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General Instructions

*  Reading time - 5 minutes

*  Working time - 2 hours

*  Write using black or blue pen

¢ Board-approved calculators may be used

* A table of standard integrals is provided at
the back of this paper

»  All necessary working should be shown in

every question

Total marks - 84
¢ Attempt Questions 1-7
*  All questions are of equal value

HSC Mathematics Extension 1

Total marks - 84
Attempt Questions 1 -7
All questions are of equal value

Answer each question in the appropriate writing booklet.

Question 1 (12 marks) Marks
(8) TFactorise completely x* +2x° —2x* —4x 2
(b) What is the exact value of cos15°? 2

(¢) The interval joining the points 4 (9,12) and B(1,5) is divided internally in the
ratio 2:1 by the point (@,0). Find g and b.

(d Solve

<4
e 3

dx
(¢) Find |[——
I 36—x2 2
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Question 2 (12 marks)

(a)

(b)

©

If @, B and y are the roots of x* —4x+1=0find

®
(ii)
(iif)

)
(iD)

P(2at,at®) is any point on the parabola x* = 4ay . The line kis parallel to the

a+f+y
by

1 1
a p x

Express 3cosx—~4siny in the form Acos(x+ ) where 0 <o g% .

Hence or otherwise, solve 3cosx—4sinx=0.5 for 0<x <27 . Give
your answer, or answers, correct to two decimal places.

tangent at P and passes through the focus S of the parabola.

®

@i

(i)

Show that the equation of the line kis y=m+a

The line £ intersects the x-axis at the point Q. Find the coordinates of
the midpoint, M, of the interval OS.

Find the equation of the locus of M.

Marks
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Question 3 (12 marks)

(@) Let f(x)=e™

®

(i)

by @
(if)

© ®

(i)

Find the inverse function ' (x)

Sketch the graphs of y = f(x) and y = f~(x) on the same number
plane. Show all the important features.

Show that %+ tan™ x~x* =0 has a root in the interval 1<x <~/3 .

. . . T : .
One approximate solution of the equation Z+ tan” x—x* =0 is

x=1. Use one application of Newton’s method to find another
approximation to this solution, Give your answer correct to four
decimal places.

2

sec”x  cosecx

Prove that —— =—"—=
tanx cosx

Use the substitution # = tanx to find the exact value of this integral
2 cosecx
==
= CcosX

Marks
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Question 4 (12 marks) Marks Question 5 (12 marks) Marks

(a) A box contains seven identical balls except for their colour. Four are blue,

(@) A particle moving in a straight line obeys v = —x? + 2x+8 where x is its
two are white and one is red. Two balls are selected at random. p & g Y

displacement from the origin in metres and v is its velocity in ms™. Initially,
the particle is 2.5 metres to the right of the origin.

Q) What is the probability they are both blue? 1
) Prove that the motion is simple harmonic. 2
(ii)  After replacing the two balls the selection is repeated several times.
(ii)  Find the centre of motion, the period and the amplitude. 3
(a) What is the probability of getting two blue balls on at least one
ion fi i rect to fi 2
ZZZ?;I;IH fl‘l;:;lsﬁve selections of two balls? Answer correct to four (iii)  The displacement of the particle at any ¢ is given by the equation
P ’ x =acos(nt+a)+b. What is the value of b and o ? 1
(b) What is the probability of getting two blue balls on exactly three
occasions from five selections of two balls? Answer cotrect to 1
four decimal places.
(b) A bottle of water has a temperature of 20°C and is placed in a refrigerator
whose temperature is 2°C. The cooling rate of the bottle of water is
proportional to the difference between the temperature of the refrigerator and
the temperature T of the bottle of water. This is expressed by the equation:
(b) Consider the function f(x)=x—-2cosx for 0<x <27
ar
—=—k(T-2)
dt
(i)  TFindall the stationary points for the graph y = f(x) . 3 where kis a constant of proportionality and ¢ is the number of minutes after
the bottle of water is placed in the refrigerator.
(i)  Determine the nature of the stationary points. 1
@ Show that T =2+ Ae™ satisfies the equation. 1
(iii) ~ Where are the points of inflexion? 2
(iiy  After 20 minutes in the refrigerator the temperature of the bottle of 3
(iv)  Sketch the graph y = f(x) using the above essential features 9 water is 10°C. What is the value of 4 and k in the above equation?
(iii) How long will it take for the bottle of water to cool down to 5°C? 2
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Question 6 (12 marks)

®

(b)

©

A ball is thrown from the origin O with a velocity ¥ and angle of elevation

of 8, where 6 # % You may assume that

x=Vtcos8 and y=—%gt2 +Vitsinf

where x and y are the horizontal and vertical displacements of the ball in
metres from the O at time ¢ seconds after being thrown.

2
) Let h= ;— and show the equation of flight of the ball is
14

y=xt'=m9—ﬁx2(l+‘ran2 o)

(i))  The point of intersection when two balls are thrown with an angle of
elevation of &, and 6, is (a,b). Show that

a* < 4h(h—Db)

Consider the binomial expansion
1+%)" =14+"Cx +"Cyx” +...+ "C x"

® Show that
1-"C,+"Cy—..+(-1)"C, =0

(i)  Show that
"C 4 2"C, ot n"C, = 02"

A clay shooter hits the target 95% of the time. In a competition he will have
forty shots at the target.

@) What is the probability he hits 36 targets? Answer correct to 4
decimal places.

(ii) What is the probability he misses at most two times? Answer correct
to 4 decimal places.
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Question 7 (12 marks)

®

()

©

Use mathematical induction to prove that
2 2 2 2 2n
R e
I1x2 2x3 3x4 nx(n+l) n+l

for all positive integers .

Two circles have equal radii and intersect at 4 and B. A line through 4 meets
the two circles at C and D. E is the midpoint of CD.

()  Whyis £DCB=/CDB?

(i)  Prove that BE is perpendicular to CD.

) Find all the solutions to the inequality —— 20
-X
(i)  Show that tanxsecx = w_sgwcz_
1-sin”x

(i)  Find all the solutions to tanxsecx >0 when 0<x<2x

End of paper

Marks
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Worked solutions and marking guidelines
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2(a)

Solution Criteria
1@ | x4 40y —2x? —dx=x (x+2)~2x(x+2) (2:Marks:
'rect answer.
— (2 vy orrec
& ) »(x+2) 1 Mark: Finds
=x(x" = 2)(x +2) one factor,
1(b) c0s(45-30) = cos45c0830+sin45sin30 2 Marks:

Correct answer.

1 B, 1.1
=X —— =X —
V22 272
N 1 Mark: Uses
-1 (_3 + l) difference
272 02 formula or states
\/g +1 \/g + ﬁ one correct exact
= ;) = 1 ratio.
1@ xRty =Mty 3 Marks:
m+n m+n Correct answer.
a:2><1+1x9 0:2><b+1><12 9 Marks:
2+1 2+1 Correctly finds
__11 0=2bh+12 either a or b.
3 b=-6 1 mark: Uses
ratio division
formula.

1(d)

(x—2)2><(x_

3 2
2 L4x(x-2)

(x-2)3<4(x-2) x#2
(x-2)3-4x+8)<0
(x-2)(11-4x)<0

x<2 and x21~41

3 Marks: Correct
answer,

2 Marks: Finds
one correct
solution.

1 Mark:
Multiplies both
sides of the
inequality by
(x—2).

1(e
© I =sin’ X4+ C

dx
\36-x%

2 Marks:
Correct answer.
1 Mark:
Recognises
inverse sine
function.

, x +0x% ~4x+1=0 1 Mark:
® 0 Correct answer.
a+f+y=—-=—==0
a 1
2.(.51) _d_ 1 ) 1 Mark:
(i) afy = LTI Correct answer.
2(2) c —4
(iii) af+ay+ fy=== T =d 1 Mark:
a Cotrect answer.
11,1 apray+py
o f afiy
=4
-1
=4
2@) Acos(x+a)= Acosxcosa — Asinxsina 2 Marks:
® 3cosx —4sinx = Acosxcose — Asinxsina Correct answer.
Acosa =3 ¢))
Asina =4 @)
Squaring and adding eqn(1) and (2)
A cos’ a+ A2 sin® @ =9+16
A =25
A=5
Dividing eqn(2) by eqn(1)
sine
tana =
cosa
4 .
= 1 Mark: Finds
3 either 4 or o
o = tan”! 4 or states eqn (1)
3 and (2).
= 0.927295218
=0.93
3cosx —4sinx =5(cos(x+0.93))
2((13)) 3cosx—4sinx=0.5 2 Marks:
i .

5(cos(x+tan™ g)) =0.5
. 4
cos(x + tan g) =0.1

x+tan™ % =1.470628906, (27 —1.470628906)

x=0.543336876, 3.885261184
=0.54, 3.89

Correct answer,

1 Mark: Finds
one correct
answer.
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2(0)
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\ To find the gradient of the tangent 2 Marks:
® 1, Correct answer.
y=—x
4a
dy_1,
dx 2a
dy 1
2 = =
At P(Q2at,at™) oty x2at=t 1 Mark: Finds
: : h or states the
Line k has a gradient of ¢ and passes through S(0,a) gradient of fhe
Y=y =mx—x) tangent at P.
y—a=Hx-0)
y=t+ta
2@ To find the coordinates of O 2 Marks:
(iD) . . a a Correct answet,
Substitute ¥ =0 into y=fx+a then x= B or Q(—;,O)
To find the coordinates of M
x=xl+x2 y=y1+y2
2 2
a 0+a
—t = e—
=1 0 2 1 Mark: Finds
2 a the coordinates
_a = E of Q.
2t
a a
M(——,—
( 2t 2)
2‘(."5) To find the equation of the locus eliminate ¢, However y is 1 Mark:
(i) | independent of £. Correct answer.
=2
77
3(3) f(x) = ex+2 ory= e'”z 2 Marks:
® Correct answer.

Inverse function is x = e”*
log, x=y+2
y=log,x~2
7 (x)=log,x—2

1 Mark:
Interchanges
the x and y
values.

3@ 2 Marks:

(it) Correct answer.
1 Mark: Draws
one of the
graphs
correctly.

3(b) T _
@ | SO)=7rtan Tx—x 2 Marks:
Correct answer.
fy= %+tan_l 1-1
— E + E -1
4 4
. 1 Mark:
=—-1>0 Correctly
2 evaluates the
_r ENE value of the
763)= 4 +tan™ /33 funetion at
LT g eitherx=1 or
43 x=3.
= 175 -3<0
12
f(x) changes sign betweenx =1 and x = 3.
Hence equation has a root in the interval 1 <x < \3.
30) 7' L 2 2 Marks
ii X)=Tg X FKs:
@ T+x? Cotrect answer.
1
"MN=—-2
J'® |
=-1.5
n
F=2-1
1 Mark:
o f(x) Correctly
X =X~ Iz (x ) evaluates the
0 . .
derivative of
T4 the fimetion.
=]
-1.5
=1.3805
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4(b =x—
((i)) y=x-2cosx 3 Marks:
dy —1+2sinx Correct answer.
x
2
g—ii =2cosx
dx
. . g
Stationary points occur when — =0 .
2 Marks: Finds
1+2sinx=0 one stationary
e point or only
2sinx 11 finds the x
ginx=—— coordinates.
Tz 11z
X=—,—
6 6
When x=— and x=1—17£
=T eos T Nz, 17 1 Mark: Finds
6 6 6 the first
derivative,
_Emzx_ﬁ =11—”—2X£
6 2 6 2
= 7_” +4/3 = M —4/3
6 6
Stationary points are (— — f 3) and (11—” 11—”—\/— 3)
4(b) T 77: 1z 117: 1 Mark:
(i) | At (u 6 \/_) At (_— 5 I) Correct answer.
2 2
%=2005x -d—%=2cosx
'
=2cosz7£<0 =2<:os}lli>0
6 6
117 1 17r
Maxima at (— Z NE) 3) and Minima at ( -3 3)

3(c) 2
@) LHS =3¢ % 2 Marks:
tan x Correct answer.
= 12 +tanx
cos” x
_ 1 oSO8 X 1 Mark: Makes
cos’x sinx significant
1 N progress
T cosx C0see X towa%'ds the
_ cosecx solution.
cosx
= RHS
3(c) T r 1
() |w=tanx u=tan§= 3 u=ta11~6—=T 2 Marks:
du = sec? xdx 3 Correct answer.
T z 2
_E cosecx | sec’x
s COSX s tlanx | Mark
ark:
= Jf ldu Recognises the
5 U use of part (i)
[ ) ] or makes
=lloB.u 5 progress in the
5 1 substitution.
=log,v3 ~log,—=
3
=log,3
4() 43 1
Mark:
i P(BB)=—x=
® ( ) 7 6 Correct answer.
=2
7
‘Ka) P(Two blue at least once) = 1 — P(No blue 5 times) 2 Marks:
(iia 5 Correct answer.
=1 “(;) 1 Mark: Use of
1
=0.8141 compementary
4(a) 3 2
p \ 5 2 5 1 Mark:
(idb | P(Two blue exactly 3 times) = "Cy (?J (;) Correct answer.
=(,1190
5
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4(b) 2’y
(iii) | Point of inflexion occurs when —5-=0 2 Marks:
ax Correct answer.
2cosx=0
cosx =0
T 37
x==,—
22
V4 kY4
when x=— and x="—
2 2
y=——2cosz =§£—2 sEﬁ
2 2
_r _3=
2 2
Test for change in concavity 1 Mark: Finds
7 4ty the point of
When x <— then —5-=2cosx >0 inflexion but
2 dx does not test for
7 dy a change in
When x> By then o 2cosx <0 concavity.
2
When x <37£ then i%= 2cosx <0
2 dx
2
When x> 3z then d—f =2cosx>0
2 dx
Point of inflexion at (E,z) and (3—”,3—71-)
2°2 22
4.(b) 2 Marks:
() y Correct answer.
3y
2nt N
Maxima
Point of Inflexion
1 Mark: Basic
i shape of the
Poiat o Infovios curve or shows
one essential
p 2 X feature.
L

5 (a) Simple harmonic motion occurs when ¥ = —n*(x —5) 2 Marks:
o Correct answer,
I B
Now ¥ = —(=v")
dx 2
d 1 2
=—(=x(—x"+2x+8§
o (¢ 5 ( )
1 1 Mark:
=35 X (—2x+2) Recognises the
formula for
=+l SHM.
==1(x-1
SHM about the position x=-1 (n=1 and b=1)
5@) Centre of motionis x =1 3 Marks:
(i) ) 21 . Correct answer,
Period =— n =1 (from part (i))
n
= £ =2
1
To find the amplitude
V2 =—x*+2x+8
=128 +2x—x%)

2 Marks: Finds
=1 O—0- 1)2) two correct
=n*(a* -x") answers.

Amplitude is 3 metres
Alternatively amplitude occurs at the extremes when v=0
or —x*+2x+8=0
x*-2x—-8=0
(x-H(x+2)=0 1 Mark: Finds
one correct
Displacement occurs between x =4 and x=-2 (distance of 6) | answer.
Amplitude is 3 metres.
?_(f‘; Now a =3, n=1and b=1 (centre of motion) 1 Mark:
111 ’

x=acos(nt+a)+1
=3cos(t+o)+1
Initially t =0 and x = 2.5
x=3cos(t+a)+1
2.5=3cos(0+a)+1

1.5
cosq =

3
T
o =—
3

x=3cos(t+%)+1

Correct answer.




HSC Mathematics Extension 1

HSC Mathematics Extension 1

5((8) T=2+4e" or e =T-2 1 Mark:
d_T - _fde™ Correct answer.
dt
=—k(T -2)
5(b) | Initially 7= 0 and T =20 3 Marks:
(i) T=2+de™ Correct answer.
20=2+Ade™°
A=18
Also t=20and T=10 2 Marks: Finds
u the value of 4
T=2+18e and an
10 =2+18¢7% expression for
8 k.
o S
18
20k =1 4
—<Ok =log, 9 1 Mark: Finds
the value of 4.
1 4
k=—-—log,—
20 9
=L oe 2
20 &y
= 0.04054651081...
5(b =
(i(iig We need to find t when I'=S5 2 Marks:

T=2+18¢"
5=2+187"
e"kt =i
18

1
~kt=log,~
oge 6

1
t=-—log,6
k ge

—20 log, 6
log 2
‘4

=44,19022583

Tt will take about 44 minutes for the bottle to cool to 5°C?

Correct answer.

1 Mark: Makes
some progress
towards the
solution,

6(2) = 0
) x =Vicos 1) 3 Marks:
y= _% gf® +Visinf @) Correct answer.
~_* : 2 Marks:
Fromeqn (1) = sub into eqn (2 :
(@ V cosd ® @ Makes
1 X x . significant
=—_ +V é
777 g(V cos 9) (V cos H)Sm Progress
) 0 towards the
- & | smox solution.
2V cos’@  cosd
2 2
BTS00 | ey
22V , 1 Mark: Makes
_ 2 St“;C 0 +tanOx t the subject of
4y eqn (1) or
_ x'sec’d P equivalent
= —-T+tan X progress.
= xtan@—-l—xz(1+tan2 o)
4h
6(2) 1 T
i b) satisfi ion y=xtan6——x*(1+tan’ @) | 3 Marks:
(i) Now (a,b) satisfies the equation y = xtan P x*(1+tan” 6) Correct answer.
_ _1 o, 2
b=atand 7 a*(1+tan” 6) 2 Marks:
4hb = dhatan @ - a* (1 +tan” 0) Malﬁ‘}s )
significan
(1+tan’ 6)a® — dhatan@+4hb =0 progress
& tan® @ —4dhatan 6 +4hb+a” =0 towards the
Quadratic equation has 2 solutions if the discriminate is greater solution.
than zero.
b —dac>0
(—4ha)’ —4a* (4hb+a”) >0 éi\l/)[:r’al’:ut os
1612a* —16a*hb—4a* >0 (a,b) into
4a* (AR —4hb—a*) >0 %quﬁtiondof
2 s ight an
e Wb-a >0 simplifies.
a’ <4h” —4hb
a* <4h(h—-Db)
6(b) | Substitute x=-1
e ubstitute x | Mark:

(1+x) =1+ "Cx+"Cyx* +..+ "C,x"
(14+-1)" =14"C =1+ "Cy(—1)* +...+ "C, (-1)"
1-"C+"Cy+..+(-1)""C, =0

Correct answet.

10
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Result is true for n=k+1 if true for n=£k
Step 3: Result true by principle of mathematical induction.

6_@) Differentiate both sides of the identity 2 Marks:

(i) 1+ x)"™ = "C +2"Cyx .t 0" Cx" Correct answer.
Substitute x =1
A+ ="C, +2"Cyl + ..+ n"C 1" 1 Mark:
n2" ="C,+2"C, +..+n"C, Differentiates
n n n - n-1 both sides of

C,+2"Cy +..+n"C, =n2 the identity.
6(¢) | Let p be the probability of hitting the target ( p = 0.95) 1 Mark:

® Let g be the probability of hitting the target (¢ = 0.05) Correct answer.
P(k successes) = "C, (0.95)" (0.05)"*

P(36 targets) = °C,,(0.95)* (0.05)"
=0.0901

6?_0) Misses at most 2 targets then k=38, 39 and 40 2 Marks:

(11) P (At most 2 misses) Correct answer.
=4(,,0.95%0.05? + *°C,,0.950.05' + °C,,0.95% 1 Mark: Makes
= 0.6767 some progress.

7(8) | Step 1: To prove the statement true for # =1 3 Marks:

LHS=—2—=1 RHS=&=1
1x2 1+1

Result is true for n=1
Step 2: Assume the result true for n=k

Correct answer.

7(.b) Two equal circles containing the same chord AB. 1 Mark: Correct
® ZDCB = ZCDB (Two angles at the circumference standing the | answer.
same or equal arcs are equal)
7(b) | LI DCB is isosceles (Two angles are equal from part (i)) 2 Marks:
@ | pc=3p (Two sides opposite the equal angles in an isosceles | Correct answer.
triangle)
Consider LICBE and L DBE
BC = BD (from above)
BE = BE (common side)
CE = DE ( Eis the midpoint of CD) 1 Mark: Makes
LICBE <1 DBE (S8S) SOMIE PIOgIess
. . . towards the
ZLCEB = ZDEB (corresponding angles in congruent triangles) proof.
ZCEB+ ZDEB =180 (straight angle measures 180°)
ZCEB = £ZDEB=90"
BE is perpendicular to CD
(c .
((i)) -y’ 1 —xx2 Z0x (1= x# £l é(l:fgise.mswer.
(1-x*)x=0

A-x)(1+x)x=0

|

|

|

I

i

|

| ; :
jl x
1

|

|

|

|

|

!

|

|

|

I + |
3 2 B
|

|

|

|

|

[
From the graph 0 <x <1 and x<—1

2 Marks:
Makes
significant
progress
towards the
solution.

1 Mark: Finds
part of the
solution or
demonstrates
some
understanding.

2,2 .2 . 2 2 _
1x2  2x3 3x4 T kx(krl) K+l 2 Marks:
Proves the
To prove the result is true for n=k+1 result true for
L_I_L_‘__g_ 2 + 2 =2(k+1) n=1 and
1x2 2x3 3x4 7 kx(k+1) (k+D(k+2) (k+2) attempts to use
5 5 9 ) 9 the result of
LHS=— "t —=— b ==+ + n=k to prove
12 2x3 3x4 Ex(k+1)  (k+D(k+2) the result for
_ 2k N 2 n=k+1,
k+1 (e+1)(k+2)
2k(k+2)+2
T (k+)(k+2)
_ 2K+ 4k 2 ghMal‘k‘lfi‘r‘;Vees
(k+1)(k+2) o e
2k +1D)(k+1)
T e+ Dk +2)
_2(k+1)
T (k+2)
= RHS
11

12
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7(c)
(i)

LHS =tanxsecx

sinx 1
= X

COSX COSX
_ sinx

" cos’x
_ sinx
" 1-sin’x
= RHS

1 Mark: Correct
answer.

7(c)
(iif)

Using parts (i) and (ii)
0<sinx<l and

0Sx<zr—
2

sinx < -1

No solution

Solution also in the second quadrant

0Sx<£ and E<xS7r
2 2

2 Marks:
Correct answer.

1 mark: Makes
some progress
using parts (i)
and (ii).

13




