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*  Reading time - 5 minutes
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+ A table of standard integrals is
provided at the back of this paper

»  Show relevant mathematical
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Questions 11-14
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Seetion 1

10 marks

*  Attempt Questions 1-10

+  Allow about 15 minutes for this section

Section 11
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*  Attempt Questions 11-14

«  Allow about I hour 45 minutes for this section
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Section I

10 marks
Attempt Questions 1- 10
Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10

1 The polynomial P(x}= ¥ +2x+k has (x—2) asa factor.
What is the value of £?
(A -12
® -10
(© 10
o) 12

2 How many different ways can 4 people be chosen from a group of 20 people?
(A) 4,845
B) 160,000
(C) 116,280
(D) 240,000

3 A stone is thrown at an angle of o fo the horizontal. The position of the stone at time ¢
seconds is given by x=Vtcosa and y= Vrsina—% g1 where g m/s? is the acceleration

due to gravity and v m/s is the initial velocity of projection.
What is the maximum height reached by the stone?

Vsine
(A)
&
gsina
B =
© Visina
g
. 2
gsin" a
™ oy
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The functions y=x and y=x" meet at the point (1,1).

What is the acute angle belween the tangents to these functions at this point?
(A) 10°

By 27°

(C) 45°

D) o3°

What is a[i(:cc‘:)s“1 x—1-x* ) ?
v

A

®

{C) ecos'x
O sin'x

The acceleration of a particle is defined in terms of its position by the equation
a=2x+4.1f v=5 when x =2, what is the velocity when x=42

(A) 5ms?
®) 7ms!
(© 65 ms?
©) 95 ms?

What is the domain and range of y=2cos '{x—1)?
(A) Domain: 0<x<2.Range: 0S5 y<nz

. (B) Domain: ~1<x=1.Range: 0<y=sx

(C) Domain: 0<x<2.Range: 0S5 y<2x
(DY Domain: —~1<x<1.Range: 05y <2n

What is the value of Ez . I;g - v 7 Use the substitution # =log, x .
(AY log, 05

(B) log2

{C) log. 4

o 1
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9 At a checkpoint 6% of the vehicles are trucks. A random sample of 30 vehicles is Section [T
photographed passing through the checkpoint. What is the probability that three of the 30
vehicles will be trucks?

60 marles

(A) 0.100 . Attempt Questions 11 - 14

®) 0.165 Allow aboui 1 hour and 45 minufes for this section

© 0195 Answer each question in the appropriate writing booklet.

®») 0.216
‘Your responses should include relevant mathematical reasoning and/or calculations.

10 What is the solution to the inequality ﬁ =17
x(2x—

Question 11 (15 marks) ) Marks

(A) x<-1,0<x <l and xzi

2 2 1

(a) Find the exact value of L\J 4—x*dx, using the substitution x=2sind. 3

1 3
~1<x<0and —<xs=
(B) x<0 an 5 x >

) __ngg_ul_ and 0<x<I
2 2 (b) Use one application of Newton®s method with an initial approximation of

@ xs _%, ——?1_- <x<0and x=1 ' x =1 to find the next approximation to the root of the equalion'log, x-—i—. 2
{¢) Inaclass of 27 students, there are 14 boys and 13 girls, _
(6] The class ¢lects a caplain and a vice captain. Tn how many ways is 1
this possible?
(ii)  The class needs to elect two boys and two girls for the student 2
council. How many different representatives are possible?
(iiiy  The class elected Henry and Olivia for the student council. 1
How many different representatives are now possible?
(d) The polynomial P(x)=x"+x +-cx+d has roots §, 3 and 3.
i What are the values of b, ¢ and 47
(i) ~ Without using calculus, sketch the graph of y = P(x). 1
2
(ili}  Hence or otherwise, solve the inequality ¥ -9 >0 1

(¢) The function f(x) is given by f(x}=4tan"' x. Find the slope of the tangent 2
to the curve where the function y = f(x) cuts the y-axis.
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Question 12 (15 marks) Marks Question 13 (15 marks) Marks

2 (&) Use mathematical induction to prove that 3" — 2x—1 is divisible by 4 for alt 3

(@) The point C(-3,8) divides the interval 4B extemally in the ratio k:1.
positive integers greater than 1.

Find the value of % if 4 is the point (6,—4) and B is the point (0,4).

() The point PQap, ap?) is on the parabola x* =4ay. The normal at P cuts the () Two cl.rcles are intersecting at P and 0. The diameter of one circle is PR.

x-axis at § and the y-axis at T.

i) Prove that the equation of the normal to the parabola at P is given by 5 L
x+ py=2ap+ap’. _
(i)  Hence show that § is the point (ap(2+ p™,0) and that T is the point L
0,02+ p*)). R
(iii)  Find the values of p such that P is the midpoint of ST. 1 Q
Copy this diagram into your writing booklet.
o 0 % i) Draw a straight line through P, parallel o OR to meet the second 2
(¢) Use the substitution x = «’+1 to evaluate L N dx. 2 circle at S. Prove that OS is a diameter of the second circle.
' (i)  Prove that the circles have equal radii if TQ is parallel to PR. 2
. 7, sinx+cosy ‘
(d) (i)  Show that sin(x +K) B 2 {(¢) Solve the equation (n+2)!="72n! 2
(i)  Hence or otherwise, solve Siny+oosv . ﬁ for 0<x<2m. 2
N 2
" (d) Yames plays a game where three regular, six-sided dice are thrown once.
i) What s the probability that all three dice show a 67 1
. . . . (iiy  What is the probability that exactly two of the dice show a 67 1
() After tgma ¢ years the 1.1un.1ber N of animals ina 11_at10na1 park decreases (iii}y  What is the probability that exactly two of the dice show the same
according to the equation: ber? 1
N number
£ 0.09(N -100)
dr
The initial number of animals in the national park is 500.
(1) Verify that ¥ =100+ 4™ is a solution of the above equation, 1 o . ' o
where A is a constant. (e) A rockis projected horizontally from the top of a 25 meire high cliff.
(i)  Afier one year the number of animals in the natural park is 400, The rock is thrown with an initial velocity of 40 ms™. Assume g =10 ms™.
Find the time taken for the number of animals to reach 200. Answer 2 ()] Determine the parametric equations of the path. 2
correct to three significant figures. Take the origin at the base of the cliff.
(i)  How far from the base of the ¢liff does the rock hit the sea? 1
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Question 14 (15 marks) Marks
(#) - Find the term independent of x in the expansion of (x* _3)9 . 2

X
(b} The velocity of a particle moving in a straight Iine is given by v=10-x

(©

@

where x metres is the distance from fixed point O and v is the velocity in
metres per second. Initially the particle is at O,

(i) Let a be the acceleration in metres per second squared. 1
Find an expression for @ in terms of x,

(i}  Show that x=10-10¢" by integration,

(iii)  What is the limiting position of the particle? 1

A particle moves in a straight line under simple harmonic motion.
Iis displacement (x metres) from a fixed point O af any time (f seconds) is
given by: x=4cos’1—1.
(6] Tind a expression for acceleration in terms of x. 2
(i)  Sketch x=4cos’s—1 for 0<r <.
Clearly show the times when the particle passes through 0.

(iiiy  Find the time when the velocity of the particle is increasing most 1
‘ rapidiy for 0<r<#.

0] Expand {1 -x)*" using the binomial theerem.
(i)  Hence prove the following identity. 2
20, +32C, o (20— DC,,  =22C, +4VC, +. 4 207°C,,

End of paper
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. a=2x+4
ACE Examination 2015 N
_ V= 2‘[ (2x+4)dx
HSC Mathematics Extension 1 Yearly Examination )
=2x"4+8x+¢
‘Worked solutions and marking guidelines When x=2, v=35 then ¢=1
- 6 v =2x" +8x +1 ’ 1 Mark: C
Section I y=+2x" +8v+1 (conditions indicate positive solution)
. Solution ' Criteria When x=4 v=+/2x4*+8x4+1
P(x)=x'+2x+k =-J65
|| P@=2"+2x2+k=0 (x-2 is afuctor of P(x) | Mark: A Domain: ~1=(x~1)<1 or 0<x<2. _
§+d+k=0 7 3 1 Mark: C
Range: 0<cos”(x—1)smor0<y<2m
k=-12 - I
5 B0, = 4,845 ‘ 1 Mark: A u=log, x and du:;dt u=log,e=1 u=log, e’ =2
oL or? : L = la
=Vrsine——gt _L = i
? 2 8 xlogx — ° u 1 Mark: 1
y=Vsing-gt :[]()ge y]f
Maximum height when p=0 =log, 2-log,1
0=VFsina—gf =log,2
Vsina .
3= p I Mark: C P(3 heavy) =2 C3(0.9477 (0.06)°
e U (Feine Y 9 =0.164980... 1 Mark: B
Maximum height &= ¥ sin oz x - ng( S“‘“J ~0.165
b4
3 1
Plsin’a — ] x#£00r x#—
=—*‘é‘g— x(2xﬁl) 2
dy ¥’ (2:(—1)2 x——g—zlxx1 (2;!:—1)2
y=x y=x, E:h’ x(2x-1)
m =1 At(L]) m,=3 3x(2x_—1)2x2(2x~1)2 x#0andx=2
o m]_,,,2| 3x(2x-1)—-2 (2¢-1)" 20
4 1+ nm, | Mark: B 10 x(2x~1)[3—x(2x—1)}20 [ Mark: B
_|L1-3 x(2x-1)(2x* -x-3)}<0
L+1x3 , (2x—-1)(2x -3)(x +D) <0
21 1 3
4772 ) Critical points are —1, 0, 5 and )
8=26.56505118..=27 . s
Test values in each region
d o > -1 - i {3
Sdxcos x =15 ) =xx FCOST X x—2x _ 1 2
5 dr( ) e Wn? 1 Mark: C 1<x <0 and 2<x52
=cos'x




HSC Mathematics Extension 1

Section II
Solution Criteria
(@) R d 3 Marks:
x=2sin8, E:Zcosﬂ, dy=2cos0d8 Correct answer.
hen x=1 1=2sin8, sin@ =~ or =2
When x=1 1=2sind, sin ~E or —g 2 Marks: Uses
1 x the substitution
When x=-1 —1=2siné, sinf=-=-orf=-— and simplifies
2 6 the integral.
[ Va-xtae=[* Ja-4sin? 6x 200800
- * 1 Mark:
= 4J‘% cos® 646 Adjusts the
-+ {imits and finds
£ dx.
= 8[1(6 +lsin29)] ='2—ﬂ+ 3
2 2 . 3
L1(b) _ , 1 1 2 Marks:
S)=log, x-x" S =;+? Correct answer.
1)=1 11—1 '1*I 1—2
S@)=log, 1T f()"erTZ” 1 Mark: Finds
1), £ or
) 10/
X =x-= shows some
I(%) understanding
—1 of Newton’s
=1- 5 =15 method.
1 1‘(9) Order is important, (Select the captain then vice-captain) 1 Mark: Correct
® 7p =702 answer.
1 1_§C) Order is not important 2 Marks:
(ii) ucz % ”Cz =01x78 Correct answer.
7098 1 Mark: Shows
B understanding
11(c} | Order is not important 1 Mark: Correct
{iii) uCl % uC, =13%12 answer.
=156
U@ | prey=u +bx? toxed 2 Marks:
(i) Correct ansiver.

PO) =0 +5x0* +ex0+d =0, " d=0
P(=3 +bx3 +ex3=0, ~27+9%+3c=0

PN =Y 4 hx (-3 +ex (=0, ~-27+95-3¢c=0
By inspection 5=0 and ¢c=-9

Therefore =0, c=-%and d=0

1 Mark: Uses
the factor
theorem or
shows some
understanding.
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1 1.(.0]) y=x"-9x=x(x*-9 1 Mark: Correct
(i) answer.
X
107
: s x
4 2 - i 2 4
51
-10}
[1(d} JEI 1 Mark: Correct
@i | afx >0xa? AnSWer,
x
x(x*-9)>0
From the graph the solution is -3 <x <0 or x>3
11(3) f(xj:t.’]ta_n_lx 2 Marks:
Correct answer.
x)=
s e 1 Mark
. _ ark:
The curve :uts the y-axis when x=0 Differentiates
N =—— =4 the inverse
SO 140 function.
Slope of the tangent is 4.
12(a) A Ry 2 Marks:
T or T m+n Correct answer.
kx0+1x6 kxd+Ix—4 1 Mark: Uses
3= k1 . §= 1 the ratio
_ formula with
—3k+D)=6 8k+)=4k-4 one correct
=-3 k=3 value.
12(5) y 2 Marks:
© P Correct answer,

1 Mark: Finds
the gradient of
the tangent or
shows some
understanding
of the problem.
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To find the gradient of the normal

Loand Zuly

Yot % 2a

| Gradient of the tangent at P (2ap,ap”)

dy 1
—=—x2ap=p,
dx  2a PP

Gradient of normal at P (2ap,ap®) m= ‘fl (mm, =—1)
- r

Equation of the normal at P(2ap,ap”)

Yoy =mx-x)
l .
y—ap' =——(x—2ap)
»

py—ap’ =-x+2ap
x4 py=2ap+ap’

12(b)
(i)

&is on the x-axis (y =0)
x+ px0=2ap+ap’

T is on the y-axis {(x=0)
0+ py=2ap+ap’

1 Mark: Correct
answer.

x=ap(2+p?) y=a(2+p")
: : is the point
§is the point (ap(2+ p™),0) Tisthe po
(0,a(2+ p")
12__(:0) P is the midpoint of ST 1 Mark: Correct
(iii) ) +x or y= »t answer.
2 2
2ap= ap(2+ p)+0 o = 0+a(2+p*)
2 2
dap =2ap+ap’ 2ap" =2a+ap’
ap(p* —2)=0 a(p*-2)=0
p:O,p:iJE .'.p=i\,5,
Lps 2
29 | o sloru=x-1 when x =10 then u =3 2 Marks:

E =2 or de = 2udu
i

0 x
=
-[1 fx_l 1

= J':fzu1 +2du

13
= [gu’ +2ui|
3 !

x=2thenu=1

2
r(u +1)x2udu
2

=[2:-<2’/‘+6]~[3+2J=ﬁ=21i
3 3 3

3

Correct answer.

1 Mark: Sets up
the integration
using the
substitution

12(d) A P 2 Marks:
(i | LHS=sin(x+ ;) : Corect answer.
o " in
—smxcoszﬂmsxs n? 1 Mark: Uses
t 1 the sum of
=8N XX —=+ S XX —= angles formula
‘/5 V2 or exact values,
_sinx+cosx
2
=RHS
12{d) 2 Marks:
» . j 3 2
(iiy | sin(x+ %) = %: Cotrect answer,
A S+ 4
r+~4— =§ or 3 1 Mark: Finds
5 one solution or
xe=Zoor 2% shows some
2 12 understanding,
12(8) N =100+ &2 1 Mark:
6 AN Correct answer,
= 0,09 4P
dt
=-0.09(N -100}
IQ‘@ When ¢ =1 then ¥ =400 2 Marks:
(ii) 400 =100+ Ae°P Correct answer.
. Ae*¥ =300
300 - i k; Find
A= =328252285... Mark: Finds
e the value of 4
We need to find # when N =200 or shows
200=100+328.25..6°% similar
understanding
0o =_100 =0.3046... of the probiem.
328.25...
fo log, 0.3064...
~0.09
=13.206803...
~[3.2 years
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13(=)

Step 1: To prove the statement true for n=2
3 -2n-1=3-2%x2-1=4

Divisible by 4

Result is true for n=2

Step 2: Assume the result true for n=%

3 —2k—1=4P (1) where P is an integer.
To prove the result is true for n=k+1

3 _2(k+1)~1=40 where (is an integer.

3 Marks:

Correct answer,

2 Marks:
Proves the
result true for
n=2 and

attempts to use

the result of
LHS=3* 20k +1)-1 n=k to prove
=3x3*-2k-2-1 the result for
" n=k+1.
=3x(3" -2k -D+4k
=3(4P)+4k from (1)
=43P+ k) 1 Mark: Proves
=40 the result true
= RHS for n=2.
0 is an integer as P and k are integers.
Result is true for n=k+1 iftrue for n=k
Step 3: Result true by principle of mathematical induction.
13_(b) P s 2 Marks:
® 7 Correct answer.
1 Mark: States
) R the angle ina
semicircle is
ZPOR =90 {angle in a semicircle is 90°) 90° or makes
. e SOME Progress
Z8PQ+ £POR =18 (cointerior angles, PS/QR) t owargs tﬁe
S LSPO=9¢° solution,
QS is a diameter (£SP(Q isanangleina semicircle equal to 907)
13(b) ZPOR = £TPQ = 90" (allernate angles are equal, PS/QR) 2 Marks:
(i) . . . . . o | Cormect answer,
OT is a diameter ( LTPQ is an angle in a semicircle equal to 90%)
If TQ/H/PR then PRQT. is a parallelogram, 1 Mark: Shows
PR = QT (opposite sides of a parallelogram are equal) sonie
(T and PR are equal diameters. understanding.

Therefore the two circles have equal radii.

130) | (n+2)1=T2n! 2 Marks:
(n+2)(n+Dnl=T20n! Correct answer.
w3n+2=72 "

5 1 Mark: Makes
w+3n-70=0 SOME Progress
(n—T(n+10)=0 towards the
=T (n20) solution.

13(d) 111 1 1 Mark: Correct

(G | £(666)= 5766 216 answer.
13(d) | p(E)= P(66X)+P(6.X6)+ P(X66) 1 Mark: Correct
{i1) 11 5 answer.
=3x (— X=X —J
6 6 6
=2
72

1?’_@) Probability that exacily two of the dice show a 6 is the same as 1 Mark: Correct

(i) | exactly two of the dice show a 5,.... Answer.
P(E)=6 >‘:i =2

72 12
13(e) | Horizontal #=0 2 Marks:
® =V cosd Correct answer.
When ¢=0, ¥ =40, 8=0 implies F cos =40
=40 1 Mark: Finds
i horizontal or
x¥=401+C vertical
When =0, x=0 implies C=0 parametric
x=40¢ equations or
. o shows some
Vertical y =-10 . understanding
y=-10t+Vsind of the problem.
When =0, ¥ =0, =0 implies ¥sinf=0
J=—10¢
y=-524C
When =0, y=25 implies C =25
y=-5+25
13.@ Particle reaches the sea when y=0 1 Mark: Correct
(i) answer,

0=~52+25crt=+3 (#>0)
Horizontal distance from the base of the cliff.
x=4H

=405 m
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14(a) 2Y 2 Marks:
T, ="C(x")" (——J Correct answer,
X
= QCrIESAZr(___Z)rx—r 1 Mark:
=°C (-=2y Correctly uses
Term independent of x the general
term.
18-3r=>0
r==6
T, = 906(__2 618346
= :;Cs(_z)6
=5376
14(b) y=10-x 1 Mark: Correct
® v =100 20x+x* answer.
Lo 5oty 4l
2 2
a=i[50—10x+lx2)
dx 2
=x-10
140} | av 3 Marks:
(i E =10-x Correct answer,
a1
@ 10—x 2 Marks: Finds
t=—log,(10-x)+C the constant or
makes
Initially =0 and x=0 significant
O=—Iog,(10-0)+C or C=log,10 progress.
t =—log,(10—x)+log, 10
el ) 1 Mark: Finds £
=log [ 10 ) in terms of x.
A 10—x
o o 10
-x
. 10-x
10
r=10-10e"
140) 1 131, (10-1067) =10-10x0 | Mark: Correct
(i) { = answer.

=10 metres to the right
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14.(0) x=dcosti—1 2 Marks:
i
@ x=2cos 2 +1)—1 Correct answer.,
=2cos2t+1
. ] I Mark: Shows
X=-45in2t some
i=—-4x2cos2t understanding,
=—4(x-1)
14_(3) x=4cos’ t—forx=2cos2 41 2 Marks;
(i) :'r Correct answer.
Stationary points x=0, .. —4sin2f=0o0r¢= O,E,:r,...
When 1=0 x=2cos2x0+1=3 1 Mark; Corcect
) shape of the
When t=7 x=2cos2x7+1=3 curve or shows
When r=" x=2cos2x+1=—1 some .
2 2 understanding,
x
3.
2 -
I - R
NEARY
N
-1y 3 3
ll.l.('c) Velacity is increasing most rapidly when ¥ has the greatest 1 Mark: Correct
(i) | positive value (or x takes the least vafue). answer.
Greatest value: ¥ =—8cos2¢ =8 when t 2%
Velocity is increasing most rapidly at g— seconds.
) | oy = 1= x4 0 ot (=1 2C 0 ot 2C 1 Mark: Correot
{ answer,
14‘@) Differentiating both sides. 2 Marks:
(i) (X =B 2P b (-1 PO A 20, Correct answer.
Substitute x =1 1 Mark: .
N o o s Differentiates
0=-"C+2°C, +.+ (-Dr7C....+207C,, both sides.

S PC 30+ (2=, =20, 4P, 4+ 2070,

10




