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Section I

5 marks
Attempt Questions 1 -5
Allow about 8 minutes for this section

Use the multiple-choice answer sheet for Questions 1-5

1 Which of the following is an expression for .fx\/4—x2dx ?
Use the substitution # =v/4—x” .

(A) _ﬁ;_)w

®) (4—3"—)—+c

©) —&izlw
3

) —————(4'; Fic

2 A piece of hot aluminium is placed in a room with a surrounding air temperature of 15°C
and allowed to cool. It loses heat according to Newton’s law of cooling, idf—‘ =—k(T — A)

where T is the temperature of the aluminium in degrees Celsius at time ¢ minutes, 4 is the
surrounding air temperature and k is a positive constant. After 5 minutes the temperature
of the aluminium is 75°C, and after a further 3 minutes it is 45°C. What is the value of &
in the above equation?

(A) k=3log,0.5

B) k=3log,2

© k= log, 0.5
3
©) k= log; 2
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3 What is the exact value of the definite integral EZ(Sinz X+x)dx?
2

2

(A) k¥ ';ﬂ'+2
2

®) 37r44.-7r
2

© kY2 +f7r+2
2

®) 3 :27:

The function f(x)=log, x—sinx has a real root between 2 and 3.

Let x =2 be a first approximation to the root.

What is the second approximation to the root using Newton’s method?
(A) 2235

(B) 2236

(C) 2.663

(D) 2.664

5 What is the indefinite integral for J‘(cos2 x+2sec? x)dx ?

(A) lx+~1—sin2x+tanx+C
2 4
11,

(B) —x——sin2x+tanx+C
2 4
1 1.,

(®) 5x+Xsm2x+2tanx+C

D) %x—%sin2x+2tanx+C
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Section II

30 marks

Attempt Questions 6° 7

Allow about 52 minutes for this section

Answer each question in the appropriate writing booklet.

All necessary working should be shown in every question.

Question 6 (15 marks) Marks

(a) Use the substitution #=x+1 to evaluate E—fidx 3

a N bk

(b) Use the principle of mathematical induction to prove that for all positive 3
integers n:

14549 +..+4n—3=2n"—n

(c) Evaluate Esirﬁ 3xdx 2

(d) Solve the equation 2¢™* —x =0, correct to two decimal places, given x=0.8 2
is an approximate root.

2
© @ Prove sec ¥ _ cosecx_ 1
tanx cosx

(if)  Use the substitution # =tanx to find the exact value of this integral 2
E’ cosecx
¥ cosx
- 1
() Use the substitution u =log, x to evaluate |——dx. )
x(log, x)
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Question 7 (15 marks)

(®

(b)

©

@

©

Let 3.5 be a first approximation to the root of the equation x* =50 . Apply
Newton’s method once to obtain a better approximation to the root. Answer
correct to 3 significant figures.

Prove by mathematical induction that #* +2» is divisible by 3 for all
positive integers n.

Find the exact value of L V4 —xdx, using the substitution x =2sin8.

Newton’s law of cooling states that when an object at temperature 7°C is
placed in an environment at temperature 7,°C, the rate of the temperature
loss is given by the equation

dar

—=—k(T-T,
o~ kT T

where ¢ is the time in minutes and £ is a positive constant.

[6) Verify that T =T, + de™ satisfies the above equation.

(i) A cup of hot tea is cooled from 100°C to 70°C after 10 minutes in a
room where the temperature is 20°C. How much longer would it take
for the cup of tea to cool down to 40°C?

Use the principle of mathematical induction to prove that for all positive
integers n:

4" >2n+1

End of paper
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Section I

Solution

Criteria

U =J4-x
du 1
L4y
a2
du=——;x—ldx
(4-x*)?

L
2

—2x

1
—(4—x*)2du = xdx or —udu = xdx
. _[x\/4—x2dx = qu—udu

= J—ztzdu

1 Mark: C

JZ 2(sin® x +x)dr =2 E [%(l—cos 2x) + x)dx

Ls

2
=2 lx—lsin2x+-)—c—
2 4 2

T = A+ Be™™ satisfies the equation ig— =—k(T - 4)

A =15 (surrounding air temperature). Also =5 and T'=75
T=15+Be™
75=15+ Be ™

Also t=8 and T =45
T =15+Be™
2 45=15+ Be ¥

Eqn (1) + ()
Be™* 60
Be™ 30

e =2

3k =log,2
log, 2
3

k=

1 Mark: D

3
3 =2 E_M.ﬂfi ) E_Sin”.,_”_z 1 Mark: D
2 4 2 4 4
x w7
=
2 2 4 8
32t m 3nt+m
427 3
f(x)=log, x—sinx f'(x)=——cosx
X, =X, —-——f(x")
1" ’
4 J' (%) 1 Mark: B
=2_10%2—sin2
——cos2
2 .
=2,23593406...~2.236
I(cos2 x+2sec’ x) dx = I(% (1+cos2x) +2sec’ x}&
5 | | 1 Mark: C
=—x+—sin2x+2tanx+C
2"
Section 1T
6(a) u=x+1 x=3thenu=4 3 Marks: Correct
du=dx x=0thenu=1 answetr.
x-2 u-3
e dx= f du 2 Marks: Makes
ak \/:; . significant
- F(ui ~3u 2)du progress towards
the solution
3 4
2 1
= 2;‘ —6u? 1 Mark:

1t
=§(8—1)~6(2—1)
4

3

Calculates au
dx

and changes the
limits,
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6(b) | Step 1: To prove the statement true for n =1 3 Marks: Correct
LHS=1 RHS=2(1)*-1=1 answer. .
R« i fi =1
esult is true for n 2 Marks: Proves
the result true for
Step 2: Assume the result true for n=k n=1 and
145+ 9+, +4k—-3=2k" ~k attempts to use
To prove the result is true for n=k+1 the result of
) n=Fk to prove
1+5+9+..+4k—3+4(k+D)-3=2(k+1)* - (kK +1) the result for
LHS=1+5+9+...+4k-3+4(k+1)-3 n=k+1.
=2k ~k+4(k+1)-3
=2 +4k+2-k-1
) 1 Mark: Proves
=20k + 2k + 1)~ (k+1) the result true for
=20k +1)2 —(k+1) n=1.
= RHS
Result is true for n=k+1 if true for n=4%
Step 3: Result true by principle of mathematical induction.
6(c) L, 21 2 Marks: Correct
fsln 3xdx = [—2— (1-cos6x)dx answer.
1[ L f 1 Mark: Appli
=—| x~—sinbx ark: Applies
2 6 o double angle trig
identity.
=—1— (E—lsin&:)—(o—lsinO)
2i1\2 6 6
-
4
6@ | fx)=2¢"~x and f'(x)=—2¢ -1 2 Marks; Cotrect
(%) answer.
X =Xy~ %o
1 (%) 1 Mark: Shows
~08 2% -0.8 some
T T 00 understanding of
=0.85196192... Newton’s method
~085

6(_e) sec? x 1 Mark: Correct
(i) |LHS= nx answer.
=———+tanx
cos’ x
1 COSX
= 3 X -
cos’x sinx
= X COSEC X
cosx
_COSCCX  perg
cosx
6(e) 2 Marks: Correct
h) u=tanx u= tan% = \/5 U= tan% = % ansvizrs orree
du = sec” xdx '
3 3 2
Ecosecxdx: E sec’¥
s COsX 7 tanx
51 1 Mark:
= Ji ;du Recognises the
3 use of part (i) or
=[log, u]f makes progress
3 in the
substitution.
=log, 3~ log,
N
=log,3
6(D 1 2 Marks: Correct
u=log, x and du = ;dx answer.
1 1
Imdx = J‘?d” 1 Mark: Sets up
Ee the integration
=—ytsC and shows some
1 o understanding,
== +
log, x
7(a) £(x)=x* —50 and f'(x) =35 2 Marks: Correct

[ (%)
X =Xy — i
1 0 f,(xo)
3
=3‘5_3.5 —520
3Ix3.5

=3.693877551...
~3.69

answer,

1 Mark: Shows
some
understanding of
Newton’s method
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= 4@%(1+cos29)¢19

%

N(ﬂ 1, 75] ( z 1 ﬂ')
=2|| =+=sin— |-| ——+—sin——
3 6 2 3

T

| 6

o1, g
=2 x+§sm26’}

7(b) Step 1: To prove the statement true for n=1 3 Marks: Correct
1*+2x1=3 (Divisible by 3) answer.
Result is true for n=1
2 Marks: Proves
the result true for
Step 2: Assume the result true for n=k n=1 and
k* +2k =3P where P is an integer ) attempts to use
To prove the result is true for n=k+1 the result of
(k+17 +2(k+1) = 3Q where Q is an integer. t’l’;r’;sﬁtpggrv ©
LHS = (k+1)* +2(k +1) n=k+l.
= +37 +3k+1+2k+2
=357 43k + 34K + 2k
1 Mark: Proves
=3(K* +k+1)+(k +2k) the result true for
=3(k* +k+1)+(3P) from (1) n=1.
=3x (k> +k+1+P)
=30
= RHS
Qis an integer as P and k are integers.
Result is true for n=k +1 iftrue for n=4%
| Step 3: Result true by principle of mathematical induction.
7(0) 3 Marks: Correct

x=2siné, %=2c059, dx=2cos8d0
When x =1 1=2siné

sin0=l or ==
2 6

When x=-1 ~1=2sin8

sin9=—l orf=-=
2 6

£1«/4—x’dx= f‘i«/4—(23in9)2 x2¢cos0d0

241-sin? @ x 2cos dO

It

I
o afn R oy ™I o

2cosfx2cosfdb

=4 E,,cos2 0do
6

answer,

2 Marks: Makes
significant
progress towards
the solution

1 Mark: Sets up
the integration by
finding dx and
adjusting the
limits.

- 2 _1_ _\/_-3__ ” _l_x.__\/—_:}_
22 6 2 2
oz B
13 2
X
3
7(_d) T=T,+A4de* or A =TT, 1 Mark: Correct
) ar answer.
=—kde™
at
=—k(T-T,)
7@ | nitially £=0and T =100, T, =20 3 Marks: Correct
(ii) " answer,
T=T,+4e
100 =20+ de™° .
A=80 2 Marks: Finds

Alsot=10and T =70
70 = 20 4 80e 0

oS0 _S
80 3
10k =log >
g -

1.5

f=—log >

10 &g

1. 8

=—log &

10 &S

= 0,04700036...

the value of 4
and an expression
for k.

1 Mark: Finds the
value of 4.
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We need to find £ when T =40
40 =20+80e™"
ou 201
80 4
~kt =10gel
4

1
t=—-—log,025
P 8.

10 log, 0.25
log, L
5
=29.49539695..
~29.5 min
Time taken to cool down from 70°C to 40°C
=29.5-10

=19.5 min

7(e)

Step 1: To prove the statement true for n=1

4'>2x1+1
Result is true for n=1

Step 2: Assume the result true for n=%
4% > 2k +1

To prove the result is true for n=k+1
44 5 2k +1) +1
>2k+3

LHS =4+

=4x4f

>4x(2k+1) from (1)

>8k+4

> 2k +3 (k is a positive integer)

= RHS
Result is true for n=k+1 if true for n=k

Step 3: Result true by principle of mathematical induction.

3 Marks: Correct
answer,

2 Marks: Proves
the result true for
n=1 and
attempts to use
the result of
n=k to prove
the result for
n=k+l1.

1 Mark: Proves
the result true for
n=1.




