axis of .the cylinder, while the second makes an angle @ : t rotated about the y-axis. Find the volume of the solid by the cylindrical
with the first and intersects it at the centre of the cylinder. Find the volume shelly method :
of the wedge.
1 . 3
Solution: Using triangular slices orthogonal to the y-axis— Solution: v
" Area = 1 x /12—y x tanay/r? — Y= N
' Qtana [T
Volume = —a;na / (r? —y*) dy,
0 ’!/3 L [ S FPPETITTILALE] A ERRrETIv
= tana [rzy—g] , ! — > ©
)] !
g 7 ;
= tana{r“’——:—a—}, e Area = 27z X m(z — 2)%
2 . : 2
= 2 tana. S o _ o B Volume = 2 (:v4 - 4?4 4a?) da,
305 49377
Solution: Using rectangular slices orthogonal to the z-axis— = 2m [F — ot T] o
Area = ztana X 24/r? — 2%, = Qﬂ—{g_lﬁ_‘_%_o}’
T 5 3
Volume = 2ta,na/ zvr? — 22 dx. 391
0 = =
Put z = rsinw, . 15
‘d = 7 cosu du, . L[ %
e whenz= 0, u= 2, (c) Given f(z) == sin <1 T a:ﬁ)
o =17 U= bR 9
Volume = 2tana : reinuy/r? — r2sin® wr cos u du i ) 1422 lal <1
A : ) (i) Prove that f/(z) = T
T . i jz] > 1
= 2r3tana [ cos’usinuduy, z
0 .
. —cosbul® Solution: Put y = sin~lu, = —1—2—ﬂ'—5,
= 2r'tane | ——| , TP
3 o ; dy _ 1 du _ (1+2%)2— 202z
= 9r3tanc %——0}, ) du 12 do (14222 !
= Zritanc. ' 2%
. T
2 22
[T a7
1 2(1—
Then@= X ( fz,
dz . 4? (14 22)
T 4a22
_ 2(1 — a?)
T VI 2 et — 4t (1 +a?)’
o 201-a?)
T -2+ e?)
—, if |z <1, note 1 —z% >0
_J 1+2%
ﬁ, if |z > 1, (note 1 — z? < 0)




(i) Discuss the behaviour of the function and its derlvm’mve at and around the

(it

=

point =1

Solution: hm Elg =1, lim == =~1..
e 1- do s—1t 4T

‘. there is a cusp pointing upwards at (1 sin~(1)) = (1, I).
Alao, as f(z) = —f(—w), the function is odd.

Sketeh the curve y = f(z).

Solution:

-1

(1]

r
r=Ryv=0=c¢c=~ (J/>
L. GM GM
-E‘l = e e
r R

Tu]ung the directjon towards jh>c;enﬂe of the Earth as negative then:

Ly=— /2GM ———

ZGMG %)

)

s 0 &
o 4£-@

o ﬁ - P e (@
_\/ZC_;T‘LIJ' dt = I
2

(R—Zr) R
JRr =t &) (-4

The time faken to go from the surfnce to the gentre ls double that of going

from surface to surfiiee.:

T et 0
/ . \[mT R[suf'l sin” (-1)]= Rr ()t”)
D | \/—2-6"_”\/;?— (}Q




R3

- (( )>T Qe
(6-37x10°)

" 2><6-s7300><10'“><5.98><1024 (D

AW

~1.788 % 10® seconds
= (4966 houts

G=667300x107" mkg’s®

G =6-6x10" Mm® kg, M=5.98x10

* kgandR=6v37xlO“m

b

| ot

el
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