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Mathematics Extension 1

General Instructions

* Reading time — 5 minutes

* Working time - 2 hours

* Write using black or blue pen
Black pen is preferred

* Board-approved calculators may
be used

+ A table of standard integrals is
provided at the back of this paper

*» Tl Questions 11—14,'sh0w
relevant mathematical reasoning
and/or calcnlations :

Total marks - 70

Pages 2-5

10 marks
» Attempt Questions [-10
T
» Allow about 15 minutes for this section

Pages 6-13 : ’

60 marks )

» Attempt Questions 11-14

* Allow about 1 hour and 45 minutes for this section
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STANDARD INTEGRALS
n 1 n+l - :
x™dx = 7, on#E-l x#20,ifrn<D
n+1 :
1
—dx =Inx, x>0
x
ax l ax
e dx =—e™, a#0
. a
1. )
cosaxdx =;sma.r, az(
. 1
sinaxdx = cosax, a#0
9 i
secaxdx =Eianax, a2zl

1
secax tanaxdx = Zsecar, a#l

!_ dx :ltan”li, a0
al+xt a a
1 . 1%
——dx =sin Z,-u‘:-:-(), —a<x<a
Ja? - x? _
1 ‘ .
——dx _~=]n(x+‘dx2—a2), x>a>0
Vit —a?
ww—}—dx =ln(x+\.‘x2+n2)

Vxt+ a2

NOTE: Inx= log x, x>0



Section T

12
3 What is the constant term in the binomial expansion of | 2x — 3, ?
i0marks . o
Attempt Questions 1-10 '

Alfow abont 15 minutes for this section 12
' A ( ] 2°5%

Use the multiple-choice answer sheet for Questions 1-10.

12) 90
® (7)o

1 The points 4, B and C lie on a circle with centre 0, as shown in the diagram.

- The size of LACB is 40°. o
_ 12).00
o © -[ X ]2 5
407 : ) @ - [192] 2359
0 NOT TO
SCALE
A 4 The acute angle between the lines 2x+2y=35 and y=3x+1 is 8,
B
- What is the value of tan 67
What is the size of ZAOB? . ’ ‘ )
P : (A)
(A) 20° :
40° ‘ 1
®) . : : B) 7
©) 70°
O 80° : @1
™ 2

2 'Which expression is equal to cosx —sinx?

(A) J2eos x4+ ' : : 5 \Zhichzgroup of three numbers could be thé roots of the polynomial equation
: 4 . xtax —4lx+42=017

(B) \ECOS[J:“E_J (A) 2,37
4 (B) ]-s "'6a 7 .
< -1,-2,21

©) 2_cps(x+£)
: 4 ) —1,-3,-14

N "
(D) 2cos(x - E]



8§ In pof 15 d ed
What is the derivative of 3sin! % 9 how many ways can 6 peopte from a group of 15 people be chosen and then arrang

in a circle?
6 : : 1t
(A) ) 8!
2
4-x "
3 ’ (B) 'gig
(B) L _ :
e - o2
. N o 9!
© N : 151
(3] 36
3 : ‘
(D) —— .
© 44— x?

9 The remainder when the polynomial P{x) =3~ 8% — 1% + 3 is divided by 224 x is
\

ax+3.
A particle is moving in simple harmonic motion with period 6 and amplitude 5. :
- What is the value of a?
Which is a possible expression for the velocity, v, of the particle? ’
B (A) 14
‘ (A) peleos[ Ze| | e
BER € , . © -2
o 3
T
By v= Scos[—IJ
W3
© v= 5z cos[fr] 10 Which equation describes the locus of points (x, y) which are equidistant from the
6 \6. distinct points (¢ + b, b—a) and (a—~b, b+a)?
D) v=3cos| ot (A) br+ay=0
' (B) bx+ay=2ab : e ) N
© bx—-ay=0

) bx—ay=2ab



Section II e . Question 12 {15 marks) Use a SEPARATE writing boaklet.

69 marks . -
Attempt Questions 11-14 . ] - i (a) A parficle is moving in simple harmonic motion about the origin, with
Alow about 1 hour and 45 minutes for this section . displacement x metres. The displacement is given by x=2 sin 31, where ¢ is

: time in seconds. The motion starts when =0,

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available. :
' : - (i) What is the total distance travelled by the particle when it first refurns

In Questions 11-14, your responses should include relevant mathematical reasoning andfor to the origin?

calculations, : ' .

(ii) What is the acceleration of the particle when it is first at rest?

. Question 11 (15 marks) Use a SEPARATE writing booklet.

(h) The region bounded by }v=cos 4x and thé x-axis, between x=0 and x= g,

2 .
@ Solve [.r + EJ - 6(:: + ZJ +0=0. 3 is rotated about the x-axis to form a solid.
X x
' y
(b} The probability that it rains on any particufar day dﬁr'mg the 30 dziys of 2
Novemberis 0.1. NOT TO
Write an expression for the probability that it rains on fewer than 3 days in SCALE
November, : N,
o = U x
8 -
(¢)  Sketch the graph y=6 tan Lx, clearly indicating the range, 2 Find the volume of the sold.
3 x . Lo 5 . ‘ (¢) A particle moves along a straight line with displacement xm and
(d) Evaluate Jiol dx using the substitution x=u"-+1. 3 velocily v ms™. The acceleration of the paticle is given by
2+x -
_* o
i=2-e 2,
x2+5 . . 2.
(e} Solve >0, ) 3 Given that v=4 when x={0, express v" in terms of x,
e Inx ) . Question 12 continues on page §
(fy Differentiate ——. ' ‘ 2



Question 12 (continued)

(d) Use the binomial theorem to show that

O G-el)

(e) ‘The diagram shows the graph of a function f (T)

®

" The equation f (x) =0 has a root at x=g. The value x;, as shown in the

diagram, is chosen as a first approximation of «.

¥ .yzf(x)

0 / a x| x
A second app]roximation, X,, of o is obtained by applying Newton’s method
once, using x; as the first approximation.

Using a diagram, or otherwise, explain why x, is a closer approximation of &
than x,. .

Miik taken out of a rcfn'éerator has a iemparahirc of 2°C, It is placed in a
room of constant temperature 23°C, After £ minutes the temperature, 7°C, of the
milk is given by

T=A—Be 00%

where A and B are positive constans.

How long does it take for the milk to reach a temperature of 10°C?

End of Question 12

Question 13 (15 marks) Use a SEPARATE writing booklet.

{a)

b

Use mathematical induction to prove that 2" + (—1)”“ ts divisible by 3 for all -
integers n2 1.

One end of a rope is attached to a truck and the other end to a weight. The rope
passes over a small wheel Iocated at a vertical distance of 40 m above the peint
where the rope is attached to the truck,

The distance from the truck to the small wheel is L m, and the horizontal
distance between them is x m. The rope makes an angle 9 with the horizontal at
the point where it is attached to the fruck.

The truck moves to the right at a constant speed of 3 msL, as shown in the
diggram, -

40m

: dL
(i} Using Pythagoras’ Theorem, or otherwise, show that e = cosf,

dL
(ii) Show that dr =3c0s8.

Question 13 continues on page 10



7 Question 13 (continued) Question 13 (continued)

: ; ' e . d} Inthe diagram, AB is a diameter of a circle with centre 0. The peint C is chosen

t ) 2) 1 2_ ; ( s E
() The poin P( a, at”) lies on the parabola x ] 4ay with focus § such that AABC is acute-angled. The circle intersects AC and-BC at P and O
The point O divides the interval P§ internally in the ratio 21, respectively.

NOT TO
SCALE
2at 2ai® Copy or trace the diagram into your writing booklet.
(i) Show that the coordinates of Q are x = Lz and y== a 2
1+1 1412 .
(i) Express the slope of 00 in terms of 1. 1 {i) Whyis ZBAC=/ZC0OP? 1
(it} Using the result from part {ii), or otherwise, show that ( lies on a fixed 3 (ii) Show that the line OP is a tangent to the circle through P, 0 and C. 2
circle of radius a.
End of Question 13 . ’
Question 13 continues on page 11 ;
4% -t
11—

~10-



Question 14 (15 marks) Use a SEPARATE writing booklet.

(8) The take-off point O t;n a ski jump is Jocated at the top of a downslope. The
angle between the dowaslope and the horizontal is Z A skier takes off from O
with velocity ¥Vm ;“1 at .an angle 8 fo the horizontal, where 0 <8 < g ‘The
skier lands on the downslope at some point P, a distance 2 metres from O.

¥

By

The flight path of the skier is given by
x=Vicos8, y= ——;—gt2 + Vesind, (Do NGT prove this.}

where ¢ is the time in seconds after take-off.

(i) Show that the cartesian equation of the flight path of the skier is given by

2
¥ =xtan9—%sec7'9.
. S22V

2

(ii) Show that D= 2\/5 V? cosﬁ(cosﬂ + sin 6).
. J

(iif) Show that % =2V2 L(cosze ~sin28).
g

(iv) -Shm_v that D has a maximum value and find the value of 8 for which this
oCeurs. :

Question 14 continues on page 13 .

12 -

Question 14 (continued)

T

(b) Two players A and B play 2 game that consists of taking turns until a winner is
determined. Each turn consisis of spinning the arrow on a spinner once. The
spinner has thres sectors P,  and R. The probabilities that the arrow stops in
sectors P, 0 and R are p, g and r respectively.

\D

+ I the arrow stops in sector P, then the player having the turn wins.

“The rules of ihe game are as follows:

« Tf the arrow stops in sector O, then the player having the turn loses and the
other player wins. .

-+ If the arrow stops in sector R, then the other player takes a turn.

Player A takes the first turn.

(i) Show that the probability of player A winning on the first or the second
turn of the game is {1—r){p + ).
(ii) Show that the probability that player A eventnally wins the géme is

p+r
147’

End of paper

—13 -



Mathematics Extension 1 )5 2014 Higher School Certificate
N : -
¥ 7 (A) Amplitede: a=5 The equation is:
"‘ 27 = b
. o E\: For a period of 6 6=—n- 3’_1’—;("‘_“)
2014 Higher School Certificate = P
S " b 2 " 3 bx—ay=0
olutions xmsin( %)
Mathematics Extension 1 NUSEWEN SECTION I
' ; ; &t 3 3 Qurestion 11
N For the constant term: . ! g M GIp;aop!c can be chosen from 15 in -( ) ( . 2)2 6(“. 2]4-9 o
: 12-4r=0 ; o w2} g v+ 2)40=
| Summary :z 3 i 21 (6 } ways. Also, G people can be X . x
[ ; E 3 g g g TA]19C The constant term is ; ' arranged in a ring in 5! ways. Let u=x+—
i 8 bj10 C 12 23« 3 Total number is: ) N
T:u]: 3 ()Y (-5x ); :t 15 151 W —6u+9=0
SECTIONTI l=—— 5] 2_0
12 / : 6/ (5-6)6! w3y =
1 (D) Angle at the centre is twice the angle at 7, =( 3 ]2“x°(~5)’ X7 151 u=3
circumiference standing on the same arc it s, 2
<. LAOB=80°. 12) 4o i : 916 x+_=3
=- 47 ¢ g s *
2 (A) cosx—sinx=Rcos(x+a) ‘ g £ 09 (© PE) =285 a7 +3 x*-3x+2=0
=Rcosxcosa —Rsinxsing 4 M) 2x+2y=5 =m=-1 1 ‘ =x{x+ 00 +ax+3 (x—2(x-D=0
I}i?quatlng clo-c(:f)ﬁclents y=3x+1=>m, =3 ¥ 1 P(-1}=1+8-7+3- x=2, x=1
cosa=1... 5 3 x=12
i 3 =(-D(-1+DOH+a(-1)+3 SAa=d
Rsinar=1..02) tan@=|-> "1 v % ¢ 1)(3 oAty
_ =—a+ s
@+ 1+3x-1 : | a ) Pirain)=0.1
x =2 (for the acute angle). i 3 a=-2 P(no rain)=0.%
tana =12 a =2 ; E The ocus i Sicular P(<3 days ind<P(D dagsy+ PU1 day) + P2 653
5 (B) afly=-42 (1) ] 10 (¢) Thelocus is the perpen 0, (0
R'cos’ g+ R*sin g =1 +1° 5 ; The midpoint is:
R:(cos” a +sin? a) =2 Answers (A) and (C) do not satisfy (1). i ; M- a+b+{a-b) b-a+(b+a) © 6t x
o3 Answer (D) does not satisfy (2). i § = 2 ! 2 y=otan -
. - e For answer (B): 5 ; ={(a,b) Range: B Pl
Zoc08 X —5in x =2 cos(x+2). afly =1x—6x7=—42 4 g fantiee 2.6 2
4 r ] i The gradient is: Ar<y<in
aftay+fy=—6+7-42=-41, i ! b+aﬁ(b—ﬂ) rey
5y i " e bo(att) A
3 (© For [21-;5} - 6 (B) Using the standard integrals with a =2: & ? 9 : B I
T i - =22
T,= Il‘Cr (2" (_ans )‘ i[3si[l—l ﬁ] = 37‘(; - 2b
Any term is of the form . dx 2 2y i - 2
= "€, Q) (527 3 ) ’ b
= Ay 4— 2 ! E . The perpendicular gradient is P
]
i
2014 ¢ Page 48 2014 ¢ Page 49




Mathematics Extensicn 1

@

(e}

i

x=ut+1 x=2=n=1
dy=2udy x=5=>u=2
5 )
X o+l
——dx= x2u du
L N | ,fl u
2
3
=2|:P—+u]
3
1
=2[§+2——1—-—1]
3 3
=2x£
3
~62,
3
2
X +5>‘5
X
[ +5
( )>6xx2

x

.1:():2 +5)> 6%
x(F +5)-6x*>0
.1r(x2 —-6x+5)>0
x(x-1)(x~5)>0

Consider the graph of y =x{x—~1}(x—5)
by

0 i 8

x
-

Regquire x values that give
positive y values. :
These occur when O <x<lorx>35.

e‘[nx+le’ x—¢' lnxxl
_d_[e‘lnxJ# x

del x %

_xe'lnx+e —e'Inx
xl
_e'{alnx-Inx+1)

I!

2014 ¢

Question 12

(@) (i) The displacement function x = 2sin3f
has an amplitude of 2 and when =0, x=0.
The particle fravels 2 metres out then
2 metres back. So the total distance
travelled is 4 metres.

(iiy x=2sin3
y==6¢os3

a=—18sin3
When first at rest:
0=6cos3t

cos3t=0

3=

f=

o8 oy

(first at rest)

a= —183in3[£]
6

=-18ms~,
(b) Consider; c0s28=2cos” -1
cos’ @ =%(l:i-cos 20)
Hence cos® 4x= %(1+ cos8x)
V= Jr_[fcos’ dx dx

=—§I5(l+ws8x) dx

E 1. %
=—| x+—sin8x
vy
=2 [ﬁ+lsiun]—(0)
2i,8 8

2
.,
=Z_ units’.
16
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o1t e T ST

(c}

(@

©

¥ =dx+de 24C
When x=0, v=4

0 T=A-Be™™
is the constant tempezature.
s T=23-B™
When £=0, T'=2

n2=23—B 0 5 B=2i
o T=23-21"™

o When T =10:
42 = 4(0)+4e 2 +C 10=23-21e™
C=12 -0y =_13
3 21
vi=4x+de T+12. 3
—0.03¢ = ln(——)
From the Binomial Theorem: 21
R ANE ny , n . 13
(i+x) =[0}r_(l]x+(2]x +....+(n]x In[-ﬂ)
Let x=-1: P03
a=[")+(’[’].—1+(:].(-1)‘ +....+Cj(—l)’ =15.98576934...
0 216 minutes.
n n n TRl
o= - T e (=) [ ]
[0] [J [2] ( n Question 13
As required.
() Let P{n) be the proposition that
Method 1: .
¥ g £{3) 2° 4 (—1)"" is divisible by 3
for all integers n =1 .
P(1): 2 +(-1)" =3P (PeZ)
! = 2] ) 1+l
gl Ja 3 X5 ¥ LHS =2 +(-1)
. =2+1
When the tangent at x = x, is drawn, ap
it intersects the x-axis at the point x, - RHS

which is further away from X =&
than x,.

OR
Method 2:

From the diagram, it can be seen that

Py <0andf(z)>0
L) PP 4G I
RO A Y

f(-"l)

Hence x, =x,— f’(x}
1

is further away from x=¢ than x,.

> X, since X,

“This is divisible by 3 . P(L) is true.
Assume P(k) is true for integer & 2
ie. 28 +(-1)"" =3Q  (QeZ)
or 2t =3Q-(-1)""

2014 4 Page51

Astow, T3 A " A=23°C whict




“Mathemalics Extension 1

Plk+1): 2274 (~1)'"7" =3R (ReX)

LHS =28 +(-1)™"
=22 4 (-1
=2(3g-(-1)"" )+ (-1)""*
~60-2(-1)"" +(-0(-1)"

_ 6Q—3(—1)m
=3(2Q _(_I)HI)
=3R
= RHS
& P{k+1} is true assuming P{k}
is true.

P(rz) is true by Mathematical
Induction.

® W

40m

b
I
Using Pythagoras: x* +40° = I}

L= +40°

&Ly 402)7 xax
dc 2

[

X
TR A

=

cosf=2 = »@zcosﬁ as required.,
L dx

(ii) Nofe that £:3
dt
dL_dL de
dr dx dr
=cosx3
=3cos 8.

{c)

@

2014 & Page 52

@ Q(x,y):(w’m}'z_-lﬂly,]

m+n m-+tan
(:1.0+1.2ar rin+1‘arij

417 £+l
2at 2at’
fet'tel)

. NN
() Mmyy="2—=2
o H—X
2arlu
1t
?at -0
1 +1
2at* 41
= 3 X
£ +1  2at
=f

I

(iif) If O lies on a circle then it should be a
fixed distance from a fixed point. The
fixed point in its definition is S.

, (2a Y (2 a@+DY
o8 {Eﬁ_(}] +[r’+1 S J
a4 (at*—a)’
T @y
4o+t -2 1 o
- @+
(¢ + 2 +1)
@412
sz+W
(41"
= az
S =a )
Thus Q lies on a fixed circle of radius a.

(i) ZCQP=/BAP
The exterior angle of the cyclic
quadrilateral POBA is equal to the
opposite interior angle.
S LCQP = /BAC .

20

2014 Higher School Cenlificate

(i)

Produce OP to R,

ZCOP = #BAC from (i)

OA=0P (equal radii, AAPO isosceles)
ZAPO = ZBAC (isosceles AAFO)
ZRPC = ZAPO (vert. app. angles)
 ZRPC =£CQP

These 2 angles occupy the positions
for the Alternate Segment Theorem.

. OP is tangent to circle.

Question 14

x=Vicos#

X
= 1
g Vcostd M

y= _% g aVisingd ..(2)
Sub (1) in (2

2
yz_l ul J +V[ x ]sin@
2%\ V¥ cosd Veosd

ot sind
i s Do L
Wrcos’d cosd

@ O

2
=xlan€—%;sec2 8

As required.

2014 & Page 53

(iiy Method 1.
P lies onthe line y=—x.

Substitute this into the result from (i),

2
.1rtan£3'--—~—-‘glx2 sec? f="x
i

2
gér;scc’ f—x—xtan8=0
2V

¥ —2g—x2—-~1—1tan3)=0

2V cos" @
x=0is the result for the origin O.
The other result is needed.

£x
0=m—l—ltan9

— B —tng+l

WVicos* 8

zsmB £l
cosd
_ sind+cosé

cosB

- sin @ +cos 9] W cos?
cosf g

2
=2V—(cos dsin §+cos® 9)
8 .

2
= EV—*COSG(SiDG%‘COS &)
8

Using Pythagoras theorem:
D=2 +x"
=25
D=+2x
D =2Jiv—zcosﬁ(sin9+cosﬂ)
As quuireg;l.
OR

Method 2:
AtP:

—%gﬂ +Visin®

Y=
x Vtcosd

: 7\ _ g’ +2Visind
M) 2vrcosd




Mathematics Extenslon 1

1= —gf* +2Visin@
2Vrcosd
2Vtcos8 = gi* ~2Wesing

Iy =ﬁ(sin 8 +cos8)
4

!:E(sin9+cosﬂ)
g .

Using Pythagoras theorem:
D =x+x
=25"
D=+2x
=2Vtcos @
V2
D= 2Ji—c059(sin9+cos )
g .
As required,

2
(iiy D= ZJEV?COS 8(sin #+cosd)
2
= ZﬁL[cos &(sin g +cos 0)]
8§

dae g cosf(cos @ —sinB)

2 _ s 2 _ .
=2J51 sin” & —2sin fcosé
g +cos’ @

V'l
=2J2—-[cos20--sin 28]
4

(iv) For a possible maximum—:;—? =0
From part (iif), that means;
Zﬁv?l(cos 26 -5in20) =0

cos28—sin28=0

cos28 =sin 28
tan26 =1

Q;Zﬁv_?{—sinﬁ(sin0+cosﬁ)+ i

d’D

2 -
F:gﬁl(—Zsinwdmﬂﬂ)
£

<0 when 6:%

. . T
- D is a maximum when @ =E .

(by () P(Awins Istturn)= P(lands on P)
=p
P({A wins 2nd tum)=P(A->R,B > Q)

=rq

ptrg+r=1 = g=l-p-r

P(A wins Ist/2nd tur ) = p+ rq
=p+r(l-p-r)
=p+r—pr-r-
=(p+r)-r(p+r)

=(p+ri(l-r)

As required,

(i) P(w)=pP(F)+P(RQ)+P(RRPH P(RRR.Q)+..
=p+qr+r2p+r3q+...
Zp(1+72+...)+q(r+1'3 +)
=P _, ¥
AT
A

1-72
_{p+r)0-r)
1-r*
- ptr
l+r

use S, since D <72 <1

End of Mathematics Extension 1 solutions
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