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2004 Mathematics Extension 2, Syllabus Topic 7: Polynomials
Factors and Zeroes
[They depend on the field we are concerned with] Example: P(x) =x*-2x*-3
Over Q (rational): P(x)= (x2 - 3Xx2 + 1), Zeroes are none
Over R (real): P(x) = (x - \/§Xx + \/_?’_sz + 1), zeroes are /3,—/3
Over C (complex): P(x) = (x - ﬁXx + \/37Xx - z’)(x + i), ZETOEes are ﬁ,_ﬁ, i,—i
Long Division Involving Complex Numbers

x+(1+i)
Example: x — z')x2 +x+3

x* —ix
C(+ix+3
(1+ip+(1-i)
24
IFactoring a Quadratic by Completing the Squares\

Example: x2—6x+7=x2—6x+9—-2=(x—3)2—(\/5)2 =(x—3—\/§Xx—3+\/§)

Multiplicity
e |[faisa zero of multiplicity (or order) » of P(x), r >1, then a is a zero of multiplicity
r—1 of P (x) Proof: differentiate P(x), then show that P'(x)= (x—-oz)r—1 A(x) where
Al@)#0.

e As an implication, o is a zero of multiplicity  of P(x) iff o is a zero of P(H)(Ot), that is,
Pla)=P(a)=P"(@)=...= P"(a)=0|

The Division Transformation
This refers to the writing of P(x) as D(x)- O(x)+ R(x)|, where deg R <degD .

The Fundamental Theorem of Algebra

It states that every polynomial of degree greater than or equal to one has at least one zero
over C. Implication: by mathematical induction, [every polynomial of degree » has » zeroes
lover C (not necessarily distinct); it can be factorised into 7 linear factors|.

Polynomial with Integer Coefficients
. lAny integer zero & of the polynomial is a divisor of the constant term.[
Proof: let P(x)=a,x" +a, X" +..+ax+a, = x(anx""1 +a, x"7 +..+aq )+ a,

Since P(a)=0, 0= a(ana”'l +ta, " +..+a )+ a,
Rearranging, a, = a(— aa" —a, a"—...~ al)

n-2

But: @ and all a's are integral, so (— a,a" —a, o -~ al) is integral.

Hence, o is a divisor of the constant term a,,.

e [The numerator of any rational zero is a divisor of the constant term, and its denominatoﬂ
is a divisor of the leading coefficient.
¢ |Any non-rational zeroes occur in pairs of conjugate surds.[

Polynomial with Real Coefficients (note: real includes integers)
e [If P(x) has odd degree, then it has at least one real zero.

e Forany P(x), the }non-real Zeroes occur in complex conjugate pairs|.

Page 1 of 4




2004 Mathematics Extension 2, Syllabus Topic 7: Polynomials
Hence, any P(x) can be factorised into real linear and real quadratic factors. Note:

(x—a)(x - &)=x’—(@+&)x+ax =x* - 2Re(a)x + |a ?, which is a real quadratic.

Polynomial with Non-Real Coefficients
No pattern; zeroes need not be conjugate pairs. Example: x* +ix +2 = (x - z')(x + 2i).

Sum of the Products of Roots

n-1

For P(x)=a,x" +a, x +...tax+a,,

r an—r
Sum of the products of roots taken 7 at a time =|(~ 1) ~=-
a

n

Notations for the sums: let’s take P(x) of degree 4: Y. t,> 03, >  ofyy ,aBys

Some Questions
1. Suppose x* —2x* +a= (x + 2)Q(x)+ 3 where Q(x) is a polynomial. Find the value of a.
SOLN: Since LHS has x’, Q(x) must have x*>. x* —2x*+a= (x+2)(x2 +bx+c)+3.

Equating coefficient of x*, »+2=-2=>b=-4, Equating coefficient of x,
c+2b=0=>c=8.a=19.

2. aand b are real numbers such that the sum of the squares of the roots of the equation
x? +(a+ib)x+3z’ =0 is 8. Find all possible pairs of @ and 5. SOLN: Let the roots be

a, f. a’+p* =(a+p) -208 =[-(a+b)] —2[3i]=a® -b* +(2ab-6)i =8.
2ab-6=0= a=3/b and a® —b* = (3/b)’ —b* = 8. Pairs (a,b): (3,1) and (-3,-1).

3. 1+i is a root of the equation x* + (a+2i)x+(5+ib)=0, where a and b are real. Find
the values of g and 5. SOLN: Put x =1+ into the equation and expand.

Changing the Variable to Find a New Polynomial

Let ax’+bx>+cx+d=0 Thas three roots represented by «, that is,

aa’ +ba’ +ca+d=0. To find an equation with roots 3c, we can replace x with x/3 so

that when 2a is substituted as x, we still get aa’ +ba® +ca +d = 0. By writing the new

equation in y instead of x, we can find the substitution systematically. Examples:

1. x’+x*-2x-3=0 hasroots ,f,y. Find the equation with roots a*By,af%y,afy?.
SOLN: afy =3. New roots are 3a,38,3y. Let y =3x = x =y/3. New equation in y:

3 2
) -B) Ao mouno

2. x> +4x*+2x—-1=0 has roots a, 3,7 . Find the equation with roots a’, B%, 7% SOLN:
2

Let y=x®=x=./y. The equation in y with roots a2 8%y’ is given by:

\/;3+4\/;2+2\[)7—1=O:>\/;(y+2)=—(4y—1) separate the terms with \/; .

Squaring, y(y +2)" = (4y -1 = »* -12y” +12y-1=0.
Not everything can be done by directly [letting y = ...x and x = ...)}. For example, to find the
equation with roots a*, 8*,7* in the above two examples, we need to first find those with

roots &, 3%, 77, and after making it a cubic, repeat the process for (a 2 )2 ,(,B 2 )2 , (}/2 )2 .
Evaluating o® + 5° +y*
We don’t have to find the new cubic by replacing x with its cube root. We use the fact that
ad’ +ba’ +ca+d =0, af®+bp*+cf+d=0 and ay®+by*+cy+d=0, and then
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2004 Mathematics Extension 2, Syllabus Topic 7: Polynomials
sum them to get: a(a3 +p° +}/3)+b(a2 + 6%+ y2)+ cla+p+y)+3d=0 [(a2 + B +y2)
=(a+B+y) —2(af +ay + By) if you haven’t found the equation with roots a2, 82,771,

A quartic with symmetric coefficients P(x)=ax* +bx> +cx? +bx+a can be converted to

quadratic  in (xi%). Method:  write it as

(ax2 +bx+ctbx +ax? )

x2
=x’ [a(x2 +x72 )+ b(x£x7 )+ ¢|, then use the fact that (x +x7 )2 = (x2 +x7 )+ 2. Also note

that x = 0 won’t be a zero because then x is not defined.

Solving Equations over C Using Complex Number Technique
olving x" £1=0: find the complex nth roots of F1 ‘ Use De Moivre’s theorem to find the
roots in modulus-argument form. Alternatively: x" —1=0, n even can be solved by treating

it as a difference of two squares; 0=x" +1= (x" +2x% + 1)— 2x? then complete the square
and treat the result as a difference of two squares; etc.
Solving x"" +x"* +...+x+1=0: multiply by (x—1) to give x” =1=0

Solving x"" —x"* +...+(=1)"" = 0: multiply by (x+1) to give x" £1=0
Note that x =1 won’t be a solution to the last two problems above; x = —1 might be.
Solving x" = c¢: use De Moivre’s theorem

Solving x" + cx =0 write it as x(x”"1 + c)= 0; etc.

New Expressions for sinn6 and cosn@

Let z=cos@+isind. |We can equate the imaginary and real parts of the expressions of z”
using De Moivre’s theorem and Binomial expansion] From the imaginary part, we get
sinn@ equals some summation of products in the form of sin® &cos’ 8 ; similarly we get an
alternative expression for cosné@ from the real part.

Sample questions with answers:

(i) Express tan56 in terms of powers of tané, hence show that x* —10x? + 5 =0 has roots

itan%, itanz%. SOLN:

tan 50 < Sin 56 _ Ssin Ocos*@—10sin> Gcos? @ +sin’ @ _ 5tan @ —10tan> @ + tan> @
cos 50 cos’@—10sin*BGcos® 8 + 5sin* G cos 6 1-10tan? @ +5tan* @

after dividing top and bottom by cos® 4.

Then, let x =tan 6. Pay attention to the top part of the fraction above and notice that it

resembles x(x4 -10x% + 5), hence tan56 =0 ifxisarootof x* -10x>+5=0.

(ii) Deduce that tan % tan 2% tan 3% tan 4% - 5.SOLN:
Notice that —tan% = tan4%, —tan2775 = tan3%. From x* -10x> +5 =0, the product

of the four roots is 5.
(iii) By solving x* —10x* + 5 = 0 another way, find the value of tan % as a surd. SOLN:

Consider x* —10x> +5 =0 as a quadratic in x* and use the quadratic formula.

Partial Fractions

Method: Set up an identity, P(x) =9 9 44 S , where
Q(x) x-a x-a, x—-a,

O(x)=k(x -, x—a, . )x—a, ), all zeroes of Q(x) distinct, and deg P <degQ.
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We can then rearrange this identity so that the fractions disappear by multiplying both sides|
. Now, substitute selected values of x by which we can equate coefficients of x-terms
to determine the constants, c’s. [Useful values to substitute are «,,,,..., and if the factors

‘are irreducible quadratics, zero and kil (for factors like x> +1, x* +k*) [i= J-1 ]

An alternative approach to equating coefficients in the identity:
[Note: This approach is mentioned in the syllabus but is very rarely asked.]

c P(a) where i=1,2,3,...,n
Q(a,)f
Proof: ()E +© +...+ ; let’s investigate the case when i =1
() @, x-a, -,
x (x-a,),ie. (x—e,) inthis case: P(x)-> —c1+czx_7al+...+cn b
( ) x—a, x-a,

If we take the limit of the RHS as x - «;: RHS = ¢,

P(“l)

Taking the same limit of the LHS will give 0 ( ) ; how does it work?
&,

x—a x—a,

o) 0&)-0(@)’
Also, lim M:

x—ay x—a,
1.4 Case Where deg P > deg Q“
Perform division transformation with D(x)= O(x) before setting up the identity. For

Notice, in the LHS, that since Q(al) =0

0O'(e,) by the first principle of differentiation

3 _ 2 _

example, express 22x 5 23; ! as a sum of partial fractions.

X" —=2x-
Using division transformation, x*—2x*>-2x—1= (x2 ~2x— 3)): +(x—1). Hence,

3 _ 2 _ _ _ _
ad 22x 2x-1_ + 2x ! , then 2x 1 =% 4+ %2 andsoon
x°—2x-3 x"—2x-3 x"-2x-3 x+1 x-3

lA Case Where Q(x) Has Irreducible Quadratic Factor(s) Over Reali

2
Example: id +12 =9 4 9 4 2ax+b

(x+2)(x—1)(x +x+l) x+2 x-1 x"+x+1

[Notice: either a or » may turn out to equal zero.]

[Remember that zeroes, factors and partial fractions depend on the number field asked. For

example, there’s no such thing as irreducible cubic factor over R, but there is over Q or Z. In

that case, let the numerator be that cubic.]

[In general, let the degree of the numerator (of each fraction on the RHS of the identity) be

one less than that of the corresponding denominator.]

A Case Where Q(x) Has Multiple Zero(es)

x> =Tx+4 __a . bx+c

(x+1fx-1] x+1 (x-1)

then gives 3, —2x+21 _3 . (—2x+2)2—(1) _3 -2, -l N
x+1 (x-1  x+1 (x-1) x+1 (x=1) (x-1)

Generally, ng) =% 4 d s+t b —+ a
(x_al) (x_az) (x_al) (X—al) (x-—al) (x—az)

[The syllabus says not to discuss this case but there have been related questions on it.]

Example: (same zeroes must be grouped together) which
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C.E.M. - EXT.2 REVIEW TOPIC - COMPLEX NUMBER & POLYNOMIALS 1

(1) (i) Prove that if  is a double root of the equation P(x)=0 2
then P'(a)=0.
(i) Provethat P(x)=x’—3px+q has a double root if ¢*> =4p°. 3
(iii) Hence or otherwise solve the equation 2

X +3x+2i=0.

—i,—i,2i



C.E.M. - EXT.2 REVIEW TOPIC - COMPLEX NUMBER & POLYNOMIALS 2

(2) If a and b are two roots of the equation x* +4x—2 =0, show that ab is a root
of the equation x* —4x*-4=0.



C.E.M. - EXT.2 REVIEW TOPIC - COMPLEX NUMBER & POLYNOMIALS 3

(3) (a) The complex number z and its conjugate z satisfy the equation
zz + 2iz = 12 + 6i . Find the possible values of z.

(b) 1+i is a root of the equation x? + (g + 2i)x +(5+ib)=0, where a and b are real. Find
the values of g and &.
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(4) (a) 1-2i is one root of the equation x* + (1+i)x+% = 0. Find the other root and the
value of £.

k=5i,x=-2+i
(b) Find the zeros of P(x)=x* -4x% +3=0
@) over Q;
(i) overR;
+1,+4/3

(iii) over C,




C.E.M. - EXT.2 REVIEW TOPIC - COMPLEX NUMBER & POLYNOMIALS 5

(5) (a) Find P(x), given that P(x) is monic, of degree 3, with 5 as a single zero and -2
as a zero of multiplicity 2.

P(x)=x> —x2 —16x-20
(b) P(x) is an even monic polynomial of degree 4 with integer coefficients. If /2 is a
zero, and the constant term is 6, factorise P(x) fully over R,

P(x) = (x = +/2)(x +2)(x = /3)(x +/3)




C.E.M. - EXT.2 REVIEW TOPIC - COMPLEX NUMBER & POLYNOMIALS 6

O If P(x)= x3 ~3x2 — 9x +¢ has a double zero, find two possible values of ¢ and
factorise P(x) over the real numbers.

=27 P(x)=(x-3)*(x+3)
c==5 P(x)=(x+D*(x-5)
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(N If ax? +cx+d =0 has a double root, show that 4¢> +27ad? =0.



C.E.M. - EXT.2 REVIEW TOPIC - COMPLEX NUMBER & POLYNOMIALS 8

(8) (a) When P(x)= x* +ax? +2x is divided by x? +1, the remainder is 2x+3. Find the
value of a.

(b) When P(x)=x*+ax? +bx+2 is divided by x% +1, the remainder is — x +1. Find the
values of g and 5.
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(9) (a) Two of the roots of 3% +aw? +23x—6=0 are reciprocals. Find the value of @ and

the three roots.

a =-16; roots are 3,%,2
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(10) The equation px> +qx? +rv+s=0 hasroots (a—c), a, (a+c), which are in

arithmetic progression. Show that the a = ;_q and hence show that
14

2q3 —9pqr+27p2s=0.
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11) The equation px> +gx? +7x+s=0 has the roots ac, @ and a , Which are in
q b q c

geometric progression. Show that a = ,3/(— s/ p) and hence show that pr3 —¢3s=0.
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(12) The equation x> +x2 —2x -3 =0 has roots o, B andy. Find the equations with roots
q q

a B Y
a) —,— and —;
()2 Zan 2

8x> +4x* —4x-3=0

b)a+2,p+2andy+2.

x3 —5x% +6x-3=0
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(1) @) Prove that if & is a double root of the equation P(x)=0 2
then P'(a)=0. ‘ '
v .):/ ) Vo0
P(n)= (A4 ) T@lL) AR

F‘(ab) = L(o—d )Q(i)'i'( )k“J\)z(Q}(s\,) N
® (>L~o\)[ L(Q,(B\U'{-(iva:) (Q\(l)i} .
(i) Prove that P(x)¥x3—3px+qhasadoublerootif 7 =4p°. 3

P D3y

b6 J_l;— /

PIp 0= (0503 -3pldp ) tq .

~{1(// P\)T’ ,3}o>fa2.
—-a=  =lplp -

(iif) Hence or otherwise solve the equation

X +3x+2i=0.

3320 ,
= &

(LX) et T

/

_it-l}tr=O

-t &0
a=2 ./

|

L

"

tul -

W7

C.E.M. - EXT.2 REVIEW TOPIC - COMPLEX NUMBER & POLYNOMIALS 2

)

@ and b are two roots of the equation x* +4x -2=0, show that ab is a root

- ofthe equation x* ~4x? ~4=0.

IAT4Y=0

\b

2 -
5l
g ~lbA -4 ® o

x® 3

_ 4 ~(xtEx =2
_nh+ -3 - z ©
n ué N> L= —

4
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( @\T‘he complex number z and its conjugate 7 satisfy the equation
(zz + 2iz =12 + 6i . Find the possible values of z.

7£/’( ' (ﬁlvdl/w)? - ) ”)1~7¥13+‘7 =1z
7['7.’ -\f")ﬂ\ - J - Dr=1g —3=0o
(q =3y o
”).-: T

AN

ot 41 (1600 2

7L1+/L+1\7L /L{)“l+b\ _E

"3-\—3\‘ v 3

T R 2 Tt | |
94 b ' 33
9= > .

a)JH is aroot of the equation x2 +(a +2:)x +(5+8)=0, where aand b are real. Find
the-values of a and b.

e Y () S0
i _@_-{‘—xf w 3 -

Winélz‘ ko ( )4 ()4 hb=o

5o
;o

Tr chcou +’u =1 41 ¥ By

L*”"*Mycu R
(Btath)+ Bf@oo’./

ﬂ:“@—
o h-Ho 20

J4+H=10
b=—-

I
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(4) (2) 1-2i is one root of the equation x>+ (1+i)x+k=0. Find the other oot and the

value of k.

{ \hl‘ D & T

(b) Find the zeros of P(x)= x* —4x? +3=0
VS

. W 4wl
. ' (\/\—17\/\ ]>-0/ |
(213 (RO

fﬁb;’\y‘f) (3T (DL-\/)( A+)) =0

() GVEHCE

(

11,53
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(5) (a) Find P(x), given that P(x) is monic, of degree 3, with 5asa single zero and -2
as a zero of multiplicity 2. '

WA Ve rd<g L

o= Gyt-1 o= b b0 =B

et Y -
ce I (AN ¢ -) )

= b
A= S (—L)(-_L,) ¢ e
~w0 ./ (
[P(x) = 2° —x* ~16x-20]
(b) P(x) is an even monic polynomial of degree 4 with integer coefficients. If J2isa
zero, and the constant term is 6, factorise P(x) fully over R.
(a)aRy T Bl Led T ddte
pYE= b
2Ye= 6./
¥E=73 .
(407 YL ) (03 ) (3493 ) L | G (

[P)= = V2)G +V2)x =B +43)|

-]

.~c_:——'),:\'/
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6)If P(x)= %3 = 3x% —9x +¢ has a double zero, find two pbssible values of ¢ and
factorise P(x) over the real numbers. ’ '

ATC T Ty i S Mb i B
LT RN

(7L~33(.i+\ D .

/

3L:j> v\

@\QN\'LZ L

—
Vo br R / .
= -> ° \a(-,\): Ci_g‘_)'tC)L-\—‘s) S 11’

Te= 3R p(x) < C;L+\TL/’)L-'§> e=-T.

Q-:..Lq-.

bu% = -1

c=27 P@)=(x-3(x+3)
c==5 P(x)=(x+)*(x-5)
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CEM -EXT.2 REVIEW TOPIC — COMPLEX NUMBER & POLYNONHALS 7

: (8) (2) ‘When P(x) o 4ox s divided by x2 +1, the remainder is 2x+3.Find the -

. 3 27ad2 =0. value of a. )
(D If & +cx+d =0 has a double root, show that 4c” + : : > .
’ ; AV (at )T L
’g . . : . L ] )l,L.\—\ B—T——-—'—L_“'\—q
PA): A’ Heold - : ' (= - W ran y 1l o +l+lx S22 k3
vy M AR
Ua) =34 e . WL oW —_— A

) | - it —rey S

1”7&-1‘(’{,':/0 ‘ . S (0\—\711"*- ﬂ-\ ?

- :&_ /—’___ .

—(a-1)+2

J V3 - - ‘ ' ’
p(~ ‘) Q‘—:'\ “H.( -< ) 'kOi( = 0. en P(x)=x* +ax® +hx+2 is divided by 22 +1, the remainder is —x +1. Find the

values of a and 5.
» ) /ﬁ Hwy TUCALE/ Yy g
~ ke ( > ( ) A . | )(’L+(a-()+ -y eer =+ st ey
EYY \} | |

k ey
Ry +191+L .
- v iq -DL1 . _ . C,»;)‘f-f alé?) b+ 2 = -t/
iy -C. . o ..,/-4———— o i iy
< — 1 C ‘:-—’4 . ‘ A / (ﬂk-—l)7(1' / . 1 + R
B[ T _ R :
. | 5 (ﬁu‘)ﬂl"'(ﬁ“) . j-ar2 71!
-— E = ‘d . ' : .‘l . . :
mLe © ~[efanr) o az2
| . - T
¢ HEY g | : S 2—aHeby - T
g ( % ' - L e \
= v
3 _ 7 . ) : }}“/. P _[',«-.'L{ o L
- 23 - d . 2 am Lo 4 : | |
1 . . ) A.’J ] * . . w {. ‘ .
VLIV ¥ S | 2t
I/ ) . ) ’ “ ; (" R Lo . . y
134V W3- . - . | | | . |

~ ( i—»(;li ), .
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(9) (8) Two of the roots of 3> +ax® +23x—6= 0 are reciprocals. Find the value of 2 and
the three roots. .

|;\—;Y3>,
T I R e
A .

e
AR xR &
v o g\AM“" \\a/3 §

o 3

WYL e
FUES
CaTt wa\/

(AT -0tb=0 °

d> 1‘-‘~u(53(6)

/\\LV\O«QD(\ prt B‘I\Zs)l

\‘L

a=-16; roots are 3,%,2

LT

\"L

=78 on . l/’g R

EXT.2 REVIEW TOPIC — COMPLEX NUMBER & POLYNOMIALS 10

C.EM. -
(10) The equation px? #gx? +rr+s=0 has roots (a-c¢), a, (a+c), whicharein

arithmetic progression. Show that the a = ;_q and hence show that
p .

243 ~9pgr+27p%s =0.

L=C+atq+(
3a = “”L/F.
o/
R
i
'3
3
Y t L L T 40
Vrp TP or
-3 n>  _ qv
—_— —_— 20~
7,4)0 )2 3Y‘ +/
( ~q3+1q3 = 9pqv 4”7'?'?’15:0

10{5 vﬁmv ?24}0/@:-_0’ .
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(11) The equation px> +qx +rx+s=0 has the roots ac, g and —, which are in

geometnc progression. Show that g = %l( s/ p and hence show that pr3 ~43s=0.

e
‘QVQM%V‘OO%X“: 0}‘

. —\5/}0
=y

P('F/P>+Q<WP)L*V(SJ—T/‘”) H=0
p]/( S/) v( 5/)‘/’1 .O

et [apa)” e
i %(’%)Vj e
W3 (%)=

i)

\ /
/

CEM.-EXT2 REV]EW TOPIC —- COMPLEX NUMBER & POLYNOMIALS 12

(12) The equation x3 + x% —2x—3=0 has roots o, p andy. Find the equgtions with roots
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