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Total Marks: .. 148
INSTRUCTIONS

e Attempt all questions.

e  Start each question in a'new answer booklet.
e Board approved -calculators may be used.

e Write using blue or black pen.

e Diagrams must be drawn in pencil.
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All necessary working should be shown in each
question,
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Question 1 (Start a new sheet of paper)

(a) Evaluate % .
i

(b) If z=3+4i and w=2 -1, find in the form of x +iy...

(a) zw (b) z—w () 1
w
(c) (a) Express 1+ i in modulus-argument form.
(b) Show that (1+ )" is a real number.
(d) Solve x*+3x+5=0.
(e) Find ./8-6i
() Find in mod-arg form, the solutions of z° = 1 where 0 <argz < g—

(g) I 1,wand w* are the three cube roots of unity prove that...

@Bw® + 3w* + 8wt = 25
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Question 2 (Start a new sheet of paper)

(a) Solve 22=4+4./3i."

(b) Given that z =x + iy, simplify (7 - (~2))°.
(c) (i) Use the binomial theorem to expand (cos 8 + i sin By,
(ii) Use De Moivre’s Theorem and your result from part (i) to prove that

sin® 0= Esine —lsin 30
4 4

(d) Giventhatz=x-+1iy, | z l =10 and arg(z) = %, find values for x and y.

(e) The point 4 in the complex plane corresponds to the complex number z.
OACD is aparallelogram ; O4=1; OD=204; OC=24B;

OC isparallel to AB; ZAOX =6; £ZD0O4 =40
A

A

(i) Explain why D corresponds to the complex number 27,

(i) What complex number in terms of z, corresponds to point C 7

(iii) What complex riumber in terms of z, corresponds to vector 4B ?

(iv) What complex number in terms of z, corresponds to vector BC ?
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Question 3 (Start a new sheet of paper)

(@

(b)

(©)

(d)

The point P on the Argand diagram represents the complex number z = x + iy.

Write down a complex equation (i.e. in terms of z) for the locus of P if P represents
all points...

(i) which lie 5 units left of the imaginary axis

(ii) with Re(z) = Im(z) and arg(z) >0

(iii) that lie above the real axis and on the semi-circle with a diameter that extends
from -3 to 3

(iv) which are twice as far in distance from 2i as they are from 1

(v) that lie on the real axis and have a positive argument

The point P on the Argand diagram represents the complex number z = x + iy.
The locus of z is an arc of the circle with its centre at the origin.
The arc rotates clockwise between 2 and 2i .

(i) Sketch the locus of z.

(ii) Determine the size of the angle at the circumference of the circle subtended by
the chord that extends from 2 to 2i.

(iil) Write down a complex equation (i.c. in terms of z) for the locus of P.

Sketch the region in the complex plane where the inequalities

| z—2 l <2 and arg(z—2+2i) < % * hold simultaneously.

In the diagram below, the ray extends from 1 on the real axis and crosses the imaginary

. . — ..
axis at point 4. The angle between the ray and the imaginary axis 18 rE

J,

T

BN
&)

< 7 WO\, .

< T 1

v

(i) What is the equation of the locus of P (z = x + y) if P lies above the real axis on the ray.

(i) What is the imaginary part of the complex number that represents point 4 ?
(iii) Find the minimum value of | z | .

(iv) IfRe(z) > 0, find the maximum value of the arg(z).

(v) IfRe(z) > 0, find the maximum value of the |z -1 |-

THE END OF THE ASSESSMENT TASK

MARKS




HSC MATHEMATICS EXTENSION 2
Task 1, December 6™ 2011

Marking Guidelines
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7

o @ 2—?’= =2

®) @) zw=@+4)2 ~)=6-3i +8i— 4 =10+5i

() z-W=3+4i—Q2+)=1+3i
1 2+i 240 2 i

- X—

1
- - 2.k
wo 2—i 2+4i 4-i* 5 5

© @) |1+i|=y2 and ag(l+i)=
l+i=\/_§cz’s(%)

r
4

Gy (1+i)'=/2)? cis(%’f] = 4(cos n+i sin )

=4(-1+0) = —4 which is purely real

LT STV B 1

(d) ¥ +3x+5=0 = x= :
: 2 27 2

(e) Let (x+ i) = 8- 6i L=+ 20y = 8- 6i

Now, substituting y= _3 from (2) into (1) gives
x

2

3

x2~[~—')=8 = ¥-82-9=0 = F-9E+1)=0
X

. x*=9 or x*=-1, but since we require real x and y
we discard x> =—1 .. x =*3
Substituting x = +3 into (2) gives y=%1
Therefore, the square roots of 8 — 6i are (3 +i)

() 2=1 roots are 1, cis(Z—n) cis(ﬂ)
9 9

() 3w + 3w’ + 8w =B +w+ 1)+ 5w =(0+5) =25

1mk for correct result

imk for correct answer
1mk for correct answer

1mk for correct answer

1mk for correct modulus

1mk for correct argument

Imk for working towards

2mbks for correct answer

1mk for working towards

2mks for correct roots

2
Tmk for x> — (~ij = 8
x

Imk for x=%3

tmk for £ (3 +1)

1 mk working towards

2 mks 3 correct roots

1mk for correct showing
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@ @2 =4+43i

Let z=r(cosb + isin 0) .. 22 =" (cos 30 +i sin 30)

Now 4+4.3i =80is§

w2 =8 = z=2 and

3e=13‘—+21m (k=0,12) = e=g+2k"

for k=0, z = 2cis z
9

for k=1, zz=?_cis(£+2—n) =Zcis7—n
9 3 9

T 4n . St
for k=2, =2¢cis(—+—) =2¢cis(——
e 3 (9 3) ¢ 9)

) (F-(-2))" = [r-iy=(x - )
= 2x)° = 8

(¢) (i) (cos 6 +isin 0y’ = cos’0 + 3c0s?0 isind — 3cosOsin®0 — isin®d

(i) (cos 6 +isin 0)* = cos30 + isind (De Moivre’s Theorem)
Equating imaginary patts gives...
sin36 = 3¢0s’0 sind - sin’0
. = sind[3(1 ~ sin?0) — sin’0]
= ginf(3 — 4sin’0)
=3sind — 4sin’0
. 5in30 = 3sinB - 4sin’0 => 4sin’0 = 3sind — sin30

sosin? 0= 3sine-lSinZ»G
- 4 4

(d) Using trigonometry, sin%=% Soy=5

Applying Pythagoras, 102=x2+5" o~ x= 5\/5

(e) () Argument of OD is 5 times the argument of O4 (£D0A4 = 4/4
Modulus of OD is twice the modulus of O4 (0D =204)
If OA represents z = cis 8, then OD represents 2 cis (56) = 2

(i) OC=0D+DC =2 +z

(i) AB=L10C - AB=2 41z
2 2

. BC=0C-—-OA— 4B
1 1

 BC =20+4z-z2-2"——z= 2" -=z
’ 2 2

(iv) OA+ AB +BC = 0C

Imk for significant progress

2mks for 1 correct root

3mks for 3 correct roots

1 mk for working towards
2mks for correct answer

1mk for correct expansion

1mk correct use DeMoivre

2mbks for significant progress

3mks for correct proof

1mk for correct y

1mk for correct x

0X)

1mk for correct answer

1mbk for correct answer

1mk for correct answer
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®@ O Re@)=—5 GDargl) =7 (i) arg(ﬁj%

z+3i

(iv) |z-2i|=2|z-1] (v) arg(z)=m

<

®) @

2i

-2

©

(d) (i Applying the exterior angle of a triangle => arg(z—~1) = %TE

(i) tan %ZBIZ = 04=.J3 = Im(4)= 3

(iii) The minimum value of I z l occurs when z is at the foot of the
perpendicular drawn from the origin to the ray.

The triangle thus formed is right-angled with angles of %and—g .

Applying trigonometry, sin %:

e

. The minimum value of I zl =

1mk for each correct answer

1mk for correct sketch
including open circles

1mk for correct angle

1mk for correct equation

1mk for correct circle

1k for correct region

1mk for open circle at (2,-2)

1mk for cotrect answer

1mk for correct answer

1mk for correct answer
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(iv) As z moves towards 4 from 1, the argument of z increases.
Since Re(z) > 0, the maximum value of the arg(z) occurs
when z is at 4.

.. The maximum value of arg(z) = g

(v) Aszmoves towards 4 from 1, the modulus of z from 1 increases.
Since Re(z) > 0, the maximum value of the | z-1| occurs
when z is at 4.

Applying Pythagoras, | z-1| = 4/ (1)’ +([3) =2.

. The maximum value of | z-1| =2

1mk for correct answer

1mk for correct answer




