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General Instructions

* Reading time — 5 minutes

» Working time — 3 hours

* Write using black or blue pen

* Board-approved calculators may
be used

¢ A table of standard integrals is
provided at the back of this paper

o All necessary working should be
shown in every question

Total marks — 120
= Attempt Questions 1--10

+ All questions are of equal value
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Total marks - 120
Attempt Questions 1-10
All questions are of equal value

Answer each question in the appropriate writing booklet. Extra writing booklets are available.

Question 1 (12 marks) Use the Question 1 Writing Booklet.

(a) Solve x?=4x. 2

=a+ b5, 2

(b) Find integers @ and b such that

1
-2

(c) Write down the equation of the circle with centre (—1, 2) and radins 5. 1

(d) Solve |2x+3|:91 2

(e) Differentiate x>tanx with respect to x. 2

(f)  Find the limiting sum of the geometric series 1 — % + é - —2}7— o 2

® Let f(x)=+x—8. Whatis the domain of £(x)? 1
_2_

Question 2 (12 marks) Use the Question 2 Writing Booklet.

. . cos .
(a) Differentiate 5% with respect to x.

(b)  Solve the inequality x> —x—12<0.

(c) Find the gradient of the tangent to the curve y=1In(3x) at the point where
x=2.

(@ () Find J 5% +1dx.

(i) Find j * ax.
4+ x?
6
(e) Given that J. (x + k) dx =30, and k is a constant, find the value of k.
0




Question 3 (12 marks) Use the Question 3 Writing Booklet.

(2) Inthe diagram A, B and C are the points (=2, —4), (12, 6) and (6, 8) respectively.
The point N (2, 2) 1s the midpoint of AC. The point M is the midpoint of AB.

@
(i)
(i)
i)
)
(vi)

¥y
c(6,8)
B(12, 6)
NOT TO
SCALE
M
(0] x
A2, -4)

Find the coordinﬁtes of M.

Find the gradient of BC.

Prove that AABC is similar to AAMN.
Find the equation of MN.

Find the exact length of BC.

Given that the area of AABC is 44 square units, find the perpendicular
distance from A to BC.

Question 3 continues on page 5

Question 3 (continued)
(b) (1) Sketch the curve y=Inx.

(i) Use the trapezoidal rule with three function values to find an

approximation to
3
J Inxdx.
1

(iii) ~ State whether the approximation found in part (ii) is greater than or
3

Iess than the exact value of j Inxdx. Justify your answer.
1

End of Question 3




Question 4 (12 marks) Use the Question 4 Writing Booklet. Question 4 (continued)

(a)  Susannah is training for a fun run by running every week for 26 weeks. She runs (c) There are twelve chocolates in a box. Four of the chocolates have mint centres,
1 km in the first week and each week after that she runs 750 m more than the four have caramel centres and four have strawberry centres. Ali randomly
previous week, until she reaches 10 km in a week. She then continues to run selects two chocolates and eats them.

10 km each week.
(i) What is the probability that the two chocolates have mint centres?

(1) How far does Susannah run in the 9th week? 1

(if) What is the probability that the two chocolates have the same centre?
(i1) In which week does she first run 10 km? 1

(iii) What is the probability that the two chocolates have different centres?

(iii) 'What is the total distance that Susannah runs in 26 weeks? 2

d) Let f(x)=1+¢"
(®) The curves y=e%* and y=¢* @ )

diagram.

intersect at the point (0, 1) as shown in the 3

Show that £(x}x F(-x)= f(x)+ F{-x).

End of Question 4

Find the exact area enclosed by the curves and the line x=2.

Question 4 continues on page 7




Question 5 (12 marks) Use the Question 5 Writing Booklet.

(a) A rainwater tank is to be designed in the shape of a cylinder with radius r metres
and height 1 metres.

The volume of the tank is to be 10 cubic metres. Let A be the surface area of the
tank, including its top and base, in square metres.

(i) Given that A =27r% + 27rh, show that A = 272 + 270

(ii) Show that A has a minimum value and find the value of r for which the
minimum occurs.

(b) (i) Prove that

2 1+ sinx
sec”x + secx tanx = ———
cos? x
(ii) Hence prove that
2 1
sec”x + secxtanx = ————.
1 — sinx

(iii) Hence use the table of standard integrals to find the exact value of

Question 5 continues on page 9

Question 5 (continned)

(c) The diagram shows the curve y = %, for x>0.

The area under the curve between x=a and x=1 is A;. The area under the
curve between x=1 and x=0 is A,.

¥

0

a 1 b
The areas A; and A, are each equal to 1 square unit.

Find the values of a and b.

End of Question 5




Question 6 (12 marks) Use the Question 6 Writing Booklet.

(8) Let f(x) = (x+ 2 +4).

®
(i)

(iif)

Show that the graph y = f (x) has no stationary points. 2

Find the values of x for which the graph y = £ (x) is concave down, and 2

the values for which it is concave up.

Sketch the graph y= f(x), indicating the values of the x and y 2

intercepts.

(b) The diagram shows a circle with centre O and radius 5 cm.

The length of the arc PQ is 9 cm. Lines drawn perpendicular to OP and OQ at
P and Q respectively meet at T.

®
(i)
(iif)
(@iv)

NOT TO

SCALE
Find ZPOQ in radians. ; 1
Prove that AOPT is congruent to AOQT. 2
Find the length of PT. 1
Tind the area of the shaded region. 2

—10-

Question 7 (12 marks) Use the Question 7 Writing Booklet.

(a) The acceleration of a particle is given by
X =4cos2t

where x is displacement in metres and ¢ is time in seconds.
Tnitially the particle is at the origin with a velocity of 1 m s
(i) Show that the velocity of the particle is given by

X =28n2r+1.

(ii) Find the time when the particle first comes to rest:

(iii}  Find the displacement, x, of the particle in terms of ¢.

(b) The parabola shown in the diagram is the graph y =x2 The points A (-1, 1)
and B (2, 4) are on the parabola.

¥y
y=x
B(2,4)
A(-1,1)
(0] X

(1) Find the equation of the tangent to the parabola at A.

(iiy Let M be the midpoint of AB.
There is a point C on the parabola such that the tangent at C is parallel
to AB.

Show that the line MC is vertical.

(iii) The tangent at A meets the line MC at T.

- Show that the line BT is a tangent to the parabola.

11—




Question 8 (12 marks) Use the Question 8 Writing Booklet.

(@

(b)

Assume that the population, P, of cane toads in Australia has been growing at a

. . dP . -
rate proportional to P. That is, 7 = kP where k is a positive constant.
dt

There were 102 cane toads brought to Australia from Hawaii in 1935.

Seventy-five years later, in 2010, it is estimated that there are 200 million cane
toads in Australia.

If the population continues to grow at this rate, how many cane toads will there
be in Australia in 20357

Two identical biased coins are tossed together, and the outcome is recorded.
After a large number of trials it is observed that the probability that both coins
land showing heads is 0.36.

What is the probability that both coins land showing tails?

Question 8 continues on page 13

_12—

Question 8 (continued)

(c) The graph shown is y=Asinbx.

e

(i) Write down the value of A.
(ii) Find the value of b.

(iti) Copy or trace the graph into your writing booklet.

On the same set of axes, draw the graph y=3sinx+ 1, for 0<x < 7.

(@) Let f(x) =x? —=3x% + kx +8, where k is a constant.

Find the values of k for which f(x) is an increasing function.

End of Question 8

— 13—




Question 9 (12 marks) Use the Question 9 Writing Booldet. Question 9 (continued)

(a) (i) When Chris started a new job, $500 was deposited into his 2 )
superannuation fund at the beginning of each month. The money was
invested at 0.5% per month, compounded monthly.

Let y=f(x) be a function defined for 0 <x<6, with £(0)=0.

The diagram shows the graph of the derivative of £, y=f"(x).
Let $P be the value of the investment after 240 months, when Chris
retires. y

Show that P =1232175.55.
(i) After retirement, Chris withdraws $2000 from the accotint at the end

of each month, without making any further deposits. The account
continues to earn interest at 0.5% per month.

X
Let $4, be the amount left in the account n months after Chris’s
retirement.
(1) Show that A, = (P — 400 000) x 1.005" + 400 000. 3
(2) For how many months after retirement will there be money left in 2
the account? The shaded region A, has area 4 square units. The shaded region A, has area

4 gquare units.
(i) For which values of x is f{x) increasing?
Question 9 continues on page 15
(i) What is the maximum value of # (x)?

(i) Find the value of f(6).

(iv) Draw a graph of y=f(x) for 0<x <86,

End of Question 9

—14- ~15-




Question 10 (12 marks) Use the Question 10 Writing Booklet. Question 10 (continued)

(a) In the diagram ABC is an isosceles triangle with AC=BC=x. The point D (b) The circle x*+y*=7r* has radius 7 and centre O. The circle meets the positive
on the interval AB is chosen so that AD=CD. Let AD=a, DB=y x-axis at B. The point A is on the interval OB. A vertical line through A meets
and ZADC=6. the circle at P. Let 6 = ZOPA.

Y
’
[9]
(i) Show that AABC is similar to AACD. 2
(ii) Show that x*=a’+ ay. 1
(ii) Show that y=a(l —2cos 8). 2
(iv) Deduce that y < 3a. 1 (i) The shaded region bounded by the arc PB and the intervals AB and AP
is rotated about the x-axis. Show that the volume, V, formed is given by
3
. . r , . 3
Question 10 continues on page 17 V= T(Z —3sin@ + sin 9) .

(i)

A container is in the shape of a hemisphere of radius r metres. The
container is initially horizontal and full of water. The container is then
tilted at an angle of 6 to the horizontal so that some water spills out.

(1) Find 0 so that the depth of water remaining is one half of the original
depth.

(2) What fraction of the original volume is left in the container?

End of paper

-16- -17-
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Mathematics

Question 1

(a)

b)

(c)

(@)

(e)

x* =4x
x(x-4)=0
x=0,4.

11 A5+2
-2 -2 5+2
_\/§+2
T 5-4
=5+2
=2+J§
=a+bx/§

La=2and b=1.

Circle whose centre is (-1, 2) and
radius 5 has equation
x+D +(y—-2)* =25.

[2x+3 =9
2x+3=9 or 2x+3=-9
2x=6 2x=-12
x=73 x=-6
Sx=3,-6

Using the product rule

d 2 1 !
—x"tanx=uv+uy
dx

=2xtanx+ x* sec’ x

= x(2tan x + xsec” x)

® 111 .
— =4 —-4 . is a geometric
39 27

1
sequence where a=1and » = -3

1
1~(~§)
1

)

W |

3

4

(® F(x)=+/x~8 is defined for
x—820

iex>8
Hence the domainis x>8.

Question 2

(a) Using the quotient rule
d(cosx)_uv-w/
dx\  x v

_ (=sinx).x—(cos x).1

X

_ —xsinx—cosx

2
X

(b) %2 —x-12<0
(-4 (x+3) <0 3 2
-3<x<4

2010 ¢ Page 33

ﬂ:}—x?»

© dx 3x

i

W wil;

when x=2
dy_1

dx 2

.1
The gradient of the tangent 1s 3

i i \
@ ® j\/5x+1dxzj(5x+l)7 dx

:—«—(S;CH)Z +C
x5
2

:%J(sxﬂf +C

(ii) j X dx:lj xzdx
445 2) 4+x

:—;—111(4+x2)+c

=InJd+x*+C

V 5
© J (x+k)dx:30

0

1 6
[—xz +/cx] =30
2 0

%(6)2+6k~(0+0) =30

18+ 6k =30
6k =12
k=12

Question 3

(i)

(if)

@iv)

2010 ¢ Page 34

2 2

=(51)

. The coordinates of M are (5, 1).

@ O v :(—2+12,—4+6)

Y2 =N

B X2 =%
_8-6

6-12

,
NS
N

)
|

S =

W= W

Prove AABC is similar to AAMN.
N(2,2) M(5,1)

Y2~ N

Xy =Xy

Gradient of MN =

oM =my,, . BC is parallel to MN

In AABC and AAMN

ZCAB is common

ZANM = /ACB (corres. Zsin |])
ZAMN = ZABC (corres. £s in | l)
- AABC 1| AAMN (equi-angular)

gradient of MN = —% [from (iii}]
y-y =mlx=-x)
1
—2=——(x-2
y 3 (x-2)

3y—-6=—x+2
x+3y—-8=0




Mathematics

)

(vi)

®

(i)

d :\/(xz =x)? + (v, - y)?
~Ja2-67 < 6-8)?
=36+4
=40

=210

*, the distance is 2+/10 units

Area of AABC= %x BCx 1 distance

%xZ«/ﬁxthM

V10 x =44
44
o

44410

10
Jio

.. the perpendicular distance is

22410
5

units.

y
=lnx
P y
]/
> 3 4 5 x
N 1 2 3
-2

Area = %[(Inl +In2)+(In2 +1n3)]

:%[O+21n2+1n3]

=1.24units’> (2dp)

(i)

-1

-2

It is less than the exact value because
y=Inx is concave down and the

trapezia are beneath the curve.
Question 4

(a) (i) This is an arithmetic series
wherea=1,d=0.75and n=9.
T =a+(n-d
T,=1+(9-1)x0.75
T, =7
. She runs 7 km in the 9" week.

(ii)  whenT, =10,
10 =a+(n-Hd
10=1+(n-1)x0.75
10=1+0.75xn-0.75

0.75xn=9.75
n=13
. She runs 10 km in the 13™ week.
(iii) For the first 13 weeks:

n
S, =—(a+l
" 2( )

13
===(1+10
2( )

=71.5km
Tor the second 13 weeks, she does

10 km each week.
.. total distance for 26 weeks is

71.5 + 10x13 =201.5km.

2010 ¢ Page 35
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(b) Area = J‘Oz (™ —e™)dx

o

_et 11
2 ' 2
=£ +L—1— units®
2 .
© ® P(2mmts)~—4—x-§—
12 11
L
11

(i)  P(same) = P(mm) + P(cc) + P(ss)

11 1
=—t—
111 11
3
11

(iii)  P(different)=1—P(same)
12
i1

(D FOX =0+ )1 +e™)
=l+e* +e +e°
=2+e" +e

(since €° =1)
F)+ f=x)=0+e)+({1+e™)
=l+e’ +1+e™
=2+¢" +e”

S FX f(=x) = f0)+ f(-x)

Question 5

(a) @ V =Ah
V=rrth
10=mxr*xh

10
nr?

A=27zr% +27rh

=27r? + 27y ——102
r

20
=2zr? +=
r

h=

(i) A=27r® +20r™"
51—4 =dgr—20r2
dr

let — =0
dr

O=drr ~2—0

ar? r

Since r >0 forall r
d*A

dr

. a minimum value

. .. . .15
.. the minimum value is 3[— m.
b4
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(b) (1) LHS =sec” x+secxtan x (© ) ) =3x"+4x+4 ®

1 + 1 ><sinx J'(x)=6x+4

cos’x cosx cosx F(x) <O when6x+4 <0

1 sin x

- + <=

cos’x cos’x 3
_I+sinx F'"(x)>0 when 6x+4>0

cos’ x r>_Z
=RHS b

a=e¢’ . 2 =76
i 2 - f{x)1is concave down when x < —— =7
(i) LHS =sec® x+secxtanx by 3 9=50

l+sinx . 1:J —dx . f(x)is concave up when ‘c>—z :
" costx from part () I xb w1 P 3 =2 ~128 radians

145 =[Inx] 5
S | (i) £ = e+ 207 +4)

1-sinx =[Inb~Ini] {V DA (i) Aim: Prove AOPT = AOQT
_ 1+sinx =Inb-0 e i Data: arc PQ =9cm '

(1+ sin x)(1 - sin x) —1nb y=(0+2)(0" +4) OP =0Q = 5cm

) . y=8 LOPT=£0QT =90°
B I—-sinx e when y =0 Construction: Line OT
7 =e " A = 4 "

= RHS e and b e 0=(x+ 2)(x2 +4) Proof: OP =0Q (radii)

5602 x+secxtanx =

1—-sinx

(iii) j% 1
dx

Question 6

(a) B letu=x+2 and v=x*+4

x+2=0 or x*+4=0

x=-2 no solutions

From (ii), change in concavity

LOPT =Z200T (given)
OT (common)
.. AOPT = AOQT (RHS)

(ii1) ZPOQ =1.8 radians

o l—sinx w=1 v'=2x 2 .. ZLTOP =0.9 radians
\ i / when x=~= (y~5.9) : )

J‘% 2 ¢ ) S0 =uvruy 3 since OT bisects ZPOQ
= |4 sec’ x+secxtanx dx 3 2

0 =Ix(x"+4)+ (x+2)x2x an0.0° =P5T

L8 _ 2 2
={tan x+secx|? =x"+4+2x" +4x )
=3x* +4x+4 PT = 5tan0.9

:Ktan£+ seczj—(tanOanecO)}
4 %

a=3, b=4, c=4

PT =6.30079...
PT =63 cm (1dp)

_ 2
:1_“/5_(0_‘_1) A=b"—4dac
_ \/i =4% _4x3x4 (iv) Area=2xArea AOPT — Area sector
=-32 i 2% coxtpn-Lig
A <0 .. no real roots 2 2
S S =0 ' . :2><l><5><6A3~£><52x1.85
.. f(x) has no stationary points. 9 5
=31.5-22.5
=9cm’ (0 dp)
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Mathematics

Question 7

(a) (i) X=4cos2t
k= I4cos 2idt

in 2zt
:4sm i C

=2sin2t+C
when t=0, x=1,
1=2sin0+C
S C=1
S X =2sin2t+1

(i) when x=0,
2sin2t+1=0
2sin 2t =-1

sin 2t = —l
2

2t =sin"' (—l)
2

U=r+Z
6

Iz
6
1
t=—0o
12
.. The particle first comes to rest

after ZE seconds.
12

(i) x= f(Zsin 2 +1)dt

2cos2t
=_—

t+C

=t—cos2t+C
whent =0, x=0:
0=0-cos0+C
LC=1
Sx=t—cos2t+1

)

24

AL

@ yoy?
ﬂ:2x
dx
when x = -1, D
dx

equation of tangentat A:
y=y =mlx=x)
y=1=-2(x~(-1))
y=-2x-1
2x+y+1=0.

(if) M:(2+(_1),i;-—1)

2

The gradient of tangent at C = m
For the tangent at C:

—(Q:Zx and 2x=1
dx

SLXx=—=
2
The line MC is vertical since M and
C have the same x-coordinates.
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(iif) From (i), the equation of the tangent
atAis y=-2x-1

AtT, x:l.
2

y=—2x-1

{3

==2

aflea)

X

at B(2,4):
d_y: 2x2
dx

=4
:mET

..BT is a tangent to the parabola.
' Question 8§

(a) dP

when ¢t =0, P=102:
102 =R’
SRy =102
o P =1026"

(b)

(e)

2010 € Page 40

(@
(ii)
(iii)

whent =75, P = 200x10°,
200%x10° =102¢™*
P 200%10°
102
200x10°
102 j

[200><10"’]
In| ———
102

R

75
- =0.19318...
"when ¢ =100,
P =102
— 1026100x0.1931&.:
=72.503263...x10"°
=2.5x10" (2 5D
There will be approximately
2.5%10" cane toads in 2035.

15k :ln[

P(HH)=P(H)x P(H)
= 036
P(H)=0.6
L P(T)y=1-0.6
=04
L PITY=04x0.4
=0.16

A=4,

b=2.

y=4sin2x  y=3sinx+1




Mathematics

(d) Flx)=x"-3x" +hx+8
Vi (A) isincreasing when f '(x) >0
Fi(x)=3x"-6x+k>0
For positive definite, a>0 and A<OQ:
a=3 (a > 0)
A<O
b? ~4ac<0
6% —4x3xk<0
36-12k <0
12k > 36
k>3

Question 9

(@ () Firstamount A, =500(1.005)"
Second amount 4, =500(1.005)"
Third amount  A; = 500(1 .005)23’3

240" amount Ay, = 500(1.005)
P=A + A+ A+ Ay,
=500(1.005™" +1.005™ +... +1.005')

= 500(1.0051 +1.005" +...+1.005*°)

This is a geometric series
where a = 1.005, r = 1.005, n = 240

¢ :a(r —1)
! r—1
1.005(1.005™ -1)
S0 = 0051
1.005(1.005™° ~1)

P =500
Thus X 0051

=$232175.55 (nearest cetit)

(i) A =Fx1.005-2000

(1) 4, =A4x1.005-2000
= (Px1.005—2000)x1.005-2000
= P(1.005)* —2000(1+1.005)

(ii)
@

®» O

(ii)

(iii)
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A, = P(1.005)" ~2000(1 +1.005 +..+1.005" ™)

= P(1.005)" ~2000x| L0051
10051

= P(1.005y" ~2000x] 1005 1
0.005

= P(1.005)" —400000 x[(1.005)" ~1]
= (P~—400000)(1.005)" +400000
This is the required result.

A =0 when

(P —400000)(1.005)" +400000 =0
1005 = 400000
P-400000

400000

" 400000-P
400000

400000~ P)

( 400000
n=In

11]111.005:]11(

——————|+In1.005
400000- P

400000
=In| ————{+1n1.005
400000-232175.55
~174.143...

. There will be money in the
account for 175 months,

J{x)is increasing when f "(x)>0.
From the graph, this is when
0<x<2.

Maximum at x = 2 since f'(x) =0
and the curve changes from
increasing to decreasing at this
point. A =4.. f(2)=4.

. the maximum value is 4 units.

f (4) =0 (fromsymmetry about x = 2)
76)=Fl4)+2x-3

=0-6

=—6.

2010 Higher School Certificate

(iv)
o (2.4)
y=f(x)
ol
| }
2 4 6 X
2l
i
6y (6,-6)

Question 10

(a) (i) AABC is isosceles (AC = BC, given)
~ZABC = ZBAC (base £'s of isosceles A)
AACD is isosceles (AD =CD, given)
+ ZACD = ZCAD(base £'s of isosceles A)
But ZBAC = ZCAD (same angle)
 LABC = /BAC = LACD = LCAD
InA'sABCand ACD:
ZABC = ZACD (shown above)
ZBAC = ZCAD(shown above)
A ABCIIlA ACD (equi-angular)

(i) 4B _AC [con‘es. sides of ]

AC ~ AD |similar As arein proportion

(ii1) Using the cosine rule:
x*=a>+a’—2a*cosf
naltay=2a>—2a’cosf
ay=a" —2a*cos @
[+a]—» y=a-2acosf
s~ y=a{l-2cos8)

(iv)

® O

(i)
@
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y=a—2acosf from (iii)
y—a=2acosf .
y—a
2a
~1<cosfd<1

cosfd =

1228«
2a
—2a<y-asla
—~a<y<3a
y>0 asDBis alength

Sy <3a

x2 + yZ — ’_2
ayri=rt-x’
Also, from AOPA :
OA =rsginé
Vzﬁjyzlh

- 22\ .
= gl
s
=7{r2x—x—j|
3 rsind
3 3 .- 3
=alr-l - ;-351“9_’_5“1_£
3 3 ]

3
=1[3’—(3—1—3sin9+sin3 6)

3
=%(2—3Si]’l O +sin’® 6’)




Mathematics

@ii) Original volume= % X %ﬂ' r’

@

_ 2r?
3

When 8 = %, from (i):
7rr
3 0)

ser® 2mr?

.. Fraction = +
24 3
5zr? 3
= X
24 27r?
“16

End of Mathematics solutions
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