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General Instructions

+ % Reading time — 5 minutes

* Working time — 2 hours

* Write using black or blue pen
Black pen is preferred

¢ Board-approved calculators may
be used

* A table of standard integrals is
provided at the back of this paper

~ *» In Questions 11-14, show

relevant mathematical reasoning
and/or calculations’

Total marks - 70

Pages 2-7

10 marks
*» Attempt Questions 1-10 :
+ Allow about 15 minutes for this section

Section II ) Pages 8-15

60 marks

-+ Attempt Questions 11-14

+ Allow about 1 hour and 45 minutes for this secfion
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STANDARD INTEGRALS

1
x" dx = 1, el
n+l ]
1
—dx =Ix, x>0
x
. X l ax
e dx =2¢% a#0
1.
cosaxdx =Es1nax, a#0
. 1
sinax dx =—Zcosax, a#0
2 1
sec”axdx =Ztanax, a#0

1 .
secax tanax dx = secax, a#0

1X

x#20,ifn<0

=gin” 7 a>0, —a<x<a

Ja? -2
1 dx =1n(x+\]x2~a2), x>a>0
/xz_a:z . '

. .
__.1.;__dx
A R

NOTE: Inx=log x, x>0

=m(x+m)



Section I 3 The points A, B and C lie on a circle with centre O, as shown in the diagram.

10 marks ' ‘ ‘ The size of ZAOC is 3% adians, A
Attempt Questions 1-10 ‘ ) 5

Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

A
1 The polynomial P(x)= x3 —4x% - 6x + k has a factor x—2. R ‘ NOT TO
SCALE
What is the value of k?
@ 2 | o D
® 12 - !
(©) 20 \
D) 36 ' What is the size of ZABC in radians?
2 The diagram shows the graph y = f (x) (A) 3
' 10
y
E 2r
B) 5
. o : ' n
ol — x . (&) 0
4
D —
™ 5

Which diagram shows the graph y= 71 (x)?'

A) y B) y
[2] X o X
| )
© Y o) Y
0 X \ 0 X




Which diagram best represents the graph y =x (1 - x)* (3 - x)2?

avi
Ol\/l 3 | O (B) %J‘(u—l)\/;du

© J(u—l)\/;d_u

5  Which integral is obtained when the substitution u =1+ 2x is applied to J xV1+2xdx?

@

(A) %J(u ~1)udu

<

®) '
| | (D) ZJ(u ~1)u du

04 \/3\ i \
y ‘ ) -
© \[ /\ t (A x=nm+ (—1)" sz £, nis an integer
0 1 3 * ' nw+ (—1)" sinla
. B) x= N is an integer

-1

6 Let |a| <1. What is the general solution of sin2x=a?

©€) x=2nmt S a’ n is an integer
p
D) y
+ 3 _1
D) x= 2nmtsin_a “;m 2 nisan integer




A family of eight is seated randomly around a circular table. . 9  The diagram shows the graph of a function.

. What is the probability that the two youngest members of the family sit together?

y
”—_
612! ' : .
(A) T
6! r
B) —— id
®) 7121 2
612!
C) 4=
(O] 2
6! |
D) —— ol.
®) 3 - . -1 1 *
. \ ‘Which function does the graph represent?
5 (A) y=coslx
The angle 0 satisfies sin6=§ and §<9<ﬂ'. :
(B) y=£+sin"1x
What is the value of sin26? 2
10 , £ © y=-cosTlx
® ]
D) y=—5~sin'1x
10 N
®) 3
C 120 . - o
© 169 _ 10  Which inequality has the same solution as lx+2|+[x—3|=5?
120 : 5
D) -2 P—
® g @A) 3321
: 1 1
‘ B) ——~ <0
s) x-3 x+2

© x*-x-6<0

® |2x-1|25



Section IT

60 marks
Attempt Questions 11-14
Allow about 1 hour and 45 minutes for this section

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available,

In Questions 11-14, your responses should include relevant mathematical reasoning and/or

calculations.

Question 11 (15 marks) Use a SEPARATE writing booklet.

(@

(b)

©

@

The polynomial equation 2x®—3x?— 11x+7 =0 has roots o, B and y.

Find afy. | . \

Find J—l——dx .

V49— 4x2

An examination has 10 multiple-choice questions, each with 4 options. In each

_question, only one option is correct. For each question a student chooses one

option at random.

Write an expression for the probability that the student chooses the correct
option for exactly 7 questions.

Consider the function f (x): 2
) -x

(i) ~ Show that #*(x)> 0 for all x in the domain of f)(x).

() Sketch the graph y = #(x), showing all asymptotes.

—

BN

Question 11 continues on page 9

e

Question 11 (continued)

sinZ
(e) Find lim
x—0 3x

1

3 o3
() Use the substitution u = ¢>* to evaluate J X
;6%
0€"+1
(2) Differentiate x2sin™! 5x.
s End of Question 11



Question 12 (15 marks) Use a SEPARA’I"E writing booklet.

(®) () Write v3cosx —sinx in the form 2 cos (x + ¢), where 0 < <Z.,
. : ) ‘ 2

(ii) Hence, or otherwise, solve \/5 cosx =1+sinx, where 0 <x<27.

(b) The region bounded by the graph y=3 sin% and the x-axis between x=0-

3 .
and x = > is rotated about the x-axis to form a solid,

>

Find the exact volume of the solid,

(¢) A cup of coffee with an initial temperature of 80°C is placed in a room with a
constant temperature of 22°C.

The temperature, T°C, of the coffee after ¢ minutes is given by
T=A+Be™,

where A, B and k are positive constants. The temperature of the coffee drops to
60°C after 10 minutes.

How long does it take for the temperature of the coffee to drop to 40°C?
Give your answer to the nearest minute, )

Question 12 continues on page 11

— 10~

Question 12 (continued)

(d) The point P(t, £2+3) lies on the curve y=x*+3. The line £ has equation
y =2x-1. The perpendicular distance from P to the line £ is D(1).

y y=x2+3
P(t, 2 +3)N ‘
(& £+3) NOT TO
\\ SCALE
D(t)\\\ y=2x~1 4
o0 X

2-2t+4
J5

(i) Find the value of # when P is closest to £, .

s () Showthat D(t)=

(iii) Show that, when P is closest to £, the tangent to the curve at P is parallel
to £.

(e) A particle moves along a straight line. The dlsplacement of the partlcle from -
the origin is x, and its velocity is v. The particle is moving so that V24 9x? =k,
where k is a constant.

. . . R
Show that the particle moves in simple harmonic motion with period 5

End of Question 12

~11 -




Question 13 (15 marks) Use a SEPARATE writing booklet.

(a) A spherical raindrop of radius r Metres loses water through evaﬁoration at a rate

that depends on its surface area, The rate of change of the volume V of the
raindrop is given by

av

— =104 ,

& 074

where  is time in seconds and A is the surface area of the raindrop. The surface
area and the volume of the raindrop are given by A=4mr? and V = gnr3

respectively.

(i) Show that % is constant,

!

(i) How long does it take for a raindrop of volume 1075 m3 to completely
evaporate? i

i

(b) The point P(2ap, ap®) lies on the parabola x?=4ay. The tangent to the
parabola at P meets the x-axis at T(ap, 0). The normal to the tangent at P meets
the y-axis at N(0, 2a + ap?). :

xt= 4ay
N(0, 2a +ap?)
P(2ap, ap2)
o T(ap, 0) x

N

The point G divides NT externally in the ratio 2 L )
(i) Show that the coordinates of G are (2ap, 24 — ap?).

(i) Show that G lies on a parablc')la with the same directrix and focal length
as the original parabola, - . .

Question 13 continues on page 13

—12-

Question 13 (continued)

(c) Points A and B are located d metfes apart on g horizontal plane. A projt?ctile is
fired from A towards B with initial velocity » m s~ at angle ¢ to the horizontal.

At the same time, another projectile is fired from B towards A with initial
velocity wm's ™ at angle B to the horizontal, as shown on the diagram.

The projectiles colﬁdé ;vhen they both reach their maximum height.

< As e - d B

The éqﬁaﬁoflé of motion of a projectile fired from the origin with initial velocity
Vm s~ at angle 6 to the horizontal are ’

: x=Vtcos6 and y=Vtsinf— gtz. (Do NOT prove this.)

@ How loﬁg does the projectile fired from A take to reach its maximum
height?

(i) Show that usine =wsinp.

(iif) - Show that d = %sin(a +B).

Question 13 continues on page 14

12




Question 13 (continued)

(d) The circles €] and C, touch at the point T. The points A and P are on C,. The

line AT intersects C, at B. The point Q on C, is chosen so that BQ is parallel
to PA. .

p

Copy or trace the diagram into your writing booklet,

Prove that the points @, T and P are collinear,

End of Question 13

~14 -

Question 14 (15 marks) Use a SEPARATE writirig booklet. ¥

ST AT

. ) 0 ":3",{) St
(a) (i) Show that for 'k > 0,

(ii) Use mathematical induction to prove that for all in'tegers nz2,

__1_+_1_+_1_+...+_1.<2__1_
2 92 32 n n

() () Write down the coefficient of x2" in the binomial expansion of (14 x)*",
m (9 —k
@) Show that (1+2+2x) " = 2[ "sz"-" (x+2)7,
A Sk
(iii) Itis known that

(x4 2)2"46 - (27‘0‘ kj g2k an-k |, (2"1“ k) k=1  2nk+1

oot (2"“"}20 2% (Do NOT
2n-k prove this.)

(@31

Show that )

(c) The equation e’ = % has an approximéte solution #,=0.5.

() Use one application of Newton’s method to show that 1, =0.56 is

: 1
another approximate solution of e = e

. (i) Hence, or otherwise, find an approximation to the value of r for which
-the graphs y=¢™ and y=1log X have a common tangent at their point
of intersection.

End of paper

—15-
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8 D) Aisin the’secogd quadrént .. cos @ <0, 10 (C) For the equation |x+21+]x—3[ =5, we

2013 Higher School Certificate
Solutions
Mathematics Extension 1

4 (D) e Thereisasinglerootat x=0 (cuts ‘
SECTIONI x-axis), : p Sin6=-5—— and Cosgz—l_z_ Fx>3, (F+)+(x-3=5
Summary s atriple root at x=1 (horizontal 13 13 2x=6
1 C 4D 7 A 9B point of inflection on x-axis), sin20 =2sinfcosd )
2 D 5 A 8D 10C ¢ adouble root at x=3 (touches x- 5 12 - : =3
3. C 6B axis), A =23 ~
. , 6 , . Thus lx+ 2[ +]x—3| =15 has the solution:
o the leading tekm is —x° , which has a 120 . ‘
1 © . P(Z) =0 negative coefficient, when =g ~25x<3 anzd this is the same as
and P(2)=8-16-12+k x—>d00, y—-oo. * 3650
hus 0=-20+k The only match is (D). 9 (B) The graphof y=sin™ x is shown (x '3)({4“2) <0
hence  k=20. below: ,
. 1 M 2 48
2 (D) The inverse would be a reflection in the 5 (A u=l+2x r= '2“(” -1)
line y=x. du 1
v 7 —=2 dx=—du
k4 dx 2
, 1 1 : : 5 : . : N
// ny1+2xdx=f—2—(u—~l)«/;§du that has solution —2<x <3,
, Lm0
A Y b '
/,/ e _ Therefore the required function is SECTION I
o 6§ B 2x=nr+(-1) sin”(a) y =sin™ x translated in the positive .
v T+ (_1),. sin™ (a) o T Question 11
7 x=— 4 A2 y-direction by — units. )
‘ 2 2 @  a=2b=-3,c=-11,d=17
L . Thus y=%+sin‘lx. apy= d
3 (Q) Z4BC =Ereﬂe:LZAOC 7 (A) 8eclements can be arranged in 71 ways ‘ a
1 3z around a circle. The 2 youngest can be o L7
= —(27: ———5~) " arranged in 2} ways. The remaining 6 ‘ T
2 members can be arranged in 6! ways.
1 3z , . 6121
=X The resultis —.
25 71
iz
10
© Page 57

2013 4 Paged6

T -12

2013

need to consider three regions:
x<—2, —2<x<3 and x>3
Ifx<-2, -(x+2)—(x-3)=5
—2x=4
x=-2
If-2<x<3, (x+2)~(x-3)=5
5=5
therefore always true for2<x<3




‘) Mathematics Extension 1

by Method 1:
let u=2x
ﬂ_z .'.dx=ldu
dx 2
1 1J 1 .
e dx == | ===l
J\]49—4x2 2) 1 -
—lsm"' L,
2 7
=lsin"'-2—'-t—+C.
2 7 .

2
[alternatively - % cos™ 7x + CI]

OR

Method 2:
" From the table of Standard Integrals:

J—.l——dx=sm-‘f+c

Jat -x* a

J__l_;._dx= ——l—dx
V49 -4% 4(9 _xz)
: 4
=l ! dx
2 (49 2)
| —=—x
4 |
~LgntZic
1
2
—lsm“lg—{+c
7
(c) Binomial distribution with 10 trials
- 1
and p=-
1Y /(3Y
P (7 correct)= °c, (Z) (Z)
_ 405
131072
~0.0031.

Tk Ko

@ © )=

0)= 1.(4 —(:i););fwh)

_4-x 2

4+

o

>0

since 4+ x* >0 and (4~x2)2 >0.

(i) Vertical asymptotes at x==2 and
as x>, y—0
as x—% o, y—0*
when x=0, y=0

y
4
5 > 3 X
r
sin- 4 sin
() lim —2 == lim —2
o 3y § x-30 i
2
=%l

B DPaae B8

2013 Higher School Cem..ue)ne )
' (O _
® For u=e L N
gLi:iie” .‘.ldu= 3 dx 6
dx 3 .
1 .'.«/gcosx—sinxa2cos(x+—).
When x==, u=e 6
"3
x=0, u=1

2 Let y =sin™ 5x
=gin"'u where u=>5x
then»dl: 1 and 2_5
du  \J1-u* dx
Q:Qxdu
dx du dx
= 1 x5
1—-u?
5
1=t
I
J1-252% -
dia. s -t 2 5
—(x*sin”' 5x)=2xsin” Sx+x"
dx( ) J1-25x
2
=2xsin~ 5x+ 5 .
V1-252*

Question 12

(3). 1Y) .\/ﬁcosx—sianZC()s(x+a) ~

=208 X008 & — 281N X COS

. Equating coefficients of cosx:

cosa=—2~ and sina =

2013

(#) - J3cosx=1+sinx
. Beosx—sinx=1

Qcos(x+£]=1
6

n

c08{ X +—

=+

=
+

ol \__/
i 'R
Ay vy -
=

R3]
1l

8
Nl‘s) wig‘

®) V=7rJ.by2dx wherey2=9sin1§
Consider: cos26 =1—2sin* 8
sin’ 6 =4 (1-cos26)

sin® = =4(1-cosx)

x

2
y—2=l(1—cosx)
9 2

y

=%(1 cosx) -
3
ﬂ_[o 1 cosx

|
"‘la

l!

Ir

[x—sinx]T
e
[32 +1) units®,

(¢) T=A+Be™
A=722 (ambient temperature is 22°C)
o T=22+Be™
Whent=0, T =80
80=22+ B¢’
s B=58

1

ml;, m[‘§ N|§’ L

4 Page 59



Mathematics Extension 1

Whent =10, . T =60
60 =22+58¢7'%
38 = 58¢ '™

. 38"

g0k - 2%

58

0k =tmE
29

k= ——1—11119- =0.04228...
10 29

Now set T’ = 40 and solve for ¢.
40=22+58¢7"
18 =587
e—h = _9_
29
9

~kt =In—
' 29

t= —ln—gw:«k
29
t=27.67062306

=28 minutes (nearest minute).

. +by, +cl

d 1 Dt =l_qi_l___

@ O PO
where the line is 2x—y—1=0
and the point is (t,t2+3)

2t-1(¢*+3)-1
Dt
V24T
l¥t2+2t—4
s
P -2+4
T 5
since 2 2 +4 = (¢ —1)2 +3
.>0.
(il) Method 1:
dD _2t-2
a5
=0 whent=1
&’D_ 2
s

>0

(iif)

(©

. it is a minimum when t=1."
OR

Method 2.
D (t) is minimised
when #* —2t+4 is minimised.

This is a concave up quadratic
. minimum occurs when

s, it'is a minimum when ¢ =1.

When =1, P=(1,4).
Gradient of tangent:

m=—

=2x

=2(1)

=2
Gradient of line y=2x—11s 2.
. the tangent is paratlel to £.

V492 =k
V=k-0x

i=-Ox
This is of the form %=-n"x.
., this is SHM with n=3.

Period = 2z
n

2

3

[

i

i g T AT T 2 eyl

' B
2013 Highar Schooi Certifitaie

Question 13

(@ ®

dr .
Thus ar is constant.
dt

L dr 4
i) —=-10
(i) i
r=-10"t+C ®

when =0 V=107
=i7rr3
3
4

108 ==zr
3

s 3x10°
L3

’ I3><10*i
r —1
4
Substitute into @ to find C:
Cu /3x1o*S
4r
"y
Lor =-1o4z+<[§i‘ﬂ—
4

r

When r =0
5
0 =~10“‘t+</3x10
Ar
6
10 = 53710
4
3x10°
_\N 4
10
=62.03504909...

=62seconds (nearest second). | .

(b) () Forthe point G:

xznxl+mr2, _my tmy,
m+n m+n

where m=2, n=-1

_~Ix0+2xap

T

_2ap

1

x=2ap
—1x(2a+ap2)+2><0

- —1+2

_—2a-ap®

T

y=-2a—ap*

~Gis (2ap,—2a—ap2) .

@) x=2ap
e
P 2a
y=-2a—ap®
x 2
=-2a-a (-—j
. 2a
. 2
=-2a—-ax %
2
=—2a-2
4a
4ay =-8a* —x*
x* =~4ay—8a"
X =-4a(y+2a)
By inspection:

* Itis an inverted parabola.
focal length =a

vertex is (0,-2a)
directrix is y =—2a-+a
ie.y=-a

Thus the directrix and focal length are
the same as the original parabola.



Mathematics Extension 1

(e)

®

(#)

(i)

The equations of motion from A are:
x=utcosa

. 8 2
=utsinx ——1
Y 2

Maximum height is when =0
; 8 2
=uytsina —~=-t
Y 2
y=usine — gt
O=usinc gt
gt=usine

_using
8

The equations of motion from B are:
x=wtcos S

: 8 2
=wisin fi—=¢
y B=3

@ o

Tts maximum height would be reached when

wsin g
- 8

1=

When both projectiles are at their maximfim

height:
usina _wsin §
g 4
using =wsin f.

The combined distance would be:
d =utcosa+wtcos

=u(————usma)cosa+w(wsmﬁ)cosﬂ
g -8

=ucosa.usina+wcosﬂ.wsinﬂ
S
u’sinacosd+wzsinﬁcosﬂ
A 8 )
From part (i), we have usina = wsin §
ucosa.wsin f + weos Susing

d=

nd=
8 4
=£W—(cosasinﬂ+'cosﬂsin’a)
4
=u—g“isin(a+ﬂ).

2013

Draw the tangent UT'S through T

It will be a tangent to both circles,

Join TQ and TP.

Aim: To prove QTP is a straight angle.
ZTAP=/STP (alt. segment theorem)’
ZQBT=ZUTQ (alt. segment theorem)
ZTAP=/0BT (alt. Zsin |l lines)

o Z8TP=2UTQ

Because ZSTP and £PTU are
supplementary adjacent angles, . '

. ZUTQ and £PTU are
supplementary adjacent angles.

.. 0, T, Pare collinear.

Question 14

(@ O

(@

¢ Page62

1 1 1

_.—2.____.‘*.__._.

(k+1* k k+1

k= (D kG +D)

- k(k+1)?

_k- (B2 +2k+ D)+ k> +k
k(k+1)

-1

k(e +1y

<0 (since k >0)

For n=2:
.LHS:%-}._}{:ll
¥ 2 ’4
RHS=2—l=1l
2 2

.. True for n =2, since 1l < 1—1—.
4 2

- —+..t
VA i K k
be true for some integer, k.

2013 Higher School Certit. .&

3

® O

(if)

(iid)

Then for n=k+1 we need to prove that:
1 1 1 1 1

Sttt gt—— <2
*2 ko (k+1) k+1 .

LHS:%—+%+...+-§+’L
2 K (e D)?
—*—1—+—-1—2‘ from ©
£k (k+1)

T 11
ut —— <& —~—~— from part
G & gy ompt

o2-be L p L
ko (k41 k+1
< RHS

. by mathematical induction

1 1 1 1 1
Stttk <2——

1?2 3 n* n

i8 true for all integers n 2 2.

4n
e
r

r=0
4n [4’1) ,
=Z x
r=0 r
. o (47
Hence coefficient of x™ is on ]’
n

(1 +2 4 2)6)2" = (1 + (x2 + Zx))u

( i ( z.. X
e
S

(1 3+ 2)c)bI = ((1+ Jc)2 )2"

=(lex)

" Thus, from part (ii):

5[y 0

. k=0

2013

©

®

¢ Page 63

' . (4n
From part (i), (2 ) is the coefficient
n

of x*" in the expansion of

(1+x)" = :Z:;(z: }x’""‘ (x+2)’

Also, it is given that:

A (e 2)2n—k - Z"z‘f‘ [Zn - k)zln-

r=0 r

n-k

.and the term in ¥ occurs when r=k ,

‘with coefficient (271]; k) -2k

Therefore, the coefficient of x*"

in the expansion of:

2n
Z (2: )xz"“k (x + 2)2"_’t is:

k=0
Zz"(ZnJ[2n—k)22n_u
=i N

And from © above, this equals

(4n _i 2n\(2n—k Q-2

“\on) &l k k

. Zzu -2k 2n—k
k

L)

£'(t)
_o5_1(05)
= 03)
-2
14
=0.5621873...
=056 (2dp).

IH‘l

=0.5-

=)

k

)

k-r I'Zn~k+r



} Mathematics Extension 1

(i) Let f(x)=¢* and g(x)=lnx

fi(x)=re* g’(x)=-1—
x
Since the tangents are equal:

rx

re” =

”‘ lett=rx

e =

o
1l
NIHQI»—HI'—‘

From part (i), this has a solution
when t~0.56.
At the intersection:

e*=Inx butt=rx=0.56

8056 =Inx

056

x=e
=5.75847395...

rx=0.56

_036

x
=0.097247987...

~0.1 (1 dec.pl).

r

End of Mathematics Extension 1 solutions

2013
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