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CEM — Review — Complex Numbers

CSSA 2000 Q3

(2) 2, =142f and z,=3—i, Findthevaueof g*+ I, .

() z=f3+t

() Write z in modulos { argument Tom,

{1 What can you say about integers # suchthat " +{Z}" is rational 7

(113} Find the simallest positive integer n suchihat 2%+ {2} s & nogative rational-
pumber, and for this value of a, stale the value of 2% +(Z}".
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(e} @=p+ly where p and g arereal,

(i31F 7 satisfies Re{m #}=1, show that the locus of the point P representing £ in
the Argand disngram fstheline pr-gy=1,

jpoyr. 48 .
(i) The vector Of)" reprosents f in the
Argand dingram, I g0 iy represented

. .
by the vector OF where P lies on the
cirofe willy diameter 0@, copy the
diagrain and ghow the veclor representing
= . ’

Show that for such 8 complex sunber z,

2— . .
e {8 impingry and hence
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(1) Deduce that if £ is a non-zero complex pimber such that the paint P representing ¢
in the Argand dagram tes on the clrele with diameter 00, where € hag coordinales

{p. q}, then the point representing = in the seme Argand diagram Hes on the e
&

pr—gy=1

{iv) 2+ 0 satisfies the condition |z =1+ )= . Sketch the locus of the points

representing v oand - in the samee Argand diagram, and label each Joous with ifs equation.

Conzidering only valoes between < g T , what are the pozsible values of arpg ?
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CSSA 2001 Q3

o} Inoaw Argand Diagram, the poinl P representing the complex number z moves 503 that

le =1+ =1,

{3} Skeich the locus of P

(i} Shade the region where [z —(1+)| <t and O=arp{z - <2

{0 [man Argand Diagrass, s regular hexapon ASCDEFR, with the vertices iaken in
anliclockwise order, hag its cenles st the origin (0 and vertex A at z=2. '

(i} Find the setof valnes of [miz) for points 7 on the hexagon.
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(i) Find the set of values of |z} lor points 7 o0 the hexapon,

(i) 11 the hexagon is rotated in a clockwise direction abont the origin through an angle
of 45%, find the value in madulus / argument fosm of the complex sumber which is
represented by the aew pasition of the vertex C




CEM — Review — Complex Numbers

-

. L 1
(o) (i} 2= o8 -+ 7sind | show that for positive integers o, — = Z2eosnd  and
. 2"

4
a

i‘
1 o ' ]
e — = Hainhtt . Hence expasd (z o M) ( —-m) to shiow that
& : _g

cos'8 & sin'@ = 1 {eosdd+-3),

1
(i} By [utimg xmoos ), show that the equation 8x* 4 8{1——;1) =7 hos rools

1 g 12 o o 2F ﬂ .

b
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(i) Deduce that cos 5, co8 4% huve a productof & and a sum of ‘II'QE .

(iv) Henez or otherwise find a surd expressioa for oos % .
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INDEPENDENT 2001 QS

{1y {13 Show that the general salution of the syuation cos3f =-1 ig given by
8 =2n+1}%E, n=0, k1 £2,...
Hence solve the squation eos 38 =-1 for 058 €27,

{il} Use De Woivie's 'E:hcﬂ-r-:‘:»m 1oy show that cos 59 =16 cos” 6 —~20c0s 6 450058 |

[ 2
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(it} Find the exact triganometric rols of the equation 163" — 202"+ Sx -+ 1= 0.

(iv) Henee find the exuct vatues of cos &+ 0033 and cos . cos ™ and factorise
163 — 204" 4 5x +1 into frredueitie factors over the rational numbers.
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{1 () By considering 2% - 1 as 4 difference of two cubes, of otherwise, write 8
Ltz et B e’ +4f

s a product of two polynotiials with reul coefficients, one of which i & quadratie.

(i) Solve ¢~ | =0 snd henos write down the six solutions of g8+ e+ 1 =0,
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in 4 %
S84 o= = cos=.
Q g

iy Hence dedues that oos 5
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SOLUTIONS

CSSA 2000 O3

(yuestion 3 .
- {1y ()

Y] e ) : oo % {g rationsl when
PN X
= (1+21) .::_,~3+4a JEFHi=2 ({q + 111 , #é‘;mki , kintegral
A x . ,
2t =T, = el z :2(ﬁ£l§%+;&1:i%} or H=ki, kintegral
C N Henes ¢ -+E" i3 rational when
LB+ aiE- 1) {1 (éi} f iz even or a multiple of 3,
ER g (u:rs”T o+ Eam-’lf}
- ~3+15 (b)iily n=4 is the smallest
0 Fh el (mg— —igintg positive ineager for which
- # ) g 2L t ol
. Vg2 2 cos e cos 5 05 rational ant
z idc z S & negative. Henee 1= 4 and
2 gt =2 s E =16

{cyl) Lel z= x4y
gz =(prig)x-+iy)
=(pr—qy)+ i{gx+ py)
Refaz)=1 = px—gy=1|
Hencelocus of P igthelinepr —gqr=1.

{c){i)

¥y

080 =50° (£ in somi — circle is it angle.)

arg(z— o) -argz =25
L

4,
“n

= IT . K intepral

Hence =

Bui Rz‘:(

. Re (

) one1-2)er-n{2)
Rg(a m\ =)

2280 o ref %)

& . . L AT
<L imaginary snd ;RE( EM) =0y,
S z .

(Y} 1T P ties on citcle with (Bameter (02, where
Olp. 4} represents & = p- fg, then froh {ii}

Rcia 1) =1 and hence from (1), e pomnt
-}

R ]
representing — lies on the line px —gy=1.
-«
{2Miv)

The locus of ¢ 15 the clrele with centre (%, 1) &nd
rading 2, lig digmeter i5 00 as shown,

. ) i
Sinee £ has coordinates (2,23, the locos of p
ixihe Hne 2x=2ys1 | using (ili}

Theline y=—x is perpendicular to O ancl
hemae s Mﬂgutt ter the circio at O
. r'm‘gr <HE
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(@)

Answer {0} (0 Locusof P iz the circle centred on {.1 Ahwith radiug 1 unit,

(b)

y =B sIm{z) €45
(il <3 2]z]s2

(ui) Bach of the triangles AAOE, ARG, .. &
squilateral with side 2 units,
o AGC =2 %60°= 120°
After rotation clockiwise theough 45°, G2 will
make an mngle 75, or f—g- rodizng, with the
positive ¥ axis Henee © will then represent
the complex mamber Etms{% + fsin{}).
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©

Answer
(i1 Using De Muoivre's Theorem,
reoasd $ising

7" = cosn® + i sin nd

77" =cos{-n@ )+ sin{-n = snl—1 sin ad -

) 1 L
52V e = 2oosnf, - — = 2{sinnd
Z "

ﬂ:z{z*»ﬁ -f?)+12
(zeos 6 ) +(278in8)" =2 (20040 )+ 12

16 {cos* 8 - sin*0) = d{wos40 +3)
e f + sin'8 =4 (osd8+3)

{iidy Sx's%-g(le-,xz)i =7 simplifies to give
16 x" =16 2" +1 =0,
with roots oos ]»f. —cm%. cm%. —ms%
Then afyb=ouws’& e’ = &
Yot = o - st = —1
where 0 < & < —‘;{5 < g,
Thm “3“”1'2 cos 35 2 =4 fi ’“ZII
ws'E ok oos'E plosFoosdf =144

1 2
. oy L s |
. (C&)ﬁ'—'m L8 ”'“'12) =5

ti)fzu QLGS]E J;

£iiy

r=ens 8, gy —1—8(2—,{3)2 =7

I-esin'd = Hoos*@+sin'6 ) =7
2 {cos48 +3)=7
Hence equation beedmes
i=cosf cos49=%
{ntl)n

48 =2 £ § 1“?

= A=

Sn IB  mellE
cusl,‘ms . mslz cosd
X cosu,;r'su,msﬁ T ool -y

& x=deos, oosg

{iv) cos, cos are roots of the quadratic
equation x* — J—% X+ =0,
3
w2
NERD!

a ik -3 o JE e
cc;x:.;-j > g T = L«Uhlg =

by |
=
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INDEPENDENT 2001 QS

Answer

(i) : _ . iy 16 —20x w5 £1=0

cos 50 =1 = 50=(2n+ 1) hay solubions ¥ =cos8  where m?{.‘r =],

Oef2nbl)§ , n=0, k1 27, x=oo8 X, cos 2, cosnr , coslE, cos 2%

D@ s2m = §=%, I m IE, 5F xmcm%,msﬁégmg%,cm—s.wi

{iv) '

(i) Using the hinamial expansion, Fo=0= 2 s B+ 3053,%’“} ~1=0

Re {(m&ﬂ-g-xsmﬁ} } - cosd k;,cm;g‘gg .
;ms:‘ﬁ?+mcm’f?(a‘siuﬂj“i»;imsﬂ(ismﬁj" Product of rools is —
=g05° §= 10co8” 0 sin® 6 + Soos Sein @ . ,_(msg mgﬂ_"]imh,lq,

v [ 1B
. < Y2
= oos* i = 10cos” f {l—ms’ﬁ}-&f;ms& (lwm@“ b‘) , x|
A C{}S‘g s Ei = i
_ IR TP
=166070 ~20 oou" @ -+ Scos 8 (since, o E 0, {u":gagv«:: 0)
Using P Mojvre's Theorem, Then cos§, cos®F  are rools of
a1 5 -
; = 008 50§ 8i0 5
(cos® +isin6 )" = cas 50+ L sin 50 the equation 4x” —2x ~1=0. Henre
Hence  cosS0 =16uws’ § — 200086 + Seos & 16x% —205° +5x -f*ka:(x'h}}(&kﬁ -2x h'«]]gt

NEAP 2000 O4

B @ - P=t i e
== 1zt g+ 13ef w272 1)
Binoe ¥ — =z~ 1HP v e7 5. 4z 41},
Bzl = (a2 1M 1) S

(H -t )b 1)

Let z%=1, Latzw=cis® (whem | =1)
cis%d = |

YW=2kr ke J

- i:"éE ke
. E 2x dn  6ux  Br
o B=d == e et A2
Aty

#=0, F%‘; are roats of 2% e 1ald,  ae(])

ceoots of 25 2 Tl arp 8w +2'* _L"’_’_ ii‘_’! &
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(iaiy cish+ u.,gg -+ czad +msc9 |g%?t + ua[:m%ﬂ-bms{ !l-?:)-i-m‘-{* o »fum( E’g} is the

F

&

sura of the roats of 2% — 1 =0 which equals 2o, sinee the coefficient of 2% s zero.

cis 4 us(ﬁq )—H:xs;{ 6;\] O {from (1} {sum of roais of 2%~ 1 =01

%

. 21 A1 . Bm . 3
Hence cise 4 cls S8 w cis BT 4+ gis (-«wﬂ} + Gi -«) + "u.(—m-} =Tao8 J} 2e0s 1™ 4 2p0s 32
) i % I ; 2 a

-Ziccxs y -+ CO% ‘) o oo -f—')

=0

2 45 Bit in g # o, 3
20 60 =F b cas il © g D ﬁ{) Lis B02== 4 cQB e = COS= (Since oo (R—5) = —onsx
o o o g 9 9 ( cou ’ )

e




