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u SPECIMEN PAPER 1 o S 1 :

Instructions. Time allowed: three hours. .

All questions may be attempted. Ali Questions are of equal value.

Note. The qQuestions are not necessarily arranged in order of difficulty.

Mathematical tables will be provided; approved Slide—fules or calculators
may be used. :

1

C Question ]

- (4) Find the derivatives, in Sdnplest form, of
- a) / ; L

T ) Lm0t (o) e (e

éd) Find dyjdx i

(al x = ™ cos tLoy=ce " sint, and £ = 0.
(b) 2x2_3xg+g2=6andx=7.

2
) T4y = sinlLog x), show that x2 %g. s 0, where b is a
- constant, and find k. '

Question 2 ' o : ) - ‘

4D Find the indefinite integhals

Zx dx .o 2 x3+1 x+ 1 . N '
f(x+ A+ 3T (5) ”f e dx e s 7T - oxr & ' f
. 7 . " N i
(44) Evaluate (a) [T/ 8402 x cos2x dx B (b) ‘é'Tr e

MR T w = g2 ik dx, prove that, fon 2 2,

w + nin - 1) uw, = p(n/2)n"1

-2
Caleuwlate uy directly, and deduce that ug =

| o

A

BN

Question 3 . ' *x ' ’ : !

(L) 16 z nepresents a variable complex number, show the hegion of the ) ’

Arngand diagham in which 7 < |z| < 3and % < ang z < gﬂ— ;
3 3 . ]
(L) State and prove De Moivne's Theorem for an integnal index (both
positive and negative). :
implify (€08 0 + i8in 0)9. (cos 36 + isin 30) 75
la) Simpeigy (cos8~76 - sim 7oT™ v

L]

(b) Express -1 + iV3 .in mod-ang form and henee evaluate (-1 + iv3)-6
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(Lid) On an 3Mgand_vk;dg/1am,: the points TPV,'_:Q nepresent the complex numbers z,
177 nespectively, T1f P moves on the straight Line x = 1, show that Q Lies
on a centain circle, and find its centre and nadius .

Question 4

(i) Show that the cincle on diameter the join of (xy, yy) and (x5, Yo)

has equation (x - x1)(x - x2) + (y - y1)ly - ya) = 0.

(44) Prove that the tangent at the point P (a cos 6, b sin 8) Zo Zhe

, x2 oy _ ; . X C0s 0 Y AAn O _
elLipse 2o * {7 1 {a > b) has equation. a + s =1, |
(a) This ellipse meets the y-axis at B, B'. The tangents at B, B' fo the
eThipse meet the tangent at P at the points Q, Q' nespectively. Prove
that BQ.B'Q' = a?. . :

(b) The cincle on 00! as diameter meets the x-axis at the points R, R'.
Prove that OR.OR' = a? - b2, where 0 44 the origin.

Question 5

() Sketch the cunve 9y% = x(3 - x)2 and show that Lt forms a Loop. * Find
(a) Zhe maximum width of Loop measuned parallel to the y-axis;

(b) the area enclosed by the Loop.

(4i) (a) The base of a certain sokid Sy 45 the negion bounded by the ‘
parabola y2 = 4ax and the Latus nectum. Each section of The s004d by planes:
paallel to the y-axis 4s an equilateral tniangle. Find the volume of Sy.
(b) The atea bounded by the parabola y? - Jax and the Ratus rectum is

notated through four right angles about the Latus nectum. Caleulate the
" vokume of the sokid So s0 generated. '

a7

Question 6

. Prove, grom st p@én&;pﬂe/s, that the accelernation of a goin/t moving with
constant angular velocity o in a circle of radius i is nw? towarnds the
centre. gt

A

la) A panticlesis fastened Zo one end of a Light Ainextensible sining of
fength £, the gthern end of which is gastened to a fixed point 0. The
particle: notates with uniform angularn velocily w about the vertical through
0. Show that if o {5 the inclination of the string to the downward
vertical, then o = cos™Lig/tw?) and deduce that steady circulan mofion 4s
impossible £f tw? < g.

What is the effect on the inckination of the string to the vertical by an
Aincrease dn w?

(b) 1§ the point 0, isztead of being gixed, is descending with unigorm

accelenation §, the particle stikl notating with unigorm angular velocity

w, {ind §,4in ondern that the stning may make an angle o with the uoward
| ‘ ,

vertical .’
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Question ,7

(£) Show that 1 + L is a hoot of the poﬁynamw@ plx) = x3 + x2 - 4x +6
and hence nesofve. p(x) into iveducible factons over the gield of

(a) compﬂex numb exs - /(b neal wnumbess.

(i) T4 a, B, Y are /the noots of the aubm equrwwn X3 + gx +n =0, find -
e value of To, IoB, IoBy Ain teams oﬁ q, &

. Hence prove that (B - v)2 + [y - oc)2 + (o - B)2= -6q.

(Lid) Veridy, without use of tabﬂu ca,l’,cuﬂa/toln on slide nule,. that o = 18°
AaixbﬁLeb Zhe equation sin 28 = cos: 36.

. Deduce i:ha:t sin 18% is a noot of zihe equation 4x% + 2x = 1 = 0, and hence

L find the value of s4in 180 in simplest surd 60/Lm Wha/t does the other oot
1 hepresent? v

Question § _ I

(£) Assuming a,. b, c, d tu be /wa,éi wite doww the condition that the rooits
0§ the equwutmn (a2 + b2)x2 + 2(ac + bd)x + (e2 + d?) = 0 should be real.

Then: prove that if this condition hol’.d/s the rnoots must be equa,@ and
Ahow that zthey are equal to —c/a

i (z(/L) Sitate the binomiak theonem 60/1, (1 + x)" where yL_i/s a positive Linteger.

%Iﬁhmapozsmvewftegm show that (1 +lh—>7w§ n o= o,
a .

‘(b) P/LOUQ “that (1 + —) » appnoache/.s the sum of an inginite senies as n =+ =,

le) Show that 1y <

50)1 all pozsu;gve /Lw/teg/wb@ nz 3 and use ﬂws Zo

L im,, _
deduce that ,,L.;m”*;[)’ -i’,whe}m\z‘<1’_<3. -

,

™,




"WORKED SOLUTIONS TO SPECIMEN PAPER 4 UNIT

SPECIMEN PAPER 1

: d 1/1+x21/2(1—x)2x-(1+x) 2%,
Y (i)(a) ax |1 <2 2(1 — XA) { (1 - x )4 =
: 2%
_ 1 - x2 Lxz - T —
=% + x‘) T =27~ (1 + 21 - )Y
(b) Let y = (tan !'x)™; taking natural logarithms, then
logy = x log(tan™ %), and differentiating with respect to x
. 14 1 1
. ;a% = X.{_tan_lx 17 X[} + log(tan X) 1 as a pr'oduct
dy (tan~1x)™ i ‘4) + log(tan 1x)} #

*dx Ttantx(1 + x

(c) %;(tan-vex + 7)% = 3(tan'bx + 7)2.g§(tan{5x +7)

33

2

9 tan?/6x + 7 sec?V6x + 7 #

= 3 tan?V6x + 7.sec?V6x + 7.%§§/6x +7) =

vox + 7
(ii)(a) If x = e eos t, then %%-z eft.—sin t + cos t.—e—t =
i and y = e_tsip t, fhen %%-= e_t.coé t o+ siﬁ t.—e_t =
s L - L SRt omint L 1iB iy
(b) Differentiate 2% - 3xy +y° = 6 implicitly W.r.t.X,
then Ux - 3(xr—-+ y.1) + 2y %X.: 0~ %%.: %%.E_%é

—e_t(sint-reost)

—e—t(COS't—-Sin't) ?
O

Subst. x = 1 in given eqn. gives 2 - 3y + y2 =6, i.e. y = 4 or -1
.d_12"”_§ (1. -1). &y -8 7
.A# (1, 4); = F -3 # and at (1, -1); e e T #
V(iiij If y = sin(log x), then & cos(log x) 1 i.e xéz-= cos(log x)
- ? dx x? T Tdx ‘
- 5
. . s . d dy . 1 1
D S Yy = - = (= -y.=
ifferentiating again, {x a§¥-+ T 1} 51n(log %) = (= -y X)
' 2d° dy
Thué, % a§¥-+ ¥z T ky = 0, where k.= 1 #
' . 2x ' A B .
2, - = - . =
2.(i)(a) Let GIDGTD S xriTE 3 2x = A(x + 3) + B(x + 1)
Subst.'x ='-1, -8 resp. gives A = -1, B = 3
:':- 2 . ,— ‘ ‘ \'
T x _dx = f( 1 + 3 Jdx = -log(x + 1) + 3 log(x + 3) + C #

(x + D)(x + 3) x+ 1 x4+ 3

\
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(b) Let u = %3 +1, .'. du = 3x? dx, i.e. %2 ax = du/3

3 49 .
Given integral = fgdu.eu = %eu + C = %ex . 1 + C #
x + 1 X 1

1

(c) Let T = f;ﬁ=f=3§:*dx I(Vﬁ =2t T 9x1) dx = 113+ I,

" In I, put u = V4 - 9%Z, i.e. w2 = 4 - 9x2, i.e. 2u du = -18x dx

I, -'-fgl—%g-/———lg=.—%fdu=——é—u+cl'=—-:gL—Y4—9X2+Cl
- __dx PR I D 1L —18%
Iy = fgm =3 sin (—2/3) + Co = 3 S}n ( 2) + Cyp
. ' _ 1__ ~ i + =1 3x .
i Thus I = '3 bo—- 9%% + 5 sin” ( 2) + C #
/2 /2 /2

2

Fi=

T
(ii)(a) 6 sin?x cos?x dx = é sin?2x dx = %n%-f (1 - cos ux) dx _
- 0

m o 82 16 , .
a: 9in-920 = 2 gin 0 cos O and cos 20 = 1 - 2 sin?0.}

1[X _ sin Hx]“/z. 1w i # 

) 0 - AT _oat
(E) Let t = tan 2, . . dt = sec Q.Ede —(1 + t ).2 de, l.€. aoe _1_,}——?62-

When 6 = 0, t = 0 and when 8 = ﬂ/2, t =1
f“/z aw .t 2dt/(1 + t%) ; fl . 2dt
0 7T o058 p 2% (1 -ttt Lo 201+t oL = T2)

1 1 #
) odt _ . 1 Lo tql 2w o
= gy oyl 1G] = st amt

S 1=t 2t 4

; [y ‘ ¢ - : =
.{In this type, we use the 't regglﬁg.cosle =T S 0 =77

‘w2 g

- /2 .
(iii) u_ = g % sin x dx’= é P ,ag{—cos %) dx,(integrating by parts)
7 v/ wp2 /2
= [xn.—cos xﬂ - J -cos X.n 7l dx =0 +n /S B d sin x) dx
0 0 0 dx
ﬂ[f m/2 , o

= n{[x®71 sin X]dk - g sin x.(n - 1)x%72 dx} = nl(m/2)?t - (n-1) up-o}
T | : | , ) T -
~i4éf:un + n(n 41) up-p = n(n/2) L # e (L) e

'“'/2 - 7"][2 . d, .
= f ¢'xl sin x dx = g % a;(Acos %) dx

u
2 B

E 'rr/2 '"/2 ,
[%.-cos x]o - f -cos x.1.dx

/

n

O + [sih x]ﬂ/z =1

= 3 in (L) gives ug + 8.2 uy -
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Thus us = 3(7/2)% - 6uy = 3(7/2)% - 6.1 = ~n% -6 #

i = /3 48'\3 : p Y=
3.(i) 2 < lz < 3 represents the region between 013%' 7 Gdg% Wé
the circles |z| = 2, |z| = 3; which have centre ~ \\\\\ ‘
0 and radius 2, 3 units. // 5 5

e | \

21/3 < arg z < T/3 represents the region between v \

(and on) the rays directed from 0 making angles / : EUA A\

of m/3, 27/3 with the positive x-axis. [ A | | =¢
) (0] }R 37

The reqd.“region is shaded (points of inter-

L X o )
section not incl.) # \\\ \\ //
~—
\\

(ii) De Moivre's Thm. states that if n is a
positive or nggative integer, then v —
(cos® + isin@) = cos nf + isin nb

I3l=3

(BN "

Proof - Consider the positive integer n, and use” the method of induction.

When n = 1; (cos 8 + isin Q)luF cos 18 + isin 18, which is true

~ Assume that (cos ©® + isin e)k cos k0 + isin k6 (k + ve integer) _ -
Now (cos 8 + isin 9)k+1

' . . k . . L . s : . . "
cos 6 + isin 8) .(cos 0 + isin €) ='(cos kB + isin k0)(cos © + isin 6)

5,

(cos k8 cos-6 4°sinmkﬁfsin 8) + i(sin k6 cos o + cos kO sin 8)

cos (k6 + 6) + i sin (k6 + 8) =cos (k + 1)6 + i sin (k + 1)6,

and the result is true for n = k + 1 o RN

Since the vesult is true for n = 1, it is true for n
forn =2+ 1 =3, and so on for all +ve integral n.

1 + 1 = 2 and hence

Consider the negative integer m = -n (where n > 0) ™
(cos 6 + isin 8)"
-n 1 1
* (cos'® + isin 0) © = (cos 8 + isin 8)" ~ Cos n6 + isin oo
1 ‘ cos nl - isin n® _ cos n6 - isin n@

— — X s = :
cos né + isin nd " cos nb - 1sin nb cos“nb + sin‘nbd

_ cos (-nd) I isin (-n6) _ cos md + isin mé,

and the result is true when m is a negative integer #

(a) Noting cos 36 + isin 36 = (cos 6 + isin 0)3;
= cos 20 - isin 20 = (cos® + ising) 2

siven exp. * (cos 6ﬁ+=isiﬁ 8)¥.(cos 6 +.isih 8)715 '+ (cos 6 + isin )8
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9-15+8

(cos © + isin 6) ﬁ‘(cbs o + isin 6)2.= cos 26 + isin 26#

(cos & + isin 8)7. (cos 36 + isin 36) . {cos (-28) + 4sin (-26)}
(cos 96 + isin 98).{cos (-158) + 4sin (-150)}.{cos 88 + Lsin S0}
"cos (96 - 15 + 88) + isdin (96 - 156 + &6) = cos 26 + isdn 20#

OR exp.

"

Note (cos o + isin o)(cos B + isin B) = cos (a + B) + isin (o + B) etc}

143
| 14
' : . . 2
.(b) In mod-arg form, —1‘f,i¢r_= 2 (cos %§-+ isin 7;0 e
“(e1 + 17378 = 278 cos (-um) + isin (-4m)} - s
- 27® (cos r - isin 4m) = 270 (4 - 1.0) = 1/64 #
\ |27
A ,
~ 1 0 =c
(33i) Let z = x + iy and w = u + iv = 1/z
Now u + iv = 1 =x - iy = X + il-y
X+ iy =2 +y: %X+ vz xZ + y*° A
- X - 1 e A =
Thus u = preara S T+ 32 and v " ryZ " T g2 when x = 1.

To find the locus of Q (w = 1/z)jbﬁe relate u, v and eliminiate %,y.

Now w? + v2 = ( 1 )2 + ( -y f =1 + y2., = 1 = u
T+ y2" T+y? (T+y2)?2 1+y?

Thus the locus of Q has eqn. u? o+ v2 =y, i.e. (u-%)2 + v2 = %, which
represents a circle, centre (%, 0) radius % unit.# '
On an Argand diagram, the 1001 are -
<X <« .
a=f, ' '
Locus Of'ﬁ
./

4.(i) Let P (x,y) be on the c1rcle, and since
“AB'is a dlameter then APB 90 in-a seml—
circle.. A o1,
Grad. PA =Y Y1, pgrad. BB =7 "Yz.g
X -~ X1 ‘ o

Thus Y B Y}K, Yy~ = -1,
X - X] ¢ K~ X%p '
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1‘e. (y -y )y - yo) = -(x - xi)(x - %) _ o
and (x - x1)(x = %) + {y - y1)(y - y2) = 0 is the req'd eqn. #

2 2 2

X yo oo . 2% 2y dy _ .o dy _ -b%x

(ii) From 32 + BT 1, ... 27 + 57 3% 0, 1.e. Ix aZy
-bZ%a cos & _ -b cos 6

o . d
At P (a cos 6, b sin 8), a§-= 7T oin 8- 2 sin ©

{Qgiﬁx=ac0é 6, y =bsine Jthena— ==~ 44N 0, %%=»b cos 8

dy _ dy/de b cos 8
“”day‘ = IJde “casine |

. . - _ - bcos 6
Eqn of tangent aﬁ Pisy -Dbsin 8 = e (x g cos 9)
i.e. a sin 6y - ab sin26 = —b_éos 8x + ab cos?6, i.e. b cos 6x + a sin 6y = ab

- . e

X 'cos © + Y sin 6 _

b 14

Dividing by ab gives eqn, as

'(a) Tan at B has eqn. y = b. This

'x cos 6 N b sin 6

meets tan at P in Q, where

:j_,,

b
ive.'x = —2 (1 - sind)
o T os 5 R .

Tan at B'has eqn. y = -b and meets

tanjat Pin Q', where —Q

X c;s 0 + -b Sin 6 _ )

il.e. x = Tos e(1 + sinb) h . (C5’4§)

Thus BQ = oo (1 - sin 8) and B'Q' = 35:—9 (1 + ’si'ﬁ’é‘;jj?‘,'
Hence BQ. B'Q' = EBE;E—-(l - sin?g) = ’ #

'(b),U81ng result of (i), eqn. of circle on QQ' as dlameter is

R CIEN

{X‘%;Z%E“g (1 - sin 6)}{3 - EBE——-(l + sin 0)} + (y - b)(y + b) =0

¢ T2 et o 22 2 _ 12y =

i.e. ' ® vy {1 - sin 8) + (1 + sin 0)Ix + a‘ + (y b%) |
‘This circle meets the x - axis (y = 0) at gts R' whose: absc1ssae OR OR“ 
.are the roots of the eqn. x2 - "2a % + a =0. :

£08 cos 6
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1
C5.(1) If 9y2 = x(3 - %x)2 then y = £k X2 (3 —_x) = tg-(3x - X&Q ), and 
given eqn. represents 2 sections, reflectlons of one another in x-axis.

I . |
Consider y =3 x/z (3 - x) = _33-_ (3X/2 _ X3/2) .

Domain is x ¥ 03 curve meets x-axis where x = 0,3 (for 0 < x < 3, y >0

and for x » 3, y < 0).

4y 1
dx 2

1 1
%k

Now y' (% x°) = -77— (1 - %)

At (0,0), y' is undefined (y'+eoo); the y-axis is a vertical tangent whilst
at (3,0); y' = -1/V/3 and'the tang. is incl. at 150" to x- ax1s. ,

Also y' = 0 at (1,2/8); through x = 1, y' passes from + to - and there
is a max. staty. pt. then. )

This curve is sketched in fig (i), the reflected curve in fig (ii) and
the given eqn. in fig (ii1). ‘

(a) Max. width of loop measured parallel to y-axis occurs at the‘
stationary pts; this width is 2 x 2/3 = 4/3 units # , (i)

M o G 18 30

(1,~¥3)

1. %, 2 2
y=3% {(3-x) 9y? =x(3-x)° #
' The curve 9y? = x(3-x)2 forms a loop as shown in the sketch #
‘ — ‘ 5 1
(b) Area of loop = 2 x area 'above! x-axis =»2T0 %.(?,x/2 - x3/2)dx

2 . : 3 e o L
= g-[B.%nx3/2 - %-XS/Q]O = %-{3/3 - %ug/ﬁ} = gg‘g—unlts2 #
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cémdu an element of volume of the so0lid taken between 7 planes ‘pq/wu&@e,(i
to y-axis, distant x, x + 8x grom it. This element is of thickness 8x
and has equilateral triangles as faces; Lts volume & area of face X
thiickness. ‘ - . '

Apea of face = area of equilat. triangle of side 2y = %qu.2y sin 60°
‘ = /3y? = ¥3.4ax since y% = lax -

le. of element £ 4/3ax.6x

. 0 a T a
Vol. of solid 8, = 5 % u/3axsx = é 4/3ax dx = 2v/3 ad units®#

(b) Comsider an element of volume of fthe

A08id taken between planes parl. o the
x-axis and distant y, y + S8y above it.
This element is of thickness sy and -
o(cppnolena/tu a cylinder with base nadius
a -~ x).

Av

Vol. of element  area of end x thickness = ﬂ(a—x)ZSy

A 0; y=2a = . 2a \
Vol. of solid SQI= Sv-50 4 m(a-x)28y = 2w I' (a-x)? dy { a
- y y=_2a ) 0. . %:L{—a?/
2a 2a 2 N -t = ra

= e b (2. 2 ool (a2.Y0 LY Lo K=Y

27 O.(a -2ax + x°)dy 2, (a o Eggz)dy

3 5 2 3 3

- 2., .Y ¥ 2a _ 32ma . .

2m [a‘y “ % t 50a2 10 , -—Eg—-unlts #
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Tn fig (i), the point P moves on the circle centpe 0 radius r, from A to P
(distant s) in time t, where ADP = 8 and OA is a fixed line. The angular
velocity w of P ig defined as de/dt; the linear vel. v of P is defined as
ds/dt, and is directed along the ,tangent at P. ; A

. ds das

Now s = v8, . . 3T 7 T gg > i.e. v = rw, and since w is constant, then v

is constant for all peints on the circle.

A

In fig (i), the point traverses the arc PQ where POQ = 86 in the time
interval 8t. By geometry, we obtain the angles shown.

Resclving the velocity at Q parallel and perp. to the tangent at P, the
vél. component parl. to this tangent is rwcosdd and the vel. component ‘

- pérp.- to this tangent (i.e. along the radius PO towards 0) is '
riscos (m/2-80) = rwsindb.

The change in velocity 6v of the point in going from P to Q

pdﬂ&ﬂk¢ﬂ to the tangent at P is rwcosd® - rw = 0

aﬁohg the had@&é PO_towandA 0 is rwsindd - rucos /2 = rwdd,

noting that to the first order‘ofAsmall quantities coséo = 1 and sindh = 66.

The only velocity change is directed towards 0 and is of magnitude
rudd, this occurs in time &t, and thus

av _ M &y w80 a8 L2
at ~ 6t>0 St §t>0 5t wegg T F
Hence the éccélﬁ; of the’point P'iS'fwz towards the centré"O%# E e

n -

(2) Let the particle P be of mas 1
forces acting on the particle ar its weight mg

. and the tension T.in the string.

‘Since P moves with uniermAang. vel. w about the
vertical 0OC, ‘the acceln. of P is Tw? towards the downwosd

centre C, where r 18 the.radlus of the circle. verdicol

There is no tangential acceleration in the plane
" of the cirele, and also no upwards (of‘éownwards)
movement of p, i.e. £=0 in ++ directions:

'Tﬁéfeqhs. of motion of P can be 6btained]by:*'

réﬁql&ing the forces on P in apPrOpriateldiréctions.

)

Yoo

'szozvihg qéhtLQa2ﬂy, then m.0 = mg4T ﬁdS d,(i.e. T ¢os d i,

i

2 =.7 sin a ——;f(2)

Resolving towands the centre ¢, €hen

In AOCP, 'sin o = v/l, i.e. ¥ = @ sin . Tlsin o =m

‘This giveé.TMﬂ m£@2 and subst.fip {:

[
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Now 0 £ cos a < 1, i.e. :if—gs 1, i.e. g <t w?

Thus steady circular motion is impossible if g >£Zw2, i.efw? < g for
~then cos a > 1 which cannot be.#

If o is increased, then cos o = g/Zmz is decreased and thus a is
increased ¥, noting as cos a=0, then a~m1/2.

1

(b) sSince the point 0 is descending with uniform W
acceleration £, then for the angle o to remain
constant, the particle P must also‘descend with
acceln. f. v

“The eqns. of motion of P now are

ALp waxo(. A, ’W\%
. ' ' vertical ’
vertically, mf = mg + T cos a»——(B), where cos a =
g/lw? From (a) ‘ C

 Zowands the centrne C, mru)2 = T sin o --(4), which ,%\L
glves T = mbw* _ ’ : ' : 00

jSubst. for T in-(S), then mf = mg + mfmzi%bg , i.e. f = g+ g,

Thus theé reqd. value of f is 2g# . » -

',

T.(3) (1 + D)%% T +.21 + 12
p(1+ i) = (1 + 1)+ (4 +1i)2 - u(L + 1) +6=2i- 2+ 21 -4 - u4i+6 =0,
and hence 1 + i is a root of P(x)# ’ '

2i3 (1 + 1)3 =24 (1 + i) = 21 - 2

Since p(x) = %2 + %% - Ux + 6 has real coeffts, i. e.'p(x) is a polynomial .

over the field of veal numbers, R¥%, the complex roots decdur in conjugate
pairs, and thus 1 -~ 1 is also a root of’ p(x) .
bNow p(x) has roots 1 + i, 4 - 1, v (say) and the sum of these roots is _ '
- coefft x%/coefft x3; i.e. (1 + 1) + (1 - i) + vy = -1, i. e. Y = -3.

Hence the factors of p(x) over the field of

(a)vcompf.ex numbens, C, are {x - (1+i)Hx - (1-1i)}(x+3)#

(b) neal numbers, R*, are {x? - (1+4i + 1-1)x + (1+4i)(1-1)}(x+3),
e, (%% - 2x + 2)(x+3)#

(x-0) (x-B) (x-y) = {(x2 - (a + B)x + wBH(x -y) [T
(0 + B + v)x2 + (u87+ By + Yq)x - aBy . S

w
+
fia)
X
4
s
11
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Equatlng coeffts of like powers, then

£u=a+8+~{= ;éocB—ocB+By+Yoc=q, ZaBy = aBy = -v #

:

Now (B-y)2 + (y-a)2 + (0-B)? = 2(02+82+y2) - 2(aB+Bytya)

= 2{(atBy)? - 2(aBrBytya)} -2q = 2(0%-2q] = _6q 4
(1ii) HEEE_E_f_}ﬁfp sin 26 = sin 36° and cos 36 = cos 540

Since sin 36° = cos 540 then 8 = 18o satisfies eqn. siﬁ 20 = "cos 30 #

{OR Adn 26 = cos 36 = sin (900 38) L-e. ong s08n. 04 ihLA eqn- i
70 = 90°-30, L.e. 56 = 90 i.e.08 =18

Solving sin 26 = cos 30, gives 2 sin 6 cos 6 = 4 cos36- 3 cos 6, and thus
cos 6 = 0 or 2 sin 8§ = 4 cos?0- 3,i.e. 2 sin 6 = u4(1- 51n26) 3.

Since © = 18° is not a soln. of cos 6 = 0, then it is a soln. of the eqn.

4 sin2e + 2 sin 6 - 1 = O. If sin 6 = %, then sin 18o is a soln. of the
eqn. ux? + 2x - 1 = 0. .

. -1+/5 . . O il
By the quadratlc formula, X = - Since sin 18 > 0, then the value
of sin 18° = 1 (-1 + VB)# : el e

Iy

Now sin 26 = cos 36 = sin (90°-38) » 50 = 90°, i.e. 8 = 187
‘sin, (1530 36)n.

sin (450°-39) = sin (810°-30) = sin (1170°-

Solving these eqns succesglvelyoglves 56 = HSQQ, 81OO; 11700, 1530 .:L
whence 6 = 30° 162 234 3067, ..- i : \

' . o
Now sin 90° = 1, sin 162° = sin 18°>o <in 23u° = sin 306° = - sin B4 < 0,
and thus the other "root of the egn ux2+2%-1 = 0 represents.

sin 23u%, i.e. sin 234° = 1 (-1-V5) B
. b ’ Y

8. (1) The condltlon for the eqn. (a2+b?)x%+ 2(ac + bd)x + (cz+d2)
have real roots is that A>0 (A is the dlscrlmlnant)# :

" Here A = uac bd)2 - u(a? + b2)(c? + d2) 4(-a?d® + Qabcdx
o X bc)2< 0 for all real a,‘b; c, d.

“,ﬁjThus'for the roots to be real, then A’
Av,For thls to occur, ad - be = 0, 1i. e. d

If roots‘of»
~2(ac + bd):
20 =,f—g—;—gz—~f

and the equal roots equal —c/a #

4

.




(a)

(1 + =)
n

¢

PAPER
n is a positive integer, then

. N n
1+ nC1X + C2X2 + C3X3

1+ nx + n(n-1) %2 + ... + n(n-1)(n-2) ...

oon v
+ e +TCX O+
T

PR

+

43

+ e Xty
n

(n-r + 1) %" + e R #

21!

r!

1

1 + k.=
n

k

. \ ket

21

Noting that k is fixed, and as n=®, then

1
n?

111
n’ n2’ ns’

+

34+

... =0 hence (1+%Jk+1 #

1 n(n-1)

\'l\(l_a_) (1+I1—1—)n =1+ 0=+ —0 - %2+M%$—n—_—21 %3 + oeenns +3—1n

é =1+ 1+ %1. %—. (n;;) +.%1. %-:“Ei%j. Ei—-+ cen +'%h
=1+1 * %11 1. (1—%& % %1.,1. (1;%3(14§J ooty

é As n o+ @, (1 %Jn S+ 1 +‘%1 + %&-+ %1 + %} + ..., without end.

. Thus, as n + @,

in s s .
(1 + =) approaches the sum ofi an infinite series;

+this sum is obviously greater than 1 + 1

2 #

v

n-1_

‘and 2 2.2.2.2.2. ...

<

henc? Y Sh-

1
2 E

1
L

1
2

©

uv1f =

i . 1 1
Frqm’thls, 31 Eu:

+
=l

+
Sﬁ“ i
+

N[ o
+

Thus 1 + 1 +

M|
-+
ﬁﬂp- w|

+
Eﬂp
+
+
al
+

"y
p—
-+

1+ 1 F

3, i.e.

‘,6, where 2 <A < 3 #

(c) Now n! = 470.54,5.6......(n-1)n, there
2. 2, there

Thus'ﬁ! > 2n—1 for all n, except n=1,2 when

4 for all positive integral n’

'i« o 1 + (limiting sum of infinite geom. series with a

are n terms
are mfw‘an

nt = 2% and

> 3.4

i, r

sum of infinite series < 3.




