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Mathematics Extension 1

General Instructions

* Reading time — 5 minutes

» Working time — 2 hours

» Write using black or blue pen

* Board-approved calculators may
be used

» A table of standard integrals is
provided at the back of this paper

* All necessary working should be
shown in every question

Total marks — 84
» Attempt Questions 1-7
« All questions are of equal value
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Total marks - 84
Attempt Questions 1-7
All questions are of equal value

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

Question 1 (12 marks) Use a SEPARATE writing booklet.

(a) Use the table of standard integrals to find j“ dx. o
4 x*

(b) Let f(x)=cos™ [g] What is the domain of £ (x)?

(¢) Solve In(x+6)=2Inx.

' 3
d) Sol
(d) olve T30

1

(e) Use the substitution #=1—x to evaluate J xN1—x dx.
0

(f)y Five ordinary six-sided dice are thrown.

What is the probability that exactly two of the dice land showing a four?
Leave your answer in unsimplified form.

Question 2 (12 marks) Use a SEPARATE writing booklet.

(a)

(b)

The derivative of a function f(x) is given by

F(x) =sin’x.
Find f(x), given that #(0) = 2.

The mass M of a whale is modelled by

M=36-355¢"

where M is measured in tonnes, ¢ is the age of the whale in years and k is a

positive constant.

(i) Show that the rate of growth of the mass of the whale is given by the

differential equation
e k(36— M).
dt
(i) When the whale is 10 years old its mass is 20 tonnes.

Find the value of k, correct to three decimal places.

(iii)  According to this model, what is the limiting mass of the whale?

Question 2 continues on page 4




Question 2 (continued)
(c) Let
P(x) = (x+ 1)(x - 3) O(x) + ax + b,

where O(x) is a polynomial and @ and b are real numbers.
The polynomial P(x) has a factor of x — 3.
When P(x) is divided by x+ 1 the remainder is 3.

(i) Find the values of a and b.

(ii) Find the remainder when P(x) is divided by (x+1)(x—3).

(d) A radio transmitter M is situated 6 km from a straight road. The closest point on

the road to the transmitter is S.

A car is travelling away from S along the road at a speed of 100 km k™!, The

distance from the car to S is x ki and from the car to M is r km.

M

. L dr o
Find an expression in terms of x for —, where 7 is time in hours.

End of Question 2

Question 3 (12 marks) Use a SEPARATE writing booklet.

(a) At the front of a building there are five garage doors. Two of the doors are to be
painted red, one is to be painted green, one blue and one orange.

®
(i)

How many possible arrangements are there for the colours on the doors?

How many possible arrangements are there for the colours on the doors
if the two red doors are next to each other?

(b) Let f{x)= e The diagram shows the graph y = f(x).

(i

(i)

Gid)

(iv)

(v)

(vi)

The graph has two points of inflexion.

Find the x coordinates of these points.

Explain why the domain of £{x) must be restricted if #(x) is to have an
inverse function.

Find a formula for 71 (x) if the domain of f (x) is restricted to x = 0.
State the domain of /™! (x).
Sketch the curve y = £ 71 (x).

X2

(1) Show that there is a solution to the equation x =e™* between

x=0.6 and x=0.7.

(2) By halving the interval, find the solution correct to one decimal
place.




Question 4 (12 marks) Use a SEPARATE writing booklet.

(a) A particle is moving in simple harmonic motion along the x-axis.

Its velocity v, at x, is given by v? =24 — 8x — 227,

@
(i)
(iti)

b O

(i)

Tind all values of x for which the particle is at rest.

Find an expression for the acceleration of the particle, in terms of x.

Find the maximum speed of the particle.

Express 2cosf + 2003(9 + %) in the form Rcos (0 + ),

where R>0 and 0<a<%.

Hence, or otherwise, solve 2cos8 + 2cos(9 + Z—j =3,

for 0< 0 <27,

Question 4 continues on page 7

[#%}

Question 4 (continued)

(¢) The diagram shows the parabola x* = 4ay. The point P(2ap, ap?), where p 2 0,
is on the parabola.

P(2ap, apz)

The tangent to the parabola at P, y = px — ap®, meets the y-axis at I.
The point M is on the directrix, such that PM is perpendicular to the directrix.

Show that SLMP is a thombus.

End of Question 4




Question 5 (12 marks) Use a SEPARATE writing booklet.
(a) A boat is sailing due north from a point A towards a point P on the shore line.
The shore line runs from west to east.

In the diagram, 7 represents a tree on a cliff vertically above P, and L represents
a landmark on the shore. The distance PL is 1 km.

From A the point L is on a bearing of 020°, and the angle of elevation to T'is 3°.

After sailing for some time the boat reaches a point B, from which the angle of
elevation to T is 30°. :

ple--- Tkm--e- o7,

\/gtan3°

(1) Show that BP = .
tan20°

(ii) Find the distance AB.

Question 5 continues on page 9

Question 5 (continued)

M Let f(x)=tan"x + tanfl(%) for x#0.

() By differentiating 7 (x), or otherwise, show that f#(x) = —725 for x> 0.

(i) Given that #(x) is an odd function, sketch the graph y = £(x).

(c) 1In the diagram, ST is tangent to both the circles at A.

The points B and C are on the larger circle, and the line BC is tangent to the
smaller circle at D. The line AB intersects the smaller circle at X.

s A

O

Copy or trace the diagram into your writing booklet.
(i) Explain why ZAXD = ZABD + £ZXDB.
(i1) Explain why ZAXD = ZTAC + ZCAD.

(iii) Hence show that AD bisects ZBAC.

End of Question 5




Question 6 (12 marks) Use a SEPARATE writing booklet.

(a) (i) Show that cos(4 — B) =cosAcos B(1 +tanA tan B).

(ii) Suppose that 0 < B < g— and B<A<T.

Deduce thatif tanAtanB = —1, then A—-B = %

(b) A baskethall player throws a ball with an initial velocity v m 5!

at an angle 6
to the horizontal. At the time the ball is released its centre is at (0, 0), and the
player is aiming for the point (d, h) as shown on the diagram. The line joining

(0, 0) and (d, h) makes an angle o with the horizontal, where 0 <o <6< %

))

a, 25

Assume that at time t seconds after the ball is thrown its centre is at the
point (x, y), where

x = vtcosf

y = vtsinf — 5¢2,

(You are NOT required to prove these equations.)

Question 6 continues on page 11

~10 -

Question 6 (continued)

(i) If the centre of the ball passes through (d, h) show that

) 5d
v =

cosOsinf — cos” O tanor

(i) (1) What happens tovas 6 — o?

pid
(2) What happens to v as 0 — E?

(iii) For a fixed value of «, let F(G) =cosOsin® — cos?Otanc.

Show that F’(G) =( when tan20tano =-—1.

(iv) Using part (a) (ii) or otherwise show that F ’(9) =0 when 0=

. o 7
(v) Explain why v? is a minimum when 0 = 3 + 1

End of Question 6
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7
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Question 7 (12 marks) Use a SEPARATE writing booklet. Question 7 {continued)

(a) Prove by induction that 3 (c) (1) A box contains n identical red balls and n identical blue balls. A selection
of r balls is made from the box, where 0 <r<n.
47"+ 53 % 147"
Explain why the number of possible colour combinations is r + 1.
is divisible by 100 for all integers n 2 1.

(i1)  Another box contains n white balls labelled consecutively from 1 to .
A selection of n—r balls is made from the box, where 0 <r<n.
(o) The binomial theorem states that
. . .. n
Explain why the number of different selections is ( )
r

(iii) The n red balls, the n blue balls and the n white labelled balls are all

n placed into one box, and a selection of n balls is made.
(i) Show that 2" = Y, [ ] 1
k=0 k Using part (b), or otherwise, show that the number of different selections
is (n+2)2" L,
(i) Hence, or otherwise, find the value of 1
(100] [100) [100} [100}
+ + + ot .
1 2 100
’ End of paper
n n
(iiiy Show that n2" ' = >k L) 2
k=1 g

Question 7 continues on page 13
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Mathematics Extension 1

Question 1

(a)

®)

(©

(@)

! dx=sin!| Z]+c.
N4 2

afx
For f(x)=cos (2)

The domain is given by:

122 <1
2
so —2<x<2.

Since In(x+6)=2Inx
In(x+6) =1n x>
x+6=x
¥ -x-6=0
(x-3)(x+2)=0
x=-2,3 butx>0
Lox=3.

METHOD 1 - Algebraic:
3

x+2

<4

(x+2)"x <dx(x+2)

x+2
3(x+2) <4(x* +4x+4)
3x+6<4x” +16x+16x
4x* +13x+10>0
(dx+5)(x+2)>0

x <2, x>—§.
4

METHOD 2 — Critical Point:

3 <4, x#-2
PxH2
T 3<4(x+2) if x>-2
3<4x+8
—-5<4x
—=<x
X | -3 |~1% | -1
Jx) | true | false | true

Sox<‘2,x>——5—.
4

(e) u=l-x = x=l-u
u_ 4
dx
codu=—dx
codx=—du
When x=1, u=0
x=0,u=1

1
So J.;xxfl—xdx = J']0(1~u)uz.~du

o 13
:—J. u?—u?du
1

3 3
_ 2L¢2_2Lﬂ
3 5
1
(2 2
=)~ Z-Z
o-(3-3)

2010 ¢ Page 50
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Mathematics Extension 1

®

Question 2

(a)

(1)

®

€

F(x)=sin’x
flx)= J.'sin2 X dx
Using cos2x=1—2sin" x

f(x):jl—c;s@xdx

:—x——l—sin2x+C
4

2
~nC=
Thus f(x) —lx—lsin2x+2

27 4 '

M =36-35.5¢" =355¢" =36-M

M - kx-35.5¢ ™
dt
= kx35.5¢™
=k(36-M).

Whent=10, M =20
M =36-35.5¢7"
20=36-35.5¢"°

35.5¢7% =16
o710k :i
35.5

—10k=1In (ij
355

k=1In —1—6——J—:~—10
355

=0.07969439...
=0.080 (3dp).

2010 € Page 51

(©

(@

(iii) M =36-35.5¢""

M =36-22
[

355

ast—eo, ———0
24

s M —36
..the limiting mass is 36 tonnes.

B P(x)=(x+1)(x-3)0(x)+ax+b
0:

Given P(3) =
P(3)=0+a(3)+b=0
3a+b=0
and P(-1)=8:
P(-1)=0+a(~1)+b=8
—a+b=38
Solving simultaneously:
Ja+b=0 O
—a +bh=8@
o -©@
4a= -8
a= -2
b=6
La=-"2andb=6.

(i) When
Px)=(x+1)(x-3)Ox)+ax+b is
divided by (x+1)(x-3), the
remainder will be ax+b.

.. the remainder is ~2x+6.

M
-
6
v =100 km/h
S x "
r?=x*+36

r=+x"+36 =(x2+36)%, r>0
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Question 3

(a)

(b)

i:l(x +36) 2 Tox
dx 2
- X
vx*+36
dr _dr dx
dt  dx dt
= %100
X +36
_100x
X436
S
@ 56,
21

(ii) The two doors that must be together
can be considered to be a single
item. Therefore, there are four items
to be arranged. 4!=24.

O f=e
fix)=-2xe™"
f'x)= 2 + (=2x7" X —2x)
=-2¢ (1-2x%)
f"(x) =0when 2 (1-2x*)=0.
ie (1-2x)=0as —2¢™ <0 forall x

23t =1

el

2
resd J

These must be the two values
indicated by the question.

(ii) The domain of f(x) must be
restricted to be a one-to-one (or
monotonic) function in order to have
an inverse function f'(x).

(iit) y= e (restricted domain x > 0)

@iv)

)

(vi)
n

2010 @ Page 52

Interchange x and y:
ie x=¢
Inx= ln(e"'z)
In x =—y” In(e)

In(x) =—y* since In(e) =1

y=4In(x™) or * |In (ij

1
1e_]ett — | sincex =0
x

1
Ly = n -
x

Forf(x)=e¢™, f(0)=1
~.range for f(x) is: 0< y <1

- domain for f ' (x) is 0<x <1,

Mathematics Extension 1

Rearrange the equation to

e —x=0

Let f(x) = e —x
F0.6)=¢%~-0.6=0.097-
FODH=6*-07=-0.087-
Since f(0.6) >0 and f(0.7) < 0,

the solution of x=e™ must lie
between x = 0.6 and x = 0.7,

(2’215 f(M) £(0.65)

4)4275 —0.65

=0.00540--->0
.. the solution must lie between
x=0.65and x=0.7
.. the solution is x = 0.7 (1 dp).

Question 4

(a)

(i) The particle is at rest when v=0.
24-8x-2x* =0
2x" +8x-24=0
2 +4x-12=0
(x+6)(x-2)=0
", Atrest when x=-6 and x=2.

(iD d(l 2j
a= v
dx
d(1(24 8x—2x )j
dx\ 2

d
:5(12—4x—x2)

=-2x—4

(iii) Maximum speed when a =0.
—2x—-4=0
2x=4

x=-2
When x=-2,

Vv =24-8(-2)-2(-2)
=32

v:i\/i

. Maximum speed is \/ﬁ = 4«/5.

(b)

®

2010 4 Page 53

2cos B+ 200s[9+§]

= 2(005 0+ cos[@ + %D

T 3
= 2(005 A+ cos f cos g —sin @ sin Ej

1 3
= 2[cos¢9+cos€><5—sin0x§]

= 2cos«9+cos€—«/§sin@

= 3c039—\/§sin0
Now,
Reos(@ +a)= Reosfcosa — Rsinfsin

Compare with 3cosé - «/§ sind@:

Rcosa =3 Rsina:\/g
_3 . 3
cosa = R sma:7
B3
3
V3
tang = ——
3
R =({3) +3?
T R:«/I_Z
a=—

2cos€+2005[0 +%j:2\/§cos(9+%]




*.2010 Higher School Certificate

(i) 2J§cos(€ + %) =3

24/3 3
cos(9+~7£j=—E
6 2
0+Z2=2 o 9+Zl=0x L
6 6 6 6
6=0 0:5—”

but the domain is 0 < 8 <27,

L= 5—37[— is the only solution,

(©

S0,

by observation M = (Zap, - a)
when x=0, y=p.0-ap?

L L= (O, ~ap2)
METHOD 1
Midpoints of MS and PL.
2ap+0 —a+a
My =| ——,
MS ( 2 2 J
=(ap, 0)
2ap+0 ap® +—ap®
M = [TT
= (. 0)

- Midpoint of MS = Midpoint of PL.
.. the diagonals bisect each other.

2010 4 Page 54

Gradients of MS and PL:
—-a-a
2ap -0
-2a

2ap
1

p
Since equation of PL is

y=px-ap’,
then my, =p.

My =

; 1
M XMy = ——X p =1
D

SMS L PL
. the diagonals are perpendicular.

. SLMP is a rthombus (diagonals
bisect each other at right angles).

METHOD 2
Lengths of sides of quadrilateral.
SL=S80+0L

= a+1~ap21
=a+ap?
MP = ap® +|~ a|

=ap’+a

SP = \/(Zap ~O)2 + (ap2 —a)z

Mathematics Exténsion 1

:\/4(12}72 +a'pt —24a*p* +a’
= a2(1)2 -!—1)2

=a(p2 +1)

=ap’+a

Similarly,

LM = (2ap~0)2 +(—(H—L1}72)2

=ap’ +a
W SL=MP=ILM=SP=ap’ +a
-, SLMP is athombus (4 equal
sides).

Question 5
(@) (i) Using AALP and AATP

1
tan 20° = —
AP

1
" tan 20°

. PT
tan 3" =—
AP

= PT tan 20°
_ tan3’

" tan20°
Using ABPT

tan 30" = i
BP

_PT
" tan30°

=3PT

_ \/3T tan 3°

as required.

T @an20°
(i) AP = PT i
tan3
_ fan 3 +tan3°
tan 20°
1
" tan 207
AB=AP-BP
1 \/§ tan3°

T tan20°  tan20°
~J3tan3
ABZI_\/;I.?_‘
tan 20

(b) @ f (X) =tan” x+tan™! (l)

<)
Consider only x > 0.

/ 1 1 Cellg
Fi(x)= + X
P I ;
1+~
X
1 N —x7? ><x_2
1+ %2 (1j2 X
14+ —
X
1 + -1
Tl xr 14X
=0
.. the graph of f(x) is horizontal
for x>0.

Choose an easy value such as x = 1

P 1)
f(1)~tan 1+ tan (1

) :% for x> 0.

(i) Whenx= -1
F{=1)=tan” (=) +tan™ (%lj

2010 4 Page 55




2010 Higher School Certificate

(¢) (i) The exterior angle of a triangle

b @ y

Mathematics Extension 1

(AXBD )is equal to the sum of the V= 5d . ™) F '(0) =0 when 6 = o + z
interior opposite angles. cosasing —cos? g 2% 2 4
cosa Let v? — 5d
(i) ZTAC+/CAD=/TAD and 4. IR U F(0)
LTAD = ZAXD (Alternate segment i cosasing —cosasina 2y —SdF'(0) ;
theorem - The angle between a @ ! as@—a, cosasina —cosasinag—0 (V ) = —-—“‘[ O [quotient rule]
tangent and a chord is equal to the J/ d o x LV ,
angle in the alternate segment.) when F'(6)=0, (vz) =0
s LAXD = LTAC + LCAD X =vicosd 0] 7 24 i
J=vising— 5 ® (i) When 0= Px . v*is a max or min when
(i) Let ZXBD=a, ZXDB=f . @) o PRI l{a +£]
. . _ 2 _
o ZAXD =a+ f (see part (i)) \flom Ot= — vi= TN 2 4 2 2
Hence, ZTAD = o + f (see part (ii)) substitute in @ 22 2 as 02, v >0 and
Now, ZTAC = /ABC =« B X _ 5d 2
(Alternate segment theorem) y= v( gjsin 60— 5[ 5 - (0x1)—~(0xtana) O—a, v—rw
WLCAD=a+f-a=p veos veos ju 2 o These are obvious maxima.
= = ¢ Si 2 as 0 >—, cos@sind—cos”Gtand—
Now, £XAD = «£XDB = f3 - M_ZS% 2 - v? must be a minimum at <+
(Alternate segment theorem) cost v cos” 0 )
. LCAD = /XAD ((l , h) lies on the directory path,
Hence, ADbisects ZBAC . bstitu dsin@ 542 (ii) (o and tane are constants) Question 7
substituting k= cos 8 - v cos? @ Using the double angle formulas:
Question 6 5d° _dsind_, F(0) = cosfsin - cos” ftan (a) When n = 1, 47" + 53x147"" = 100.
Vicos’ 8  cos® 1 1 ) This is divisible by 100.
. ==8in26-— 20 +tana . ie fre far 1 =
(@) (i) RHS =cosAcosB(l1+tan Atan B) 5d* — Jsin cos6— heos® @ 5 sit > (cos ) ..the statement is true forn=1.
2
B sin A sin B v F' () =2 xlcos 26— ~2><—1—sin 26tan Assume the statement true for n = £,
=cosAcos B+ B LA 0)=25 2 Assume 47% + 53 x 1471 = 100M
= cos Acos B +sin Asin B 5d* dsinfcos 492— hcos® @ =cos260+sin20tan (where M is a positive integer).
2 5d F'{0)=0 when
= - V= s 2 =
= cos(A~B) dsin@cos—hcos® 6 cos20+sin20tana =0 [+cos26] W%}f]n n=k+ 1;(
=LHS 542 47 +53x 147
= - 1+tan20tan e =0 = 47 x 47° + 53 x 147 x147" !
(ii) Iftan Atan B=—1then ¢ (sin feosd ~E1COS2 g) tan 20 tan @ = -1 =47x% 4Zk 2353 :7(1()1%;; ?7)52(1)37)(1:%-1
=47x 47% + 53 x 47 x T X
cos(A - B) = cos Acos B(1—1) [from (i)] _ 5d . ) .. = 47 x [47¢ + 53x 147" 1] + 5300x 147"
cos(A-B)=0 sinBcosf—Lcos? 0 (i) From (@) 7 =47 x 100M + 100 x 53 ;<1147k‘1
7 37 d if tan Atan B = —1 then A_B:E =100 x [47M + 53 x 147" ]
e, A-B=—,—.. 5d ' = 100N
212 if tan2@tan @ =—1 then

(where N is an integer defined by
4TM + 53 x 14771,

= S A el
but B< A<w [subtract B] cosfsin —cos” Gtana

h oz
thus 0< A-B<z—Bwith 0< B< Where tana = d W-a= 2 -, the statement is true for n. =k + L.
2

. : i - 20=—+a Hence, if the statement is true for
. A-B =i the only solution (111) When &=, 2 n=1andn=k+ 1, it must be true

O Y= . >d . 0 :g+£ forn=1+1=2. By Mathemat'iclzal

cosasina —cos atana Induction, it is true for all positive

integers 7.

2010 ¢ Page 56 2010 ¢ Page 57




2010 Higher School Certificate

® O (+x)"= [n] + (”]x + (nsz oot (njx"
0 1 2 n
Substitute x = 1:
n n n n
2" = |+ ] e
o (1)L
_i n
- ok .
(i1) Substitute n = 100 in (i):
100 100 100) %100
+ et =y
0 1 100) =\ k
— 2100.

(iii)

n

A+x)"= (0

—_— —

d
—((+x)' =
dx( x)

n—1 n
nd+x)" = ;
=1

() (i) The selection of r balls could contain
r red balls and O blue balls right
through to O red balls and r blue
balls. Thus there are » + 1
combinations.

(ii) The selection of n—r balls from a
possible n is given by

n _ n
n—r) n—(n-r)
_ [n]
-
(ii1) 'The selection of » balls is made up
of r balls from the red and blue balls

and n—r balls from the labeled
white balls. Using (i) and (ii)

n
combination = (r-+1)
r

Total selections = Z (r+1) [n]
r

=n2" 42"
w2t 0 9
=(n+2)2""

End of Extension 1 solutions

3
ik
i
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