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General Instructions

* Reading time — 5 minutes

» Working time — 3 hours

* Write using black or blue pen

° Board-approved calculators may
be used

e A table of standard intcgrals is
provided at the back of this paper

° All necessary working should be
shown in every question
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Total marks - 120
* Attempt Questions 1-8

» All quiestions are of equal value

STANDARD INTEGRALS
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1

" dx =gt gl x#0,ifn<0
n+l
1 dx =lnx, x>0
I
‘ v 1 ax
e™ dx = =™ a=#0
a
. 1 .
cosax dx = —sinax, a#
a
. 1
sinax dx =——cosax, a=0
a
5 1
sec’ax dx = Ztanax, a#0
a
. " ,
secax tanax dx = ;seca.x, o #*
1 1%
Lo = Ztan =, a=0
a
) a2 @
1 X

. x
=gin !>, a>0, —a<x<a
a

1
1 Ja?—-«? .
—\/;—,2—~}:_Aa-2~ dx :ln(x+«lx2—a2), x>a>0

= 1n(x+x/x2+a2)

(1
g
JJx?+a? ¥

NOTE: Inx =log,x, x>0




Total marks — 120
Attempt Questions 1-8
All questions are of equal value

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

Question 1 (15 marks) Use a SEPARATE writing booklet.

(a)

(b)

()

(@

(e

Find j——x— dx.
1+ 3x2

i3

4
Evaluate J tanx dx.
0

Find J m dx.

dx
1+ sinx

. . x , 2
Using the substitution = tana, or otherwise, evaluate J
0

Findj de
1+\/;

Question 2 (15 marks) Use a SEPARATE writing booklet.

(a) Let z=5-1.

@
(i)

(iif)

m O

(i)

Find z? in the form x + iy.
Find z + 27 in the form x + iy.

NI .
Find Zn the form x -+ iy.

Express —3—iin modulus-argument form.

6
Show that - (—\/5 - i) is a real number.

(c) Sketch the region in the complex plane where the inequalities 1< | Z ’ <2 and
0 < z+7 <3 hold simultaneously.

Question 2 continues on page 5




Question 2 (continued)
b
(d) Let z=cosf@+isinh where 0 < 8 < PR

On the Argand diagram the point A represents z, the point B represents 2% and
the point C represents z + 2.

Copy or trace the diagram into your writing booklet.

(i) Explain why the parallelogram OACB is a thombus.
30
(ii) Show that arg(z + 22) =
2
(iii) Show that |z+z

2i:2cos—.
2

(iv) By considering the real part of z+z%, or otherwise, deduce that

36
cosH +cos26 = ZCOS%COS? .

End of Question 2

Question 3 (15 marks) Use a SEPARATE writing booklet.

(a)

(1) Sketch the graph y = x? + 4x.

(ii) Sketch the graph y = .
. X2 +4x

(b) The region shaded in the diagram is bounded by the x-axis and the curve

(©

y=2x- *2

~.

y

The shaded region is rotated about the line x = 4.

Find the volunie generated.

Two identical biased coins are each more likely to land showing heads than
showing tails.

The two coins are tossed together, and the outcome isrecorded. After a large
number of trials it is observed that the probability thai the two coins land

showing a head and a tail is 0.48.

What is the probability that both coins land showing heads?

Question 3 continues on page 7




Question 3 (continued)

(d) The diagram shows the rectangular hyperbola xy = 2, with ¢>0.

y
c
R (Cl‘, 7)

The points A(c, ), R (ct, %) and Q (—ct, - %j are points on the hyperbola,

with £z +1.

(1) The line £, is the line through R perpendicular to QA.

Show that the equation of £, is
1
y=—tc+ C(l‘2+?j.

(ii) The line £, is the line through Q perpendicular to RA.

Write down the equation of £,.

(iiiy Let P be the point of intersection of the linies £, and £,.

Show that P is the point ( —2—, 612] .
t

- (iv) Give a geometric description of the locus of P.

- End of Question 3

Question 4 (15 marks) Use a SEPARATE writing booklet.

(a) (i) A curve is defined implicitly by Jx + \/; =1.

Use implicit differentiation to find ;ldl .
X

(i) Sketch the curve x + \/)" =1.

(iii)  Sketch the curve \/m + ’y| =1. o~

(b) A bend in a highway is part of a circle of radius r, centre O. Around the bend
the highway is banked at an angle ¢ to the horizontal,

A car is travelling around the bend at a constant speed v. Assume that the car is
tepresented by a point P of mass m. The forces acting on the car are a lateral
force F, the gravitational force mg and a normal reaction N to the road, as shown
in the diagram.

N

NOT TO
SCALE

l

mg

.
. . . o%
(i) By resolving forces, show that F = g singt — T coso.

(ii) Find an expression for v such that the lateral force F is zero.

Question 4 continues on page 9




Question 4 (continued)

(©

(d

Let k be a real number, k>4.

Show that, for every positive real number b, there is a positive real number a
such that 1 + 1__k .
a b a+b

A group of 12 people is to be divided into discussion groups.

(i) In how many ways can the discussion groups be formed if there are
& people in one group, and 4 people in another?

(if) In how many ways can the discussion groups be formed if there are
3 groups containing 4 people each?

End of Question 4

Question 5 (15 marks) Use a SEPARATE writing booklet.

(a)

The diagram shows two circles, C, and C,, centred at the origin with radi
a and b, where a>b.

The point A lies on C; and has coordinates (acosB, asing).

The point B is the intersection of OA and C,.

The point P is the intersection of the horizontal line through B and the vertical
line through A.

/ Alacos 8, asin®)
B/ |

/ /0 9 / 5ip
N

(i) Write down the coordinates of B.

22
(i) Show that P lies on the ellipse EENP A
at b’

. 22
(i) Find the equation of the tangent to the ellipse % + 12— =1 atP.
a” b

(iv) Assume that A is not on the y-axis.

Show that the tangent to the circle C| at A, and the tangent to the

2.2
. X . . .
ellipse = + y—2 =1 at P, intersect at a poirit on the x-axis.

a b

Question 5 continues on page 11
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Question 5 (continued)

(b) Show that

Jy(ldz W m[i—y—y] e

for some constant ¢, where 0 <y < 1.

(¢) A TV channel has estimated that if it spends $x on advertising a particular
program it will attract a proportion y(x) of the potential audience for the
program, where

E: ay(l—y)

and a >0 is a given constant.

. . ) ; .
(1) Explain why % has its maximum value when y = %
d

(ii) Using part (b), or otherwise, deduce that

1
y(x) h fem™ +1

for some constant k> 0.
(iii) The TV channel knows that if it spends no money on advertising the
program then the audience will be one-tenth of the potential audience.

Find the value of the constant k referred to in part (c) (ii).

(iv) What feature of the graph y = 1 is determined by the result in
=

e ]
part (¢) ()7

1

(v) Sketch the graph y = ————.
ke ™ +1

End of Question 5

11—

Question 6 (15 marks) Use a SEPARATE writing booklet.

2
(@) The diagram shows the frustum of a right square pyramid. (A frustum of a
pyramid is a pyramid with its top cut off.)
The height of the frustum is 7 m. Its base is a square of side a m, and its top is
a square of side b m (with a>5>0).
b
A horizontal cross-section of the frustimm, taken at height x m, is a square of side
1 s m, shown shaded in the diagtam.
i) Show that s—a————(a*b)r
3 ® ow tha PREEE
(ii) Find the volume of the frustum.
(b) A sequence a,, is defined by
1 an'2an—1+an—2’
for nz2, with ay=a;=2.
Use mathematical induction to prove that
1 n . n
a :(1+\/5) +(1—\/5) forafll n=0.
n
1

Question 6 continues on page 13
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Question 6 (continued) Question 7 (15 marks) Use a SEPARATE writing booklet.

(c) (i) Expand (cos@ + isin 9)5 using the binomial theorem. 1 () In the diagram ABCD is a cyclic quadrilateral. The point K is on AC such that
ZADK = ZCDB, and hence AADK is similar to ABDC.
(if) Expand (cos@ + isin 6)5 using de Moivre’s theorem, and hence 3 A
show that
sin56 = 16sin°9 — 20sin® @ + 5sind.
D
(iii) Deduce that x = sin(%] is one of the solutions to 1 -
165~ 202 + 5x - 1=0. ' B c
(iv) Find the polynomial p(x) such that (x—1)p(x)=16 1% —20x7 + 5x~ 1, 1 ) Copy or trace the diagram into your writing booklet.
i 4 2 () Show that AADB is similar to AKDC.
(v) Find the value of a such that p(x) = (4x* + ax — 1)°. 1
(#1) Using the fact that AC=AK+ KC,
. show that BD X AC=AD X BC+ABxDC.
(vi) Hence find an exact value for sin(T)) . 1

(i) A regular pentagon of side length 1 is inscribed {n a circle; as shown in
the diagram.

End of Question 6

Let x be the length of a chord in the pentagon.

5

2

. " 1
Use the result in part (i) to show that x =

Question 7 continues on page 15
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Question 7 (continued)

(b) The graphs of y=3x—1 and y=2% intersect at (1, 2) and at (3, 8).

Using these graphs, or otherwise, show that 2* 2 3x~1 for x=3.

© Let P(x)=(n—1)x"—nx"""+1, where n is an odd integer, n>3.
(i) Show that P(x) has exactly two stationary points.
{(iiy Show that P(x) has a double zero at x=1.

(i) Use the graph y=P(x) to explain why P(x) has exactly one real zero
other than 1.

(iv) Let ¢ be the real zero of P(x) other than 1.

Using part (b), or otherwise, show that -1 < & < ——%.

(v) Deduce that each of the zeros of 4x% 5% + 1 has modulus less than
or equal to 1.

End of Question 7

~15—

Question 8 (15 marks) Use a SEPARATE writing booklet.
Let
L2 z
2 o 2 9 2n
A = cos xdx and B” = x“cos“" xdx,
0
where n is an integer, n20. (Note that A, >0, B,>0.)

(2) Showthat nd = -1, forn1, ) -
n 2 n-1

(b) Using integration by parts on A , or otherwise, show that

n?

n

2
A = 211-[ xsinx cos? xdx for n31,
0 .

(¢) Use integration by parts on the integral in part (b) to show that

A (m-1) \
L =3—-+tB  —-2B for n21.
112 n n— n

(d) Use parts (a) and (c) to show that

i B B
- = =l Zh o forpz
n An—l An

n 2 B
(e) Show that Z —12— = _ oln

k=1 k 6 A,

()  Use the fact that sinx = = for 0gx< % to show that

Question 8 continues on page 17
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Question 8 (continued)

r L
' E 2 n 2 E 9 n+1
(g) Show that x*1- i’\? dx = — LA BN
0 T 8(11 + 1) . 2

(hy From parts (f) and (g) it follows that

Use the substitution x = —sin? in this inequality to show that

2
P

3
<" : cos?pgr < — 2 A,
16(n+1) n

Use part (e) to deduce that

(@

[h*3
|
N
|H“
A
o\l;‘l\,

e .
6 8{n+l)” Sk

1

() Whatis lim Y,

n—e 0 k

—17

End of paper

17
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Solutions

Mathematlcs Extensudh 2

. 'Quesﬁdn 1

[CY . - Method1 :
x ' -1
dx= |x(14+3x%) 2dx
j V1435 j

21
=é [6x1+3) 2 ax

1
23
Sy

l><6
2
1 1
=§(1+3x1)2+c
=%\/1+3x2 +c
Method 2
Let u=1+3x

du=6xdx:>%du=.xdx

1a'u

=%

X2u? +¢

I

I e

u?+c

V1+3x® +¢

(3] : Method 1

f tane=—|* Smxd
=*[10&ICOSJ4T

1
=—log,~=—log,1
{ £, 5 ,]
=log, 2

1
=—log 2
3 Be

Method 2
Letu=tanx

du =sec? xdx
= (1+tan2 x)dx,
du
—s=dx,
1+u®
Whenx=0, r=(an0=0

Whenx:z, t:tanz—-—l
4 4

f tan xdx = j
1+u
:E[Ioge ‘1+u2l];

1
=—log_ 2
5 £.

(c) Method 1
1 A Bx+C
I T L
x(x*+l) x x4l
1= A(® +1)+ x(Bx+C)
1= Ax*+ A+ Bx* + Cx
1=(A+B)x* +Cx+- A
Equating coefficients gives:
A=1, B=-1, C=0

2010 ¢ Page 64

@

L e (Lix g
v deY“J x X +1dx

=log, !xl ~-12jlogt lxz +1‘+ c

+c

=log,

X,
:}x2+1

Method 2

Let x=tané ©
- dx=sec? 8d6O
K +1=tan* 0+1

“=sec’ 0
i i 2
gy | —gec*0dl
jx(x’ +1)dx ftanﬁsec’é?
(L ao
tan @
:Jcosﬁde
sin@
=log, [sin 6|
=log ___x._+é
¢ NEEa
Let t=tan—
et t =tan—
2

) 0
When x =0, t:tan5=0

T w
=, t=tan—=1
When x 5 2

1 .
It = —sec” —dx
dt 236 7

1 2 X
==—|1+tan* = |dx
2( 2)
1+1£
=}.(1+t2)dx 2t
2
2dt 3
It = 1-¢
=T

-.2010 4 Page 65

: J'z 1, dx= .
Jo 1+sinx i
U
_Jl_%._[lt
ol+1*+2¢
i
:J AL+6y dt
[
_[2(1“)4}‘
-1,
=~142
=1
Method 1
Letu=+x Letu=1x
x=u® or ©odu= \1/_dx
9
dx=2udun “vx
So 2udu=dx

dx #2J udu
f1+\[;~ 1+u
Y +u _——}—)du
) 1+ l+u
-2 j (1.‘—1—] du
1+n

= 2(u

=2Vx ~2log, (1-++/x)+e

Method 2
Letu=1++x

1
dx
N
Z\Edu =dx
Ay —1)du=dx

(-1 du
f1+x/_ j

:ZJ (1“)@ .
N U s

= 2(u—logglul)+d

=2+ 2/x—2log, (1, ) .
Note that c=2+d sotha’g
using method 1 or 2 are €q

du=
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‘Question 2

@ ) 2=(5-iy?
L =25-10i +4"
=24-10i
() z+27=5-i+2(5+i)
' =5—i+10+2i
=15+i

LAY F3-1]= 4 (ABY + (17
=32
Arg(—x/g——i) :zg 01._5?75
but Arg(z)=6 where —7 <8<
~Arg (—\/5——1') =__5—6T£

*\/E—i=Z(COS:S—W—Hsin:i?E
6 6

’%] 5
@ (—\E— i)6 = [Q(COSZE'*- isinﬂij}
6 6

= 26(0037—n>< 6+ isin—7£>< 6)
6 6

= 2%(cos7nt+ isin 77)

= 2%(cosm +isinm)

= 64x(-1)

=64

@ O lslz]SZ = 1<x*+y* <4

0<z+2<3 = OSxS%

@ O

()

(i)

2010 ¢ Page 66 -

0A=[0A)=|4-1
08=[oB|=||=| =1
So OA=0B

OACSB is a parallelogram with
adjacent sides equal .. it is a thombus.

Arg (22 ) =2Arg(z)
=20
~ZBOA=6
In a thombus, the diagohals bisect the
angles so ZCOA :g‘

6 30
Arg(z+ ) =0+—="2,
g(z+2") 5=

Im

8 Re

2

|z + zzl =0C.

Let M be the midpoint of OC.

In a rhombus, the diagorials bisect
each other at right angles,

Mathematics Extension 2

In AOMA,
g OM
€08 — =
2 0OA
oM
1
=0M
0C =20M

So OC :20032—

.'.|z+zz|:2cos§

) 4= 2003%(&'.?%) from (ii) and (iii

: e 39 . 6,30
= 2¢0§— COS—+I X 2C08—SIn—
2 2 2 2

30
Re (z + zz) = 2005-2—cos7
Alternately,
2+7% =cosO-+isinf+cos20+isin 20

Re(z+z2)=cosﬂ+c0320

f 36
s.cosf+cos28 = 2cos—2—cos =

Question 3

@ O Pt Lﬁ

(i)

2010 4 Page 67

)

(©

@

Veatia = E{%;)Zﬂy(‘t —x)0x

V,=nRH~ ar*h

K

R=4-x r=4-x-6x, h=H=y

Vg =79 {(4= 2 (4= sx)'}
=7ry'{8—2x—§x} Sx
=2ry{4-x}ox as (5x)’ =0

= 27Tj: (8x— 6x +x° ) dx
=27 [4x2 2%+ %:]:

=8z
There are alternative methods.

Let p=P(H), q=P{), q=1-p
(p+q) =p’+2pq+q"
2pg=048 ..2p(l- p)=048,
pt-p+0.24=0

(p-06)(p—04)=0

L p=0.6o0r04
but p>gq, .'.p=0.6‘
P(HH)=0.6x0.6=0.36.

c
c+—
-t

mg, =-

P
ct+c 1
= X

t c+ct

1
t

oy =1
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‘Equation of I;:

c .
)

c
y=—tx+ct’ +=
1

¥ :ftx+c(t2 +lj
t
Gy e
-1 1
Mpy = = -
c—ct  t(l-1) t
Equation of /, :

)’+—j—:l(x+cl)

C
y=tx+ctt—=
t

y =z:v+c(t2 —1j,
t,

{iif) Substitute for yin /,

~tx+c(t2 +%) = tx+'c(t2 ‘1)
t

~Pxtet vo=x+or’ —c

2 x =2
¢
=
Substitute:
y= —t(%J+c(t2 +1)
t t

=ct?

f c
o Pis (7,01‘2}
t

(iv) The locus of P is the first quadrant
portion of the rectangular hyperbola
which defines the original curve. Since
the parameter is # rather than t, there
are 110 points in the third quadrant.

Alternate answer:

. c i
Since t—zx ct* = ¢, the locus of P is

also the rectangular hyperbola xy =¢?,
However, since the parameter is £
rather than ¢, the locus has no points in
the third quadrant.

Question 4

(a) () Differentiate with respect to x

Jr+yfy =1

IS
2\/; '2\/; dx
dy_ 1,1
e 2x 24y
__[
X
) =J;_1 x#0
\/; L
(&) C xe y=1

(1, 0) and (0, 1) are obvious endpoints.

The gradient is always negative.
1]

(iii) \/I;I'l'\/m -1

2010 % Page 68

Mathematics Extension 2

(

by ® v
) A Fsina - N
Neow

Feogy,
Nsino.

Vertically the forces are in balance,

~Ncosa+Fsina=mg o
Horizontally there is a net centripetal
2
. . my
force of —,
”
my
~Nsing—-Fcosqg=—- @
-

Multiply @ by sinar, @ bycose and
subtract:
v

. ¥
Fsin® @+ F cos’ o =mg sin a—Tcos et

. . my
je F =mgsin¢—-——cosc
-

(i) When F=0: )
, mv’
0 =mgsin a’—mTcos a

2
my

cosa=mgsin&
-

, _grsing
VT s
y=./grtana
11 k
© A s
atb _k
Tab a+b

(a+b)2 = abk
a*+(2b—bk)a+b* =0
A, =(2b—bk)" -4.10"

=b2[4—4k+k2~4]

=k(k—-4)b
>0 sincek20andbeR

for

{(dy @ ¢, ="C, =495

) 120 o B e d )
G) -2c % C;4x Co 55

Question 5

(@) (@ B(bcos8,bsind)

() y* (acos 8y N (bsin6)’
} ?+F T4 b
=cos? §-+sin” &
=1

. P satisfies the equation of the
ellipse, so P lies on the ellipse.

(i) Method 1
d(= d
—f T |F i
dx(a2 b’] (1)
24.2’.@’_:0
a® b dx
fl_}i' bx

dc  a'y
. b _acus8
Mhsngent = —?X Deing
bcosé
asin@
-equation of tangent at P 1

beosl
_bsinf=-
y=bsin asind

(x—acos)

aysinf—absin® §=—-bxcosf+ abeos” 6
bxcos 8+ aysiné’zab(cos2 8+sin® 9)

bxcos @ +aysinf = ab

Method 2
dy_dy, a8

dx d@ dx
T de de
_ bcosd
T—asin@
_bcosd
asind
Then proceed as in Method 1

2010 ¢ Page 69
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(iv) From (jii).the tangent at A is:
axcosf+aysinf=a* (asb=a)

xcos@+ ysinf=aqa ®
and the tangent at P is
bxcos@+aysin@=ab @
Oxb
v bxcos@+Dbysin@=ab ®
@-0

ysin@(a—b)=0
=0 as(a>h,0=0)
Intersection is on the x-axis as y = 0.

(b) Method 1: Differentiation of RHS

(e

Method 2: Partial Fréctions of LHS

J )’(f—y— )’):j($+lfy]dy

.~,15A(1-«y)+By
wheny=0, A=1
wheny=1, B=1

J y(ffyfﬂi lly]"y

:ln[ ¥ |——h1l 1—y]+c

~ln[ Y J+c
1~y

[because 0 < y<1]

(© () Asay(1-y) isaconcave down
quadratic iny as @ > 0, then the

maximum value will exist on the axis

of symmetry, y= L =

2(-1)

N[

2010 ¢ Page 70

Many othet methods would be
acceptable.

(i) Method 1 — Separation of variables

Jy(ldzy) :j o

L‘ —ax +1
Lettingk =¢™ ¢
1

T

Method 2 — Taking reciprocals
a_ 1
dy ay(l-y)

=1J dy
=~h( ]+c2

sax+e,=In [»ry——J [¢, =—ac,]
-y

OR..ax—c, =111(—1-y—y] [e, =ac,]

. e Y OR )’ = g™
1-y 1-y
then proceed as in Method 1.

Mathematics Extension 2

-(iif) !

Given x =0, y—lo

11 1

‘T(S-_ke°+1~7<‘;i
k+1=10
k=9

(@iv) The'feature of the graphis the point of
inflexion at y = %.

R 1 R
xee ¥ "+
x=0,y=0-1
Question 6
@ O b lab)2
lh-x
(axs)/2
s 3|
1
| x
a

Corresponding sides of similar
triangles are in proportion.
Hence:

201.0 @ Page 71

)

s 2
=J [az__zz_z(a—b)H(mp xz)dx
h h

h
. ala=b) 5 (a=by ¥
ﬁ[a X n X i 3 X

- . R AY ] 3
a(@=b) 2, (a Zb) L
h h 3

=a’h

”(3 ?_34% 4 3ab+a” ~2ab+D*)

];(a +ab+ b’ )

Required to prove that:
a, = (1 +«/§)’ + (1—«/‘27’ forall n=0.
When 7 =0:
ay = (1442 +(1-v2)
=141
=2
Whed =1t
= (1+42) + {1 J3)

=1+ J2+1- V2
=2,
-~ the forinula holds true forn=0, L.
When =2
iy = (1H2) + (1=+2)?

=14+ 242 +2+1-242 +2
=6
Using the formula:
a,=2a,+a,=4+2=6
s.the formula holds true for n =2.

Assuriie the formula is tfue for
n=k—1and n=k

{where k=1 (k integer)).
That is, assume

NN
ey = (1 "'\EYH + (1““5)(4 :
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.»From the definition of the sequence,
Qe =20, +ay ).

»ak+1~2((1+\/") +(1-42 )
+(1+\/§)H+(1;\/§)H

Factorising,

‘a,, :(1+\/§)k_l (1+2(1+J§))
+H(1-42) " (142(1-42))
‘=(1+\/§)k_1 (1+2J§+2)
+(1—\/5)k_1(1—2\/§+2)
=(1++2)" (1++2)
+(1~\/E)k_l(1—\/5)2
:(1+\/§)k”+(1-\/5)k”

Hence the formula is true for
n=k+1.

Therefore, by the principle of
mathematical induction, the formula is
true for all integers n> 0.

(c) 6)) (cos @+isin 8) = cos® 0+ 5cos® Hisin )
+10cos’ H(isin #)*
+10cos® O(isin #)*
+5¢c0sO(isin @) +(isin )

=cos’ @+ 5icos” Psin @
—10cos’ @sin® §
—10icos? fsin® 6
+5cosBsin® f+isin® @

(ﬁ) By de Moivre’s theorem,
(cos@+isin§) =cos50+isin50.
equating imaginary parts,
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“sin38 ="5cos* Gsin®—10cos’ Osin’ @
+sin® 4
) =5(1~sin2 09)2 sin g
‘ .~'10(1—sin2 6) sin*@+sin’ @
=5sin 49(1— 28in® H-+sin* 0)
—10sin® §+10sin® 6 +sin® §
" =55in §—10sin’ # +5sin’ 9
—10sin’ #+10sin® +sin’ 9
=16sin’ 6—20sin* @+ 5sin
(iii) Substitute ¢ :i% into the identity
proven in part (ii):
16sin® {5~ 20sin’ 2 + Ssin 7 =sin(5x 2 )
That is,
16sm —ZOsm +5sm =1

16si115T6—205m +551n *1 0

Therefore, x.= sm—m is one'of the

solutions to 16x° —20x° +5x-1=0.

(iv) - ‘By'long division or by inspection,
16x° ~20x° +5x-1
=(x~ 1)(1(x +16x° —44° —4;\+1)
That is,
p(x)=16x* +16x —4x? —dx+1.

M 6t +16x° —4x* —~dx 1= (4x2 + ax——lf
=16x* +8ax® +...
Bquating the coefficients of x® gives
a=2.

(Vi) From part (iif) x = smvﬁ is‘one of the
solutions to 16x° —20x° +5x-1=0
From parts (iv).and (v),

16x° — 204 +5x-1=0

(x-1)(42* +20-1)" =0

~22420
=

Therefore x=1o0r x=

- iMathematics Extension 2 ©

. .
- Thus s1n—16=———~. since
s1n1~0>0 and sin<x 10 =1,
N 2 _—1+«/—
That 18 sm—16— .

Question 7

(@ ®

&)

In A's ADB,KDC

2420

ZLADB = £ZEDC
(given angle + common angle)
LABD = ZKCD (standing on arc AD)
- AABD Ul AKCD (equi-angular)
AB —A—Q = 5D (sides in proportion)
KC KD cD

Since AADK Il ABDC
AD AK DK
BD BC “pCc
. ADXBC = BDXAK
from (i) ABXCD=BDXKC
adding we get:
ABXCD+ADXBC
=BDxKC-+BDXAK

ABXCD+ADXBC = BDX(KC+AK)
BDXAC=ADXBC+ABXDC
A

AB=BC=CD=1
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®)

(©)

e

L AC=AD= BD X :
BDXAC = ADxBC+AB><DC

xxx=xxl+1x1

F=x+l
x—x-1=0
x5

x= + since x>0

By inspection »
2*>3x-1 forxz3

@ Plx)=@-Dx" - m”” +1
P'(x)=n(n-1)x"" —n{n—1x
=n(n—Dx"[x~1]

© =0 whenx=0,1
+. There are two stationary points at

-2

0,1) and (1,0)
) py=@m-DI"-n1"" +1
=0
P/ =n(n—11"" —n(n—1H1"?
=0

x = 11is a double zeto.

(iil) asx—> oo, P(x) =300
as x — —oo, P(x) — —o0
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(iv)

There is a double zero at x =1-and
only two turning points. There is
another turning point at (0, 1). Thus
there must be a zero in the domain
—w<x<0.

P(=1) = (n=1)(=D)" —n(=1)"" +1
= -)(D—n@)+1 [nis 0dd]
=-n+l-n+l
=-2n+2
<0 [n=3]

1 1 n 1 n-1
P(_E) =(n-1) (w—i] —n(—a) +1

=(n~1)%"1—n2—}7+1 [nis odd]

1
=?(~n+1—2n)+1
_3n+l
- 2"

_ 2" -3n+1
- o

+1

From (b)
2'>3n-1 forn=3
-3n+120
2" -3+ >0
2"

P(~—~1-j20, nz3
2

P(x) is continuous and the change in
sign indicates that the curve must cut
the x-axis.

.‘.~1<ozs—l
2

(v) P(x) is of degree 5, s0 5 zeros. Three
of them are 1,1 and ¢ . Siice the
coefficients are real, the remaining 2
zeros are complex conjugates, say J

and /. The product of the roots is
s =, 1
1lla.pf=——
BB=—

alfl' =5

But -l<ax< —%, from part (iv).
Oir inspection:

1 2 1

— <

Lejg s

1 1

< <

2 I'BI <2

Tt follows that all zeros have a
modulus less than or equal to 1.

Question 8

(a) u=cos™ ' x

du _ .
- =—(2n-1).cos** x.sin x
X
y=giflx
dv
~——=Co8X
dx

i
A =Joicosxcosz"" xdx

[smx.casz’H

~(2n—1)_[05 sinx.cos™ 2 x.—sinxdx
z
=0-+(2n—1)[sin x.cos" " xdlx
=(2n-1) jf (1—cos? x).cos™? xdx
z Lt
=(2n-1) [IOZ cog™ de_foz cos™ x¢
=(2n-1)A_ -@n-14,

24, =(2n DA,

1A M_ZE Az—l
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(c)

@

u=cos™ x

= —2nsin x.cos™? x.dx
y=x = dv=dx

n ks
A‘.:[x.cosz" x[2 +2”J02 x.cos” x.sinxdx
= O+2nJ. x.sinx.cos™ xdx
= 2nf xsinx.cos?™ xde

Let u =sinxcos™ " x

du 2 .3
2 o™ x—(2n—1)cos™* xsin” x
dx

=cos” x—(2n—1)cos™ (1—(:052 x)

-2
=2ncos™ x~ (2t —1)cos™ * x

Let dv=x
2
X
V=—

2
A :QnLExsinxmsz"" xdt

i
[ﬁ.sinxoos?’” x];
=20l 2

‘r 2noos x~(2n~1)cos*2x) e

O—nJ?xZ cos™ xdx

=7n .
4———2”_1Ffmsz”’2 xdx
2 0
<ol 2l |
== B +@2n~DnB,,
A,
n2 1 -l I
'ﬁ‘%' = 2l Bn—l 2Bn
n n
- 2B
B
# ' '
_ -1 B ~Z2% fiom (a)
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(e)

®

il

n An—-l An

(B B
An—l ‘An

Usinig the formula from (d)

il“iﬂ“i 1. +1
et SRS Ty "

2[& B‘]+2(B ~§1}+
A 4) A 4

i 'ZBlr—l _ _Z_B__
2

. , 2 e
Giveh smx=>—x for0<x<—
V3

o

. 4x*
sin’ x> —-
7
i
B = f 2 5% cos™ xdx
0

n

= E K(1—sin’ x)" dx

Y 2 n
P X (1--4—)6—2—) dx
o 7t

AN
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(g) 2\
Cu=x o dv= x(l—ﬂc—J dx
T
s 2 2\
Cdu=dx v= " 1~—4L2
8(n+1) 7

% 7Y % 2y
J x{l—%j dx=[ x.x[l—l‘—;\z—) dx
0 i 0 T

2 ntt
&t
8(n+1) 7

) Let x:ZT—sint, dxzﬁcost.dt
2 2

When x=0, =0
‘When x=£, tzf-
2 2

I3
7 1+l
fz 1 sin® f Ecostdt

u 8(n+])
”3
16(;”1)} (1 sin T) .coszdt
n+1)fo%(°°“ .cost dt

j' 2n+3
16(n+1) 0

n
j.zcosz” tdr as-cost<1

16(11+1) 0
_ 7?.'
16(n+1)
- 3
B s—— | Peos™rar < ——4,
16(n+1) J o 1601+1)

(1) From (e)

noq 2

12 ok
S0 6 A
B, 7 &1

n

A6 SR

From (h)
3
Bll S H A"
16(n+1)
3
1B <=2 A
: 8(n-+1)

A 8(n+1)
2 E 3
Tyl ?
6 Sk 8+l
2 3 [
r__z Sz—l—
6 8+l i’
Also from (e)
n 1_
S

k=l

since 4, >0

Combining

—2§1 and ﬂ>0
All n
Sy <
=l

oz

g <yl
6 8+l 4K 6

r
6
_"1 ”2
6
3

i 2

@ 8

As n-— oo, -0
8(n+1)

From )]
1
—8——0<11m2——<—6——

e

1 ogt

N 2
o £ k 6

End of Extension 2 solutions
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