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General Instructions ' 'Tijtal Marks - 100 Marks

e Reading time — 5 minutes. Sec;ion I 10 Marks

e Working time — 180 minutes. o Attempt Questions 1-10

o Write u'singvblack or blue pen. ‘Ns  Allow about 15 miinutes for this
 Board approved calculators may be used. section.

o Show all necessary working in .
Questions 11-16 ] S¢ction II 90 Marks

. Attempt Questions 11-16
o Allow about 2 hour 45 minutes for

this section.
N

Examiner: External Examiner
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This is an assessment task only and does not necessarily reflect the content or

format of the Higher School Certificate.
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_ STANDARD INTEGRALS

1 1 N
x"dx =— 3", ne-1; x#0,ifn<0
n+l . .
S
1 .
—dx =lnx, x>0
X C
ax N 1 ax
e dx . =—e¥, a#0
a
- 1 R
cosaxdx = sinax, a#0
. o1 ’
sinaxdx . =—Ecosax, az0 -
-, 1
sec“ax dx =atanax, a#0

1 .
secax tanagxdx = g secax, a #0

1 - \1 '
—dx . =-tanZ, az0
a2+x2 a a

=1 X .
= sin Z,_a>0, —-a<x<a

~

—————\/.___
—\/_——___—_ =In(x+\/x%—a2), x:>a>0~

L dx
i) ~_x2
1 dx
x2— g
——1——dx =1n(x+\/x7‘+a2)
,x2 _{_a?.

NOTE: Inx=log,x, x>0
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Section I

10 marks

Attempt Questions 1-10

Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

3)  If the polynomial equation P(x) = 0, has toots c, f§, y then the roots of the polynomial

| 1) Given z = r(cos 8 + i sin 9), then zi;l equals
@ r
® A
© 3 )
o -r _

2)  If1+iisaroot of the polynomial x* — 4x? + 6x — 4 = 0. The other roots are:

(A) 1-iand-2
B) 1l+iand fZ
(€) 1-iand2
@) 1+iand2

-,

equation P(3x + 2) = 0 are

a B Y _
A 52,5723
a2 p-2 yz2
®) 3’ 37’ 3
©) 3a+2,38+72 3y +‘2
2 2 2
® a+i p+iy+l

5)  The area bounded by the parabolva x? = 4ay and the line y = a is rofated about the line y =
a. To find the volume of the resulting solid, the slicing technique is used.

The area of a typical slice is given by

@A) mla-y)
® ' @ +y?)
© ala-x)?

®) n(a®+x?)

-"/@) The equation of the conic whose distance from the point (1,0) is half its distance from the

line x = 4 is given by:

x| y? _
W T+i=1 P

¥ _
® F+7=1

V () f_ﬂ= 1

4 3
2y
® F-i=t

7)  The number of different arrangements of the letters of the word SERVICES which begin and

end with letter S is:

8

4)  The gradient of the tangent to the curve 2x3 —y2 = 7 at the point (2, —3) is:

* -4
®) 2
. © 2
®) 4

GV
® 3
6!
© rend
1
® o5




8) Given the curve y = f(x), then the curve y = f(|x]) is represented by

A)
B)
©
®

A reflection of y = f(x) in the y-axis
A reflection of ¥ = f(x) in the x-axis -
A reflection of y = f(x) for x = 0 in the y-axis

Areflectionofy = f (x) fory = 0 in the x-axis

9). Using the substitution x = 7 — y, the definite integral

T
fxsinx.dx
M

will simplify to: >
@A o
nz
® ‘
T e . N
©) [y sinx.dx ] L
(D) f: sinx.dx -

10) Which of the following statements is false? . .

GV

®)

©

®)

fol x*dx < fol x5.dx

3 m .2
Jgxe™ .dx =0

x2 .
dx

4 x? 4
—.dx—ZfO—xZM. X

—4x2+4

Jysin*8.dg > [7'sin46.do

End of Section I

(&) Find

Section I1 Free response questions
Total marks — 90 :
Attempt Questions 11— 16

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

Question 11 (15 marks) Use 2 SEPARATE writing booklet.

f xtan~tx.dx

(b)  Use completion of squares to evaluate
1 .
fi dx ]
V15 —4x — 4x?

()  Use the substitution t = tang to evaluate

2
IT dao
% 2 cot% —sin8

@
6] Find the real number 4, B and C such that
3x2—x+8 A  Bx+C

(1—-x)(x2+1)=1—-x+x2+1

'

(i) - Hence find
3x2—-x+8

@D >

@ P(2sec®,tan ) is a point on the hyperbola H: -’;—z —y2=1
/ - y ‘

If the tangent at P cuts the asymptotes at Q and R as shown in the figure above, find the
coordinates of Q and R in terms of 8. Show that P is the mid-point of QR.

()  Find a and b where a and b are real numbers if (a + ib)? = 21 ~ 20i.

End of Question 11
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Question 12 (15 marks) Use a SEPARATE writing booklet.
(8)  Given that @, f and y are the roots of the equation »
2x% +3x% - 5x+8=10
find the polynomial equation with roots 7‘1; ,% and 5
(b) Letz=3(cos@ +isinb)
@ Find1=7z .
(ii)  Express the imaginary part of ﬁ in terms of 6.

()  Sketch the region for z in the Argand plane defined by:

lz-1+il<2 and -Z<argz-1+0)<¥

(@  Ifz, = 2{and z; = 1 +3i are two complex numbers, describe the loci of z such that:

zZ = ‘Zi + k(Zz - Zl), when

\
i

G k=1
) O<k<1
SN

i

(iif)  k is any real number.
() . The polynomial P(x) = x* + ax + b has zeroes , § and 2(a — B).

/ ()  Showthata = —13eZ and b = 12a3.

13b 13b 13b

(i)  Deduce that the zeroes of P(x) are — Tyt and o

® Given 1, w and a)z are the cube roots of unity and each are represented by the
points Ay, A, and Aj respectively on an Argand diagram.

Find the value of A, A, X A As, where 'A; A’ represents the length 4 4,.

End of Question 12

.

Question 13 (15 marks) Use a SEPARATE writing booklet.

(&)  Consider solid ABCDEF whose height is h, and whose base is a rectangle ABCD,

where AB = a, BC = b and the top edge EF = c.

A

Consider a rectangular slice A'B'C'B! (parallel to the base ABCD) which is ¥ units from ‘
the top edge with width &x '

-

(Note: B'C’'{|BC and A'B’||AB)

@) ShoW tﬁat the volume 8V of the slice is given by

a b—c .
8V = (Ex) (c + Tx) 8y - \ 3
(ii)  Hence show that the volume of the solid ABCDEF is

h
?a(ZbH) _ T2

Question 13 continues on the next page




(b)  The acceleration of a motor car on a straight road isa — bv? where v is'the velocity; a )
and b are positive constants. Let x be the displacement of the motor car from its starting ] (a)
point at time t. Initially, x = 0,v = 0. '

0] Show that at time t, the velocity is given by

=‘ 2 1 _ a-2bxy1/2 . 3
v J;(l e 2bx)

(i/i,) <~ Show that the velocity of the motor car has a limiting value of V where V is \/%. 1
7~ . .
( (iif) The velocity p is attained ina displacement [ after starting and the velocity q is
";  aitained after a further displacement of | where p and q are positive constants
'/ and 0 < q <+/Zp. Show that : :

pZ

P 3
[2p% = ¢
(c)  The region bounded byy=0,y=e*x=0andx ='2 is revolved about the line 3 ‘

y = 0. Find the volume of the resulting solid by using the cylindrical shell method.
i < . \

End of Question 13
®)
. o , ©
s V
J
—8—

Question 14 (15 marks) Use a SEPARATE writing booklet.

Given that y = cos™ x sinnx
@) Show that

d
—‘%’ = 2n cos™ x cos nx — ncos™ " x cos(n — 1)x
Hence show that

2n f cos"xcosnxdx —n f cos™ L x cos(n— Dxdx = cos™ xsinnx + C

(i)  Using the result of (i), show that ~

E]

[ ;

2 1
cos" x cosnx.dx = 5[ cos™ 1 x cos(n — 1)x.dx
e

(iif) Let

SR

I, = f cos™ x cosnx-.dx
0

Find I, hence find Ig.

(iv)  Hence find L
T

7, s
sin® x cos 8x . dx
0

There are eleven men waiting for their turn in a barber shop. Three particular men are A,
B and C. There is a row of 11 seats for the customers. Find the number of ways of
arranging them so that no two of A, B and C are adjacent.

x-1)2

The curve C has equation'y = (x+2 ,1\

() - Obtain the equations of the asymptotes of the curve C.
(i)  Onthe same diagram, draw a sketch of C and of the curve with equation
1

y=-3

Deduce the number of real roots of the equation x3—-2x2+2x+2=0,

End of Question 14 ' ‘}
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Question 15 (15 marks) Use a SEPARATE writing booklet.

The graph of y = f(x) is shown below. On separate axes, neatly sketch:

)
(i)
(i)

®

@i

(iif)

(iV)L

y
‘/\
_____ L o e
N
<€ - > X
) 3
-1
v
y = [f())
y=f(1-x) o |
y =In[f (x)]
Prove .
7c056+isin6—-1__t o .
cosB+ismb+1 02 o

Find the five roots of the equation w5 = 1 and express your answerdin the form
of r(cos @ + isinB), wherer > 0and - < 6 < . 4

Hence show fhat the roots of the equation
. N
2+
By o

2—2z

are 2 tan (k—:), where k = 0,11, 2.

N
By expressing the equation in part (iif) (+) in the form of 25 +mzi+nz=0,
show that. ' : :

T 2n
tan-s-tan? = \/§

Question 15 continues on the next page

— 10~

©

AB is a diameter of the circle and O is the centre. C is a point on AB and D is a point on
the circle. DE is the tangent of the circle at D and CE -1 DE. Copy the diagram in your
booklet. )

Extend DC to intersect the circle at F such that DF is a chord of the circle, Similarly,
join DO and extend DO to intersect the circle at G. DG now is another diameter for the

~ circle BDFG.

)] Prove ACED is similar to ADFG.

(i) / Hence or otherwise, prove that AB X CE = AC x CB + CD?.

End of Question 15

—11-




Question 16 (15 marks) Use a SEPARATE writing booklet.

®

It is given thaf
r+l_,.2.2 2. 2
-1 " 2 T n(r—-1)
()  Show that
n

Z[In(r +1) —-In(r—1]=In

r=2
(i)

" Hence prove by mathematical induction that

2

2 ] In(n+1) -

anl [1+2+2+v+2+ =
r—zn r T2 (-1

Question 16 continues on the next phge

—12-

2

nn+ 1).

for n=2,3,4,..

(b)

Given that z,, z, and z; are three complex numbers which satisfy

Zl+Zz+Z3=O . T

@) z, and z, are indicated in the Argand diagram as shown in the figure below.

A
Im(z)
Z
0 Re(z)
; z,
Copy the diagram in your booklet and sketch on the same diagram a possible 1

location for z,. Explain your decision.

(iiy  Given that the arguments of z;, z, and z3 are @, f and ¥ respectlvely, and their
moduli are 1,k and 2 — k respectively, where 0 < k < 2. 2
Express 2y, Z, and zz in mod-arg form.

(iii)  Prove that :
{cosa+kcosﬂ+(2—k)cosy=0‘ 1
sina+ksinﬁ+(2—k)siny=0 '

(iv)  From (iii), by eliminating & or otherwise, prove that

k% + (2 — k)2 + 2k(2 — k) cos(B — =1 3
(v) By considering [cos(f — ¥)| < 1, find the range of values of k. 3
End of paper
!
\
.,
\ -
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