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. 3z 2
Hyperbola % has equation ?;T - %«g =] and eccentricily e, whileellipse &
i o
i 8
FRE ANy

has equation ——-
b at b b

i} Show that = has eccentricity .
¥

(iiy Show that 2 passes through one focus of #, and #  passes through one fovusof €.
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(i) Sketch & and € on the sane disgram, showing the foci 8, 8 of ® and T, T
of €, andthedijectricesol 5 and €. Give the coordinates of the Moct and the
equations of the directricas in terms of a and e

(ivi ' and & intersectat P inthe fist guadrant, show that the aonle anple & between

the tangenis 1o te curves at P atizlies lan @ = 2 (e% ;)
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{v) What is the smallest possible acute anple betwesn the tangents fo the curves 20 and &
at their point of intersection P17

- L E
[ R X 3 )
{vi) Fird the ucute angle betweep the tangents ko the hyperbola vl }g =1 and tho
' 3t }lva .
cltipse S 4 S =1 attheir points of intergertion, Give your angwer o (he nearest degres,
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Xyss ¢
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Sismen T E
Bt

¥ —
— = 1 with points

s ) X
The line ! ig s common langent & the hyperbolas yy= e*, “;’i‘ - 3
1 x

of contact P and ) respectively.

4

(i) Considering { asa tangentto x y=¢’ at [‘L(:i . -;] show  Bas equation x -+ y=2c1.
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L xt i ,
{if) Considering [ as atangent o =~y - g:; =1m Q{c}ﬁncé.f} tmtﬁ) , show ! has
{ )

zsecl  ytanG 1

e b

squation

secf il 1
(i) Diesluee thirt s s sssopon o cwm
a bt 2et

[ &
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(iv) Wrilc the soordinates of @ in torms of £, &, b and ¢, and show that b +4¢™" ~a® =0, 3
Dreclice thal there are exactly two such common tangents o the hyperbolas.

vy Copy the diapram and use the symmetry in the graphs 1o draw [n the sccond common 2
.2 E
. - : . X
tangent with points of contact B on xy=¢® and § an =5 - %T
i b

Write the coordinates of B and & intermgof &, @, 2 and ¢

= 1.
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(vi) Show that il PORS is & thombus, then b* =a* end deduce that ¢* < 1.
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{vii) Show that il PORS is 2 square, then ° +21% =1 =0 und deduce that 2’ =a’.
What is the relationship belween (he two hyperbolasif PORS s a square 7 '
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" ' , " a i
(&) Consider the byperbala zv = ¢¥ and the distinel poims P(r;!p ?) ai Q{ctl. f} o L. 7
. g I . T iy

{3 Show that the squation of the gt {c:, ﬂ, whers t 240, i3 x+ 2y= 20l

2CE i
Gy Show that the tangents at P and @ intessect at 4 (——53 ﬁ) .

fydly bty
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(i) Show that i (gt = &, where £ 15 # nom-zoro constant, then the locus of A s & line
pastng through the origin,
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SGHS 2002 Q4

2. Find the equation of the chord of contact of the tangenis to the
hyperbola x¥* ~1637 =16 from the point with coordinates (2, -4

3. Find the equation of the hyperbola with foci &t {£5,0) and

. 5
pecentricity ¢ =E

13
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SOLUTIONS

CSSA 2000 Q4

(i) For the hyperbola o6,
v =afe =)
e 8 ngb* gt
at a* )
I the ellipse £ has eccontricily & |

Pal@rifi-c)

n b’;
elml s
N az 1
KA = e
atept T et

Hence the ellipse € has eccentricity

{ii} Since ol +h =gt , the equation of the ellipse

xi JJ?,
van be sewritlen a8 —v 4+ = =1
.o b

One focus of ¢ is 8 {ae, 0), and this point clearly
lies o the ellipse £ .

One foous of the elfipes iy i"{ae . ﬂ) s Ha, 0}
and this prind is clearly on the hypsrbola 1.

(iii) Hyperbola % has foci 8{ae ,0), §(-ae,0)

. . a . @
and dirsetrices x =~ ro—

[
Ellipse & has foci {a, 0}, ?Jimﬂ,m) i
. . ae F 1
dirgoinioes ¥ =7 =age”, ¥=—ge .
4
()
vt [ E
to |
gl |
' I™~Ne
[ X | e jacl
1 I
- L
£ x=§ y=ae’
x‘! yl K
{viy I-iypc'rbolﬂ sf{ . E - -E =1, with
coventricity ¢ givenby 9=16(e* 1) = =3,
2 %
ard ellipge © » -2-5 o+ ﬂ-éa =1 are two such conics.

Uging the symmetry in their graphs, al o] of their
points of interseotion, the acule angle ¢ betwesan the

tangents 1o e curves i glven by tan o = 47 { :;')
Hanee o =717 ({0 the'nearest degm&)

{ivy Where the curves intersect,

o ¥
Lo Lewef {0
o b {,1
X
e Pt @

fi £
M+@) = =l +1)=2

X

eTx(2) (1) = f?(ezﬂ)ze*-u

.
LN

afe* -1} .

] ‘2‘
P F~;?¢1+I

=4
o
H
{
b=
[1-3
i

i;s», - }‘_. = 1
at Bt
23 2y oy
2y,
a o
dy b x RS
it ddld U BT N N
dr ay { ))' Ve
For th, » ellipse, at P
£
x ¥ o,
B + = =]
algt &
Cdx Ly dy
alel ¥ B dx =0

iy ¥ oz g% =1 ¥ ]
:i;; e )W =i 2
¥ &

Henes the gradients of the angents o & and &

414 P are yﬁg‘ ﬂnd ‘ﬁ%'l’eﬂpec[ivg]y‘
£ ’ ‘fiﬂ—(gﬁé) i L’+—l- l .
A e o i3
1+VZe(-2 1) 1-2

o tan gt =2 (&H—é)
{v} PForthe hyperbola 71, ¢>1

{H?}}! = né}l»w; ={e+ ;l_!)z"..}d

and (e+£-}i w3 ops e-a 1T,
{e»{«ia):pz and ( {:)——}“ gl
Hence lan o = 2,2 =5 o0 >0 (23),

and o lan~{22) as e 1"
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Answer
0] (i) _
y=0f = fﬂicc d_yml{l ,,,ii“f xegseed mﬁmasmﬂ tan @
di d  dr o dy ﬂ'ﬂ?
}Pmﬁ ﬁﬁﬁ‘:‘g 3 w=bland = X i psect
! &y 1 1t
| L dy _dy @ﬁ_brsec&
Henge tangent | has gradient — -y and de 46 46  auand
: ' o b scc @
squation x4ty k, &constant, where Hence tangent I has gradient 2@nd and
}{M, E) Lieson ¢ =v ot +el =k, Hence equation yhsecd — yopwnd = k, kconstant,
1 _ where Qlasec®, band ) lieson |
{ hasequation x+tly=2ef.

= k= absec'® ~ b’ @ =ab. Hence
. xsech yizn §
[ bas equation ——— = =

=1,
b
{iii) Comparing the 1wo forms of the equation of line §, the cosfTicients must be in proportion. Hence
(*Stsc fij ( = tar 6]
Q b _ , secl  -twmf 1
1 5 2et Y ooa Br? 2ct
{iv '

Q{ase:&, bam:ﬁ) scc"ﬁ; ~ tan’ @ ;.1 ] o Bt = 4o
Y i ) I O (a) ()., =
et 7 2 (G2 2¢ J

: B 4eBt —at=0
£49
This quadraticin ¢ * has disciminant A =16¢" +4a%h" >0, znd hence has bwo real roots

which are opposite in sign (since their product is negative). But ¢* = 0, hence there iz exaetly one solution
Far 1%, and wa solutions for ¢ which are opposites of each other. Bach such value of + givesa common
tangent 1 1o the two hyperbolas,

{v) {vi)
@ iz the common midpoint of diagonalg PR and (5,
Henes PERY is a paratlelogrem,
gradiend FR = 2 + %t = —lf
X y? s I
2L F H 2
at b  gradiem 08 = £ LT LB
gradient 3§ - py =3 4 }
b!
& pradignt FR . gradignt (§ = - —
i
‘Hence iF PORS s athombus, PR L QY and
gradient FR . gradient 08 =—1 = b* =g,
R [»»a — : ' Then ¢ satisfies a’t® +dc’t? =a* =0
' 4 det
I+ —

- 1
Jet 4¢t 2t
(?‘!""—,:"] 2 ] ey g.;..wf?
, fr i &

Henee ¥l
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(vii) T PORS is a square, then PORS iz a thombus with RP(= 45°. Then

’ 2z
yreflent PRo= —2 (T) [ —a4 . .
f L {since 1P <t for PORY o rhombus)

fp= e S
gradient PQ = }%‘ | 14 (%]{%!}! -1

¢ - 1
Henee (' 4213 —1=0. Bul for PORS o rhombus, ¢ sadislies 7 d—ﬂ;&g 11 =0,
2

.2 »
By subirsction, [if—;— - 2}:’ =0, But ("= 0. Henee 2c'=a®.
La ;

Henee it PORS is 2 squure (and hence a thombus), then &% =a?, and the nvo hyperbolas have equations
'y wa® and xyee®, where 26% =al,
This refativnship between ¢ and a® meang thet the rectangular hypesbola %~y =a® rotated

anticlockwise through 45 becomes the reciangalar hyperhola ¥ 9=,

NEAP 2000 O4

i) 1 The foows B S{ae, 1), The dirsctrix i x ==, o

=&

3 ‘
((]li) “-—-{--é—::
2 2ydy_ g
a* LR odx

dy . bl

dx ety
. .ty
50 the slope of the normsl 2t Py, 30 s i ¥
g

. . aty,
The equation of the normal is ¥ - yy= ey (x—-x}
y
Pady—-yi=alyix-y} &
atupy = bhayy = alxyy - Dy,
B o2 b2 (divide both sides by x,3,)

S 7|

I_pr N . ; .
0 2 s she point (iwwfixé'mx“ﬂ} or {e2x), () (from a?(] - «Fr= b2
e
50, (385 = ]rszx; -
=elex, ~o]
Also, PM =Sy
£

50 & P = Ez(g - I,}
2

selm-ai) ¥

Hence G8 = 22008,




CEM — Review — The Hyperbola (Paper 1)

SGHS 2002 O4

L.

yro= !

Lw b ey = e
| L S e i:j = %
fe Fae £ e {Ai,,‘:?l‘ o ) yom oo
- en B 2 F - - S
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