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General Instructions

Reading time - 5 minutes
Working time - 2 hours

Write using black or blue pen
Board-approved calculators may
be used

A table of standard integrals is
provided at the back of this paper
Show all necesgary working in
Questions 11-14

, o

Total marks - 70

10 marks
*  Attempt Questions 1-10
» Allow about 15 minutes for this section

60 marks: o
* Attempt Questions 11-14
* Allow about 1 hour 45 minutes for this section

STANDARD INTEGRALS

R _ 1 n+l . :
fx dx =X n#-1; x#0,ifn<0
—l—dx =l
N =hx, x>0
ax 1 oo
e™ dx =—e™ a#0
a
1.
cosaxdx = —sinax, a#0
. 1 ‘
sinax dx =——cosax, az0
2 1
secaxdx . =Etanax, a0

Y

fsccaxtanaxdx =-—secax, a#0

1 ‘ .
f-z—z-dx —ltan‘lf, a#0
a”+x a a

11X

1 .
f—————z de =sin" —, a>0, —a<x<a
vat—x a

1
j_dx =h1(x+w]x2—a2), x>a>0
/xz_az

1 .
j————,___x2+a2dx =ln(x+1)x2+a2)'

NOTE : Inx=log,x, x>0
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Section I

10 marks
Attempt Questions 1 - 10
Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10

. ’ 33 dx
1 What is the exact value of the definite integral s
‘ . X
T Fi3
A) — z
A s B) c
T Fi2
C) — D) =
© 3 ®) >

2 What are the coordinates of the point that divides the interval joining the points A(-6,4)
and B(-2,-10) externally in the ratio 1:3?

@A) (-88)
B (811
© @3

® @1

3 What is the value of f"(x) if f(x)=3x"cos™3x?
. —6x :
@) -
1-3x
—6x

®) .
J1-9x
—9x
© .
1-3x
—9x?

1-9x*

:

+9xcos™ 3x

+6xcos™ 3x

®)

4 What is the acute angle to the nearest degree that the line 3x—2y+1 =0 makes with the
y-axis? ‘
(A) 27° )
B) 34°
(C) 56°
) 63°
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A container contains seven identical discs except for their colour. Four are red, two are
blue and one is white. Two balls are selected at random. What is the probability of
getting two red balls on exactly three occasions from five selections of two balls?

(A) 0.0119 : (B) 0.0298
(©) 0.1190 (D) 02975

Let , B and y be the roots of y* —Sy+1=0.

What is the value of l+l+l?
a By

Ay -5

B) -1

© 1

Do) s

What is the indefinite integral for I(Z sin? x - x* ) dx?

3

(A) 2x—sin2x—i;——+c
1. x*
~—sin2x——+c¢

® 3 3

(C) 2x-sin2x-2x+c

D) x—%sian—2x+c

. . . X ; .
One approximate solution of the equation cosx— 3 =0 is x=1.1. What is another

approximation to this solution using one application of Newton’s method?
(&) x=1.052
®B) x=1.171
(C) x=1.198
(D) x=2.89
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A particle moving in simple harmonic motion starts from rest at a distance 6 metres
from the centre of oscillation. The period is 47 seconds. What is the time taken to move
to a point 3 metres from the origin?

A4 r=%
® =7
(©) r=33’5
(D) t=§g-

An object moves in a straight line so that at time ¢ its displacement from a fixed origin is
x and its velocity is v. The acceleration is 5—6x . Which of the following is the correct
equation for velocity given that v=2 when x=17?

(A) v=5x-3x

®) v=+5x-3x"
© v=10x-6x*
D) v= J20x—12x

HSC Mathematics Extension 1

Section I1

60 marks )

Attempt Questions 11 0 14 )

Allow about 1 hour and 45 minutes for this section
Answer each question in the appropriate writing booklet.

All necessary working should be shown in every question.

Question 11 (15 marks) - Marks

(a) Use the substitution u =1~ x* to evaluate fidx 2
(1-x%

b) Solve N <5 ; 2

) PRCELE .

©

Not to scale

e %

~ In the diagram PQ and RQ are tangents to the circle touching the circle at B
and C respectively. ZPQOR =50
o) Show that LOCB =65° T2
(ii)  Hence find the value of ZCAB
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1 .
(&) Given that J'O3 =nr, find n. 2 Question 12 (15 marks) Marks

1+9x?

(@ A golfér hits a golf ball lying on a horizontal fairway. The ball passes over a
2.25 metre high tree after 1.5 seconds. The tree is 60 metres away from the

point from which the ball was hit. Take g =10 ms™,

® @ Express 8cosx+6sinx in the form Rcos(x—e«) where ¢ isin s @ Derive the expressions for the vertical and horizontal components of 2
radians. - the displacement of the ball from the point of projection.
P proj
(ii)  Hence or otherwise, solve the equation 8cosx +6sinx =10 for ‘ 2
0 < x<2x. Answer correct to two decimal places. : (i)  Calculate the angle of projection. 2
(iii) How far from where the golfer hits it does the ball land? 2
(®) The acute angle between the lines 3x—y+7=0 and mx—y+1=0 is 45° 5
Find the possible values of m.
(b) Consider the function y = %cos“l (x-1).
(i) What is the domain and range of the function? 2
X .
' (iiy  Sketch the graph of the function showing the coordinates of the 1
endpoints.
© (iii)  The region in the first quadrant bounded by the curve
y= %cos"(x —1) and the coordinate axes is rotated through 360° 3
about the y-axis. Find the volume of the solid of revolution.
Express your answer in simplest exact form.
(¢) (i) -Showthat cos4x =8(cos* x —cos® x)+1 1
(i)  Hence or otherwise solve cos’ x~cos® x = IIE for 0<x< % . 2




HSC Mathematics Extension 1

Question 13 (15 marks)

@

(b)

©

Consider the function f(x)=xlog, x—1 with x>0
@ What is the stationary point and determine its nature?

(if)  Let x=2 be a first approximation to the root. Use Newton’s method
with one application to find the x-intercept.

(iii) Why is the curve always concave upwards?

(iv)  Sketch the curve, showing all its main features.

A thermos of tea is cooling in a room of constant temperature 22°C. At time
t minutes its temperature 7' decreases according to the equation

dT
Z e k(T-22
7 ( )

where ¢ is the time in minutes and % is a positive constant,

The initial temperature of the tea is 80°C and it cools to 60°C after 10
minutes.

® Verify that T =22+ Ae™ is a solution of this equation, where 4 is a
constant.

(ify  Find the values of 4 and £.

(iii) How long will it take for the temperature of the tea to cool to 30°C?
Answer correct to the nearest minute.

Five different fair dice are thrown together.
@) What is the probability the five scores are all different?

(i)  What is the probability the five scores include at most one six?

Marks
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Question 14 (15 marks)

€Y

®)

©

(d)

The acceleration of a particle is given by a =2x’ +2x where x is the
displacement. The particle starts from a position 2 metres to the right of the
origin with an initial velocity of 5 m/s.

o) Show that v=x?+1

(i)  Hence find an expression for x in terms of 7.

P(2p,p*) and Q(2q,¢*) are two points on the parabola x* =4y . M s the
midpoint of PQ. :

()  Show that (p—g)* =2(p* +¢*)—(p+4q)

()  If P and Q move on the parabola so that p—g =1, show that the
locus of M is the parabola x* =4y -1,

(iii)  What is the focus of the locus of M?

Use mathematical induction to prove that 7" —1 is divisible by 6 for positive
integral values of n.

. 5
@ Expand (x+l) in descending powers of x.
x .

1 .
(ili) If x+—=n, express x° +i5 in terms of n
x x : ,

End of paper

Marks
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Worked solutions and marking guidelines
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Section I
Solution Criteria
Wi v _[% 4xTﬁ
Z%+9 [3 3]s
B 7
1 M an S tan 1] 1 Mark: A
==|tan” V3 —tan~ —=
3( V3
I _z) _z
33 6) 18
o I 1Y _my,
m+n m+n
2 _—1><—2+3><—6__8 __——1)(—10+3><4_11 1 Mark: B
T ~143 ~1+3
The coordinates of point are (-8,11)
f(x)=3x"cos™"'3x
—3x— ' 6xcos™3x
3 %—f 1 Mark: D
_0O+?
=2 6xcos3x
- 1-9x
3
For 3x—2y+1=0 then m=5
Angle the line makes with the x-axis
4 tan & _=% 1 Mark: B
6=56.30993247...~ 56
Angle the line makes with the y-axis
90" -56° =34°
P ( RR) = _Alx 3 = 2
76 17
5 s (2 (5 1 Mark: C
P(Two red exactly 3 times) = "Cy 7) 7] ‘
=0.1190
1

HSC Mathematics Extension 1

aﬂ+ay+,b’7=§=_T5=—5

aﬂ}/:-ﬂ:-.l_:—-l
a 1

_aftay+py
- afy
___5_.

===

1 1 1
a By

5

1 Mark: D

J.(Zsin2 x-—xz)dx = J-ZX%(I—COSZx)—dex

1. %
=x——sin2x—-—+c¢
2 3

1 Mark: B

- X
f(x)=cosx 3

_S(x)
f'(xo)
cosl.l—E

=1.1-

—sinl.1-=

3

P |
f'(x)=—sinx 3

X =X

=1.170989437...=1.171

1 Mark: B

T=2—ﬂ 0r47r=2£ orn=—1—
n n 2

Amplitude is 6 metres
x =acos(nt+a)

1
=6cos(—I+a
(2 )
=6cos(%t) when =0, x=6 implies & =0

When x=3 3=6cos—;-t

1
cos—1 =
2

orf:z_”v
3

1=

wly =

1
2

1 Mark: C

10

a=5-6x
v2=2_[(5—6x)dx‘
=10x-6x"+¢
When x=1, v=2 then ¢=0
v =10x—6x*

v=+10x~6x* (conditions indicate positive solution)

1 Mark: C

2
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Section II
HE@ u=1-x2 f = 2 Marks: Correct
(-x ) 3 answer, -
du :
?d—x- = —2x . _ I:u_l]—il
= 3 1 Mark: Sets up
~d =2 - _l 1.5 the integration
x=3thenu=-8 8 3 24 using the
x=2thenu=-3 substitution
11(b .
(b) (x—=2)x 3 <Sx(x—2) 2 Marks: Correct
(x-2) answer.

(x-2)3<5(x~2)* x#2
(x=2)(3-5x+10)<0
(x~2)(13-5x) <0

1

0.5+

-0.5+

BE

x <2 and ng

1 Mark: Finds
one correct
solution. Or
multiplies both
sides of the
inequality by
(x-2).

11(d)

Lo 1 _ 1
-[03 14927 g[tan 1 3x:|;

=~ {tan™1-tan™0)

1(x 1z 1
=§ Z‘O =E Therefore n=E

’ Il(c) PQ and RQ are tangents 2 Marks: Correct
@ OB =(QC (Tangents from an external point are equal) answer.
-, ACQB is isosceles (two equal sides)
=~ £OBC = ZQCB (base angles of an isosceles triangle are 1 Mark: Makes
equal) Some progress
. . towards the
ZPQR+ ZQBC + ZQCB =180 (angle sum of triangle is 180) | ¢ 1 tion.
50° + ZQBC + £ZQCB =180
ZQCB=ZQBC =65
11(c) LCAB 65" (Angle between a tangent and a chord is equal to | 1 Mark: Correct
(i) the angle in the alternate segment) answer.
2 Marks:

Correct answer.

1 Mark: Shows
some
understanding of
the problem.

11(e Y= :
(i() ) | R cos(x—a)=8cosx+6sinx o 2 Marks: Correct
} Rcos(x—a)=Rcosxcosa + Rsinxsina answer.
Hence Rcosa =8 and Rsina =6
Dividing these equations tana =— Il)zfgnli:ines the
3 value of & or R
a=tan™ 7 0.6435...
Squaring and adding the equations R” = 6> +82
R=10
8sinx +6cos x =10cos(x — tan™ %)
11(e) 3 . 2 Marks: Correct
(ii) 10cos(x—tan™ Z) =10 from (i) AnSwer.
e—tan” 3 =1
cos(x ~tan Z) - 1 Mark: Finds
43 one of the
x—tan i Oor2z solutions or
5 3 - makes significant
x=tan = or 27 +tan” = progress towards
4 the solution.
x=0.64 orx=6.93
M) | For 3x—y+7=0 then m, =3 2 Marks: Correct
answer.
For mx—y+1=0 then m,=m
_|m-m, 1 Mark: Uses the
tand 1+mm, formula for the .
angle between 2
tan45 = 3-m lines with at least
1+3xm one correct
1 3-m value.
T |143m
3-m 3—-m
=1 or ——=-—
1+3m 14+3m
3-m=14+3m 3-m=-1-3m
dm=2 2m=-4
1 m=-2
m==
2
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12(b)

12(a) i i
) Iforlzontal Motion 2 Marks:
=0
Correct answer.
¥=¢ (whent=0,%=vcosb)
X=vcosé
x=vcosbt+c, (whent=0,x=0)
x=vcosot
Vertical Motion 1 Mark:
§=-10 Derives either
. . . the horizontal
).)——10t+c1 .(whent—O,y—vsmﬂ) or veitical
y=-10t+vsiné equations of
y==51" +vsinbt+c, (whent =0,y =0) motion.
y==5t* +vsin 6t ’
1(2%1) when x=60, t=1.5 when y=2.25,1=1.5 2 Marks:
ii
x=vcosbt y=~5t*+vsinbt Correct answer.
60=vecosfx1.5 225=-5x1.5" +vsin@x1.5
veos@ =40 (1) vsind=9 (2)
Equation (2) + (1)
ysind _ 9 1 Mark:
‘yeos 40 Calculates the
9 value of vcos8
tan0=16 or vsind.
6=12.,68038349..=12°41"
Angle of projection is 12°41'
12(2) Z
(i Ball lands when y =0 2 Marks:

~5 +vsinft =0
t(=5t+vsinf)=0
Hence ¢ =0 (initially) or —5t+vsin@=0o0r¢= M
Now from eqn (2) vsind =9
Tﬁerefore t= %

Distance travelled by the ball
x=vcosft (using eqn (1) vcos@=40)
=40x 2
. 5
=72m
The golfer hits the ball 72 metres

Correct answer.

1 Mark: Makes
some progress
towards the
solution.

A Domain: -1<x-1<lor 0<x<2. 2 Marks:
6y . Correct answer.
Range: 0<2y<n orOSySE
12(b) | »
(if) 3 1 Mark: Correct
answer.
k3
4
) 1 2 *
12_.(.b) x=1+cos2y 3 Marks:
(iii) - Correct answer.
|14 =7rE(1+c052y)2dy
= 2 Marks:
=7 E (1+2cos 2y +cos’ 2y)dy Calculates the
p primitive
= 7Z'J-2 (1+2cos 2y+%(l+cos 4y)dy function.
0
3 | : 1 Mark: Sets up
= ﬂ[——y+sin 2y+—sin4y:| the integral in
2 ) 8 o -, terms of y
=7 2><£+sin7r+—1—sir127r - 3><0+sin0+—1—sin0
2 2 8 2 8
g
4 .
12(c) —cos’ 21 '

o cosdx =2cos” 2x—1 1 Mark: Correct
=2x(2cos’ x=1)* -1 answer.
=2x(dcos’ x—4cos’ x +1)~1
=8(cos’ x —cos? x) +1

12_(;;) cos4x =8(cos* x—cos? x)+1 2 Marks:
i 4 2 cosdx—1 Correct answer.
cos' x—cos’ x = 3
2 4 1—-cos4x 1 Mark: Makes
cos* x—cos' x =——-
v 8 some progress
l—cosdr 1 towards the
Therefore ——=— solution.
8 16
cosdx ==
4x==—ordx= 5
3
5w
X=-—— orx=-——
12 12
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1(%(‘)» Initially 7 =0 and T =80,
ii i 2 Marks: Correct
T=22+Ae answer.
80=22+Ae*°
A=58
| Also t=10and T =60 1 Mark: Finds the
60 =22+ 58¢ 710 “value of 4 or
38 shows similar
g0k 28 understanding of
58 the problem.
38
-10k =log, —
gE 58
k= 1 log, 38
10 58
= i10 8
10 Be3g
=0.042285685...
1(3ii(i];) We need to find f when T =30 2 Marks: Correct
30=22+58e" answer.
e"’“ = __8...
58
4 1 Mark:
-kt =log, 39 Determines the
1 4 value of e,
t=——log,—
k 29
=46.84804.. ~ 47 minutes
1t will take about 47 minutes for the tea to cool to 30°C
lzi()C) Number of possible outcomes =6x6x6x6x6 =6 2 Marks: Correct
Different scores = 6x5x4x3x2 answer,
6x5x4x3x2 '
P(all different) = ———-"—>
(all different) 6 1 Mark: Shows
5 some
= 4 understanding,
13(c) .
(i) P(6) =% and P(Not 6) = % 2 Marks: Correct

o 51 e 5 ny(sy!
}T(O or 1 six) =°Cy (g) (g) * CI(E) (g)

3125
3888
~0.804

answer,

-1 Mark:

Calculates the
probability for no
6 and exactly one
6. o -

13(a) - _
) J(x)=xlog, x-1 2 Marks: Correct
£ = xx L +log, xx1 answer.
X
=log, x+1
N _ . 1 1 Mark:
Stationary points  f'(x)=0 When x == Determines the
log,x+1=0 1 1 stationary Poipt
log, x=~-1 y= ;loge 2 -1 or makes similar
1 progress.
: 1
X=— =]
e e
. T R
Stationary point is (~,——-1)
e e
vl
f@==
x
1.1 vl - . ]
At (=,—=-1), f"(=)=e> 0, Minimum stationary point
e e e -
1(3_(;1) F(x)=xlog, x-1 S'(x)=log, x+1 1 Mark: Correct
ii
F(2)=2log,2-1 f'(2)=log,2+1 answer.
. f (%)
X =Xy 1
I (%)
—p- 2108271 ) 791848307,
log,2+1
13(a) " 1 1 Mark: Correct
iy | S'®= T >0as x>0 answer.
Curve is always concave up.
1§(a) y 2 Marks: Correct
() 44 answer.
3 —+
2+
1 Mark: Shows
1 thexory
N A intercepts.
1/2 3
14
24
1%()1)) T=22+de™ or Ae™ =T -22 1 Mark: Correct
dar _ e answer.
dt
=—k(T-22)
7
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1‘(‘1()3) a=2x"+2x 2 Marks: Correct
vt =2 [(227 +2x) dx ANSWEL.
2 o, .
v =2(=+x*)+c 1 Mark:
2 Determines
. 24 x* '
When x=2, v=5 then 52=2(7+22)+c v2=2(—2—%x2)+c
25=16+8+¢c or'makes some
_ progress towards
c=1 :
the solution.
? 2(x“ +x2)+1
Vv =2(=—
2
=x'+2x? +1
=(x* +1)?
v=x>+1
Note: initial value of v is positive hence v # —(x* +1)
14.(a) e, | 2 Marks: Correct
@ | Z=** answer.
dt_ 1
de  x*+1 1 Mark:
1 Determines
f=_[mdx t=tan™ x+cor
o makes some
f=tan x+¢ progress towards
When x=2,t=0 the solution.
O=tan™2+c¢
c=—tan™2
t=tan' x—tan™ 2
tan” x =¢+tan™' 2
x =tan(f +tan ™' 2)
t+tan™ 2
X=—"
1-2tant
llzi()b) RHS =2(p* +¢*)~(p+q)* 1 Mark: Correct

=2p*+2¢*-p'-2pg-q¢* ¢
=p'-2pg+q*

=(p-q)

= LHS

answer.

14(b) 2, 2 1, 2 .
5 . 2p+2q p*+g pi+q 2 Marks: Correct
(ii) | Coordinates of M [T, — or| p+ q,T answer.
Using the result in (i) and p—g =1 (given) 1 Mak:
(P-9) =2p* +4")~(p+q) Determines the
1=202p)— (x)’ coordinates of M
) or makes some
x =4y~1 progress.
Therefore the locus of M is the parabola x* =4y —1
14b) | Now x? =dy-1 1 Mark: Correct
(iid) A 1 ) answer.
=4y 2
Focal length is 1, vertex (0, %) and parabola is concave up
. 5
Focusis (0,~)
4
14(c) | Step 1: To prove the statement true for n=1 3 Marks: Correct
M : answer.

7" -1=T-1=6
Divisible by 16
Result is true for n=1

Step 2: Assume the result true for n=%
7" —1=6P where P is an integer.
Hence 7 =6P+1 - (1)

To prove the result is true for n=k+1
7% _1= 60 where (0 is an integer.
LHS =7%" -1

=7 x7-1

=Tx(6P+1)—-1from (1)

~=T7(6P)+7-1

=6(TP+1)

=60

= RHS .
() is an integer as P and k are integers.
Result is true for n=k+1 if true for n=%

Step 3: Result true by principle of mathematical induction.

2 Marks: Proves
thie result true for
n=1 and
attempts to use
the result of
n=k to prove
the result for
n=k+1.

1 Mark: Proves
the result true for
n=1.

10
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1) 1y (1 1 1
@ (x+——) =x5+5x4(——j+10x3( j +10x [——) +5x( J [-— 1 Mark: Correct
x AN * * * answer.
=x° +5¢ +10x+10[1) ( J [l)
x x
14(d) 1y 1y 11 1
ii Z| =X+ = I -
(i) (x+xj = % +(x] +5l:x +(xj }+10(x+xJ 3 Marks: Correct
answer,
1Y 1) ’
Now x3+(-—) =(x+~j[x2—l+(—J ]
x x x
1 1Y\ 2 Marks: Makes
=(x+'—) (x+—] -3 _ significant
x x progress towards
the solution.
Ifx+—=n
x
¥,y , (1Y 1
X+—| =x"+{—| +5|x +| —| [+10| x+— 1 Mark: Groups
x x x x L
] in pairs

” =x5+(%)5+5|:n(n2—3):l+10n xu[i]a

1y
x +(—) =n’ 51" +5n
x

11




