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BOARD OF STUDIES

NEW SOUTH WALES

HIGHER SCHOOL CERTIFICATE EXAMINATION

2/3 UNIT (COMMON)

Time allowed—Three hours
(Plus 5 minutes reading time)

DIRECTIONS TO CANDIDATES
o Attempt ALL questions.
e ALL questions are of equal value.

e All necessary working should be shown in every question. Marks may be deducted for
careless or badly arranged work.

e Standard integrals are printed on page 12.
e Board-approved calculators may be used.
e Answer each question in a SEPARATE Writing Booklet.

e You may ask for extra Writing Booklets if you need them.
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QUESTION 1 Use a SEPARATE Writing Booklet. Marks

(a) The points A and B have coordinates (3, ~4) and (7, 2) respectively. Find the 2
coordinates of the midpoint of AB.
(b) Find the value of e3, correct to three significant figures. 2
() Solve 3-2x27. 2
(d)  Solve the simultaneous equations 2
x+y=1 )
2x—y=>5.
5 .
(e) Find integers a and b such that (5 - «/5) =a+b2. 2
® n A 2
5 20 cm
0 NOT TO
SCALE

B

In the diagram, AB is an arc of a circle with centre 0. The radius OA is 20 cm.
The angle AOB is % radians. Find the area of the sector AOB.
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QUESTION 2 Use a SEPARATE Writing Booklet. Marks

(a) Find: 4

(b) y A 8
. NOTTO
SCALE

13 units

A(=2,0) 0 D C

The diagram shows the points A(-2, 0), B(3, 5) and the point C which lies
on the x axis. The point D also lies on the x axis such that BD is perpendicular
to AC.
(1) Show that the gradient of AB is 1.
(i) Find the equation of the line AB.
(iii) What is the size of LBAC?
(iv) The length of BC is 13 units. Find the length of DC.
(v) Calculate the area of AABC.

(vi) Calculate the size of ZABC, to the nearest degree.




QUESTION 3 Use a SEPARATE Writing Booklet. Marks
(a) Differentiate the following functions: 4
(i) xtanx
X
Gy L.
1+x
(b) Find the equation of the normal to the curve y=+/x+2 at the point (7, 3). 4
© D B 4
NOTTO
6cm 3cm SCALE
f.“ 7 cm c -

In the diagram, AC is parallel to DB, ABis 6 cm, BCis 3 cm and AC is 7 cm.
(1) Use the cosine rule to find the size of ZACB, to the nearest degree.

(i) Hence find the size of £LDBC, giving reasons for your answer.




QUESTION 4 Use a SEPARATE Writing Booklet. Marks

(a) An infinite geometric series has a first term of 8 and a limiting sum of 12. 2
Calculate the common ratio.

(b) A market gardener plants cabbages in rows. The first row has 35 cabbages. The 5
second row has 39 cabbages. Each succeeding row has 4 more cabbages than the
previous row.

(1) Calculate the number of cabbages in the 12th row.

(i) Which row would be the first to contain more than 200 cabbages?

(i) The farmer plants only 945 cabbages. How many rows are needed?

(c) Vi . -

The diagram shows the graph of the function y = 4x — x°.

(1) Find the x coordinate of the point B where the curve crosses the positive
X axis.

(ii) Find the area of the shaded region contained by the curve y = 4x — x* and
the x axis.

(1)  Write down a pair of inequalities that specify the shaded region.




QUESTION 5 Use a SEPARATE Writing Booklet. Marks

(a) Consider the curve given by y = X —6x7+9x + 1. 8

@) Find dy
i ind —.
dx

(i) Find the coordinates of the two stationary points.
(i11) Determine the nature of the stationary points.

(iv)  Sketch the curve for x > 0.

(b) Let log,2=x and log, ,3=1y.

Find an expression for log, 12 in terms of x and y. 2

© BN

The graph of the function f 1s shown in the diagram. The shaded areas are
bounded by y = f(x) and the x axis. The shaded area A is 8 square units, the
shaded area B is 3 square units and the shaded area C is 1 square unit.

5
Evaluate f f(x)dx.
-2




QUESTION 6 Use a SEPARATE Writing Booklet. Marks
(a) The mass M kg of a radioactive substance present after r years is given by 7
M=10e™ , where k is a positive constant. After 100 years the mass has reduced
to 5 kg.

(i) What was the initial mass?
(i) Find the value of k.

(iii) What amount of the radioactive substance would remain after a period of
1000 years?

(iv) How long would it take for the initial mass to reduce to 8 kg?

(b) Yi B 5
O
X
» P
NOT TO
A SCALE
C4,3)
0 x
The equation of AB is y = 2x + 10. The point C is (4, 8).
Copy or trace the diagram into your Writing Booklet.
(i) Show that OC and AB are parallel.
(i) State why LABO = ZBOC. .

(iii) The line OB divides the quadrilateral OABC into two congruent
triangles. Prove that OABC is a parallelogram.
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QUESTION 7 Use a SEPARATE Writing Booklet.

(a) Isabella invests $P at 8% per annum compounded annually. She intends to
withdraw $3000 at the end of each of the next six years to cover school fees.

®

(ii)

(111)

Write down an expression for the amount $A, remaining in the account
following the withdrawal of the first $3000.

Find an expression for the amount $A, remaining in the account after the
second withdrawal.

Calculate the amount $P that Isabella needs to invest if the account
balance is to be $0 at the end of six years.

(b) A particle P is moving along the x axis. Its position at time ¢ seconds is given

by

(iD)
(iii)
(iv)
)

x=2sint-1, 120,
Find an expréssion for the velocity of the particle.
In what direction is the particle moving at r = 09
Determine when the particle first comes to rest.
When is the acceleration negative for 0 <t <279

Calculate the total distance travelled by the particle in the first
7 seconds.

Marks




QUESTION 8 Use a SEPARATE Writing Booklet.

(a)

)

(©)

X

The shaded region bounded by y = exz, y =7 and the y axis is rotated around the

®

(i1)

(ii1)

y axis to form a solid.

;
Show that the volume of the solid is given by V=7 f log, vdy.

_ 1
Copy and complete the table. Give your answers correct to 3 decimal
places. ‘

y 1 4 |7

o
log,

Use the trapezoidal rule with 3 function values to approximate the
volume, V.

A box contains five cards. Each card is labelled with a number. The numbers on
the cards are 0, 3, 3, 5, S.

Cameron draws one card at random from the box and then draws a second card
at random without replacing the first card drawn.

®
(i)

(iii)

What is the probability that he draws a ‘5’, then a ‘3’7

What is the probability that the sum of the two numbers drawn is at
least 87

What is the probability that the second card drawn is labelled “37?

\y\= f(x)
/

o 1~ 3 75 X

The diagram shows the graph of the gradient function of the curve y = f(x) .

For what value of x does f(x) have a local minimum? Justify your answer.

Marks
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QUESTION 9 Use a SEPARATE Writing Booklet. Marks
(a) Y 3
y=sec’ x
NOT TO
SCALE
1k y=x
!
3 x
0 4
The diagram shows the graphs of the functions y = sec’x and Yy = x between
T
x=0and x= T
Calculate the area of the shaded region.
(b) 9

NOT TO
SCALE

In the diagram, PQ and SR are parallel railings which are 3 metres apart. The
points P and Q are fixed 4 metres apart on the lower railing. Two crosshars PR
and QS intersect at T as shown in the diagram. The line through T perpendicalar
to PQ intersects PQ at U and SR at V. The length of UT is y metres.

(i) Bv usine similar trancles or afherwice <l . SR VT
{1) Y usinig simuar triangies, or otnerwise, show that — =

PO UT"

(ii)) Show that SR= % -4,

(i11) Hence show that the total area A of APTQ and ARTS is

A:4y——12+ly§-

(iv)  Find the value of y that minimises A. Justify your answer.




(a) @
(1)

(1i1)

(iv)

(b)

Marks

Show that x = % is a solution of sinx = %tan X. 6

On the same set of axes, sketch the graphs of the functions y=sin x and

1
y=—tanx for -7 <x<r.

) ) 1 T T
Hence find all solutions of sinx = Etz-m x for -y <x< 5

. 1 b3 /s
Use your graphs to solve sinx < Etan x for Y <x< 3

Nl

In the diagram, AC 1. BC, AC L AF and AB = DE = EF.

Copy or trace the diagram into your Writing Booklet.

®

(i)

(111)

Show that £ DBC = ZDFA.

On your diagram, mark the point G on the line AF such that EG [lAC.
Show that AAGE = AFGE.

Prove that ZABD =2/ DRBC.

End of paper




STANDARD INTEGRALS
jx”dx =—--L—x”+l, n#-1; x20,ifn<0
n+1
1
J—dx =lnx, x>0
X
ax 1 ax
je'dx =—e", az0
a
R
cosaxdx =—sinax, az0
) a
r , 1
sinaxdx =—_cosax, a#0 ~
J .
2 1
sec axdx =Etanax, a#0

1
secax tanaxdx = —secax, az0

1 1. _ix
JT—de =—tan 1*, az0
a“+x a a

-

1 X

——dx =sm "—, a>0, —a<x<a
2 2 a

va© —x

[ 1 . il v o2 2)
—_— =In{x+vVx"—a®], x>a>0
Tz \ )

1 _ [2 . 2
Jﬁdx —ln(x+ x“+a )

NOTE : Inx=log,x, x>0

© Board of Studies NSW 1999




1999 HicHER ScHooL CERTIFICATE
SOLUTIONS

2/3 UNIT (COMMON) MATHEMATICS

QUESTION 1
(a) AG,-4), B(7,2)

Midpoint = (xl txp Nty )

2 2
_ (3+7 —4+2)
- 27’ 2
= (5, -1).
(b) ¢3 = 20.085 536 92 = 20-1 (3 sig. figs).
(c) 83-2x 217
-2x 24
x < -2,
(d) x+y=1 —®
2x—-y =5 —®
@+ @: 3x=6
x=2.
Substitute in @:
2+y =
y=-1

Solution: x=2, y = =1.

@  (5-+Z) =a+b2
(5—45)2 = (5)2—2x5xJ§+(J§)2

= 25-10/2+2
= 27-10+2.
. 27-10v2 = a+bV2
a=27 b=-10.
12y _1 o552, %
(f) Area= 2r 9 = 2x20 x5
= 407 cm?
= 126 cm? (nearest cmz).
QUESTION 2

. 1,1 2,1
oo [EYunfeye

1

= x—1+1nx+c

= ——1+1nx+c.
X

(i1) fcos(2x+ 1) dx = —;— 2cos(2x+1) dx

= %sin(2x+ 1)+C.

1 1 = _5_71. = é =
(b) (i) GradientAB = 3-(9) =3 1.

(i) y-y1=m(x-x,)
y-0=1[x-(-2)]
y=x+2.
(iii) tan £BAC = gradient AB = 1.
ZBAC = 45°.

OR InAABD, /D=90° AD=5, BD=5.
~. AABD is isosceles and right angled,
ZBAC = 45°.

(iv) BD equals 5; BC, the hypotenuse of
ABDC, equals 13; so by Pythagoras,
DC equals 12.

(v) AreaAABC = %x 17x 5 sq. units

= 42.5 sq. units.
(vi) cos ZCBD = 1—53-
ZCBD = 67°
ZABC = 45°+67°
= 112°,
sin ZABC _ sin ZBAC
OR 17 B 13
sin ZABC = ———175113 45
- 17
13V2°

ZABC = 68° or 180°-68°.
But ZABC is obtuse,
ZABC = 180°-68°
= 112°,

1999 & Page 38




QUESTION 3

(@ @ 2

é—ix—(xtanx) = tanxx 1+ xxsec” x
= tan x + xsec?

o d| e |_
(i) Ex_( 1+ x) B

X.

(1+x)xe*—e*x1

(1+x)?
_ e* + xe* - e*
1+ x)?
_ _ xe”
(1+2?’
(b) y=+x+2= (x+2)%.
dy _ 1., ,0y%
g " 2(acl+2) x1
T ox+2
Let m, = gradient of tangent at (7, 3)
and mg = gradient of normal at (7, 3).
_ 1
Mo VTv2
-1
2V9
=1
G
-1 i
Now mg = e (for 1 lines)
= -6.
Equation of normal is y - y; = mg(x—x;)
y-3 =-6(x-T7)
= —6x+42

y=-6x+45 or 6x+y—-45=0.
b%+a?-2bacosC

B

() G) c?=
D

62=72+32-2xTx3cosC
2, 02 _ a2
cosC=l—,Ai§_—;,6——
2XTX3

ZC = 58411864 49°
= 58° (nearest degree).
That is, ZACB = 58°.

G) D B
58°
A Cc
ZDBC +58° = 180° (cointerior £s, AC”DB)

£DBC = 180°-58°
= 122°,

2/3 Uni (ComMON) MATHEMATICS

QUESTION 4
(@) a=8, S=12
Now S = l_l—z_r’ 12 = —1—_8—’_
12(1-r) =8
12-12r = 8
-12r=-4
ot
-12
=1
3
That is, the common ratio is %—

(b) 35,
39 = 35+4,

This is an arithmetic sequence
witha=35,d=4.
Q) T,=a+(n-1)d
Tyy = 35+11x4
=179.
Gi) T, > 200, n=7?
a+(n-1)d > 200
35+(n-1)x4 > 200

35+4n-4 > 200
4n > 169

n> 42%.

Since n is a whole number, the 43rd row
will be the first row to contain more than

200 cabbages.
(i) S,=945,  S,=2[2a+(n-1)d]
945 = 2[2x35+(n~1)x4]
= 2(70+4n-4)
= 5(66+4n)
= 33n+2n?

- 2n%+33n-945=0
(2n+63)(n— 15)=0
. n=15 or -315.
But n>0, so n=15.
That is, 15 rows are needed for a total

of 945 cabbages.
© () y=4x-2°
AtB, y=0, 4x-x%=0
x(4-x)=0
x=0or4

But x = 0 is the origin,
. at B, x=4.

1999 & Page 3?9




1999 HicHER ScHoot CERTFICATE

4
.o — - 2
(ii) Area = J;) (4x x ) dx

4]
= (2x42—4—;-)—(0)

(32 - 21%)

i

10%— square units.

i) y=z20, ¥< 4x-x2.
(N.B. y>0, y< 4x—-x2 is also correct.)

QUESTION 5

(@) y=x3-622+9x+1
@) 9y _3:2_12x+9
dx
=3(x2—4x+3).

(ii) Stationary points when -“% =0.

That is, (x2—4x+ 3) =0
(x-3)(x-1) = 0.

. x=3 or x=1.

Stationary points are (3, 1) and (1, 5).

o dly
(ii1) —d—x—2—=6x—12

2
Whenz=1, %2 =6-12<0,
dx
- the curve is concave down and (1, 5)

is a relative maximum.

2
Whenz=3, <¥=18-12>0,
dx

- the curve is concave up and (3, 1)
is a relative minimum.

(iv)
yﬂ

y = ©-6x2+9x+1

(b) log,2=2x, logzs3=y
log, 12 = log, 4x3
= log, 4+log, 3
= log, 22 +log, 3
= 2log, 2+1og, 3
= 2x+Y.
There are other possible answers

(for example, xloggy 12), but this is the
simplest and most obvious.

5
)] J f(x) dx=8-3+1
-2

QUESTION 6
(@) M=10e7*
(i) Initial mass occurs whent = 0,
thatis, M= 10e~%%0
= 10.
So the initial mass is 10 kg.

Gi) t=100, M=5
M=10e"
5= 10e710%
e-—lOOk = 05
Ine~190% = In0-5
-100k = In0-5
_In05
k= -100
- 6.931471806x 1073

= 0-006 93 (3 sig. figs).

(iii) ¢=1000, M =7
M= 10e-kx1000
= 0-009 765 625
= 0-009 766 kg (4 sig. figs)
=9-766 g.
Since the mass halves in 100 years,
it will halve ten times in 1000 years.

0
Mass = —i- = 0009766 ke

OR

Gv) t=? M=28
8 = 10e7*
08 =e®
In0-8 = Ine™*
In0-8 =—kt
n08
-k
_In08x 100
In0-5
= 32192809 49
= 322 years (1 dec. pl.).
That is, it will take 32-2 years
to reduce to 8 kg.

t =

1999 & Page 40




2/3 Unir (CommoN) MATHEMATICS

(b) ¥ B

/ /) ! C4,8)

0 x
(i) Equation of ABisy =2x+ 10,
gradient = 2.
Gradient OC = %:—g— =2
= gradient AB.
. OC||AB.

(ii) ZABO = ZBOC because they are
alternate angles between parallel
sides AB and OC.

(iii) Assume that in the congruent triangles
ABO matches COB. With this
assumption any of the following three
arguments complete the proof.

AO = BC (corresponding sides of
congruent As)
AB = CO (corresponding sides of
congruent As)
. OABC is a parallelogram (both pairs
of opposite sides equal).

OR <ZAOB=<£CBO

(corresponding angles
of congruent As)

OA||CD

~. OABC is a parallelogram (both pairs
of opposite sides parallel).

(alternate angles equal)

OR AB=C0O (corresponding sides
of congruent As)

. OABC is a parallelogram (one pair of
sides, AB and OC, are both
parallel and equal).

There is a logic problem with this answer.
The question does not actually say that
ABO matches COB. Since there are no
other restrictions on the points A and B,
it is possible that the match could be
done differently.

There are 5 other possibilities to consider.

Two of them (ABO matches BCO and ABO
matches OBC) are impossible, since the
triangles would have to be equilateral.

The other three are possible. However,
they all lead to isosceles triangles, from
which one can deduce that a congruence
with ABO matching COB is also possible.

One can then complete the proof as above.

QUESTION 7
(@) () $A;= $Px108-$3000
(i) $A, = ($P x 108-$3000)1.08-3000
= $P x 1.082 - $3000x 1-08 — 3000
= $P x 1.08% - $3000(1+ 1.08).
(i) $Ag = $P x108°
- $3ooo(1+ 108+ -+ + 1-085) = 0.
10861
108—-1
$3ooo(1-086 - 1)
~ 1086 x 0-08
= $13 868-64.

$Px 1085 = $3ooo(

OR Investment = P(1~086).

Withdrawal
= 3000+ 3000 x 108 + 3000 x 1-082
+ .-+ +3000x 1.08%
= 3000(1+ 108+ 1.08%+ - + 1-085).
That is, GP wherea=1,r=108,n =6,
3000( 1088 - 1)
008
22 007-79.

Amount invested will be enough
when investment = withdrawals.

2207-79
1088
$P = $13 868-64.

I

Thatis, P=

(b) x = 2sint-¢t, t20.
5 p= 9% _ _
@) v= =2cost—1.
(i) Att=0, v=2-1=1,

~. the particle is moving in a
positive direction.

(iii) 2cost-1=0

=1
cost = D)
t = —73[ seconds.
. _dv_ o
iv) a= r /i 2sint.

Acceleration is negative when 0 < £ < 7.

1999 + Page4l




1999 HigHer ScHoot CERTFICATE

-
{ > X
- ﬁ_ z
(¢=n) 0 S
(¢=0) (e=%)
Total distance = (3 - 'g")"'”(”*‘/—‘ ._)
=23+ %
QUESTION 8
@ 0  y=e
= log. y
Rotating about the y axis,
7
V= nf x? dy
1
7
= nf log, y dy.
1
(ii) y 1 4 7
log,y | 0 | 1.386 | 1.946
7
Gii) V== logey dy

: nx—[(0+ 1386)+(1:386 + 1:946)].

.~ Volume = 22-2 cubic units.

(b) (i) P(5 then 3)= P(5)

X

P(3)

X

NN

O MDD

(ii) P(sum at least 8)
= P(sum 8)+P(sum 10)
= P(5, 3 or 3, 5)+P(5, 5)

(iii) The probability that the second card is a
3 is the same as the probability that the

first card is a 3, that is, %

OR P(x,8) = P(0,3)+P(3, 3)+P
+

(¢) Stationary points occur when f’(x) =0,
thatis,at x=1and at x=5.

To find the minimum, use the first derivative
or second derivative test.

1999

First derivative test:

x<1l |x=1]1<x<5|x=5|x>5
f(x)| >0 0 <0 0 >0
x|/ | — N\ — |/

There is a local minimum at x = 5.

Second derivative test:

Atx=1, f’(x) is decreasing so the curve is
concave down (that is, f”(x) <0). Thisisa
local maximum.

Atx =5, f'(x) is increasing so the curve is
concave up (that is, f*(x) >0). Thisis a
local minimum.

QUESTION 9

x
@ A =f4sec2x dx- AA
o Jo

- [tanz ]~ 1 ()’

2 \4
—tanz—:anO—?,z
=1-0-Z_
=1 0232

T
=1—-3—2-

= 0-692 (3 sig. figs).

(b) () 1. 4STR = LPTQ
2. ZSRT = /TPQ

. ASRT||AQPT
SR _VT

(vert. opp.)
(alt. zs, SR||PQ)
(equal «s)

(ratios of corresp. lengths

PQ uT in similar As. N.B. VT and
UT are corresp. altitudes).
.. SR _3-y
(i) 7l
SR 12-4y
Y
SR=12_4
y

(i) A(APTQ+ARTS)
[SRx (3-y)+ 4y]

(2]

- (%—2)(3—3')-}-23'

=ly§—6-6+2y+2y

18
=4y~-12+~—
r- v

Mlo—a

1
2

¢ Page 42




(iv)

QUESTION 10

(a) @)

(i)

2/3 Unit (Common) MaTHeMATICS ’

Minimum value of A occurs when (iii) Solutions arex =0 r_r
dA d A '8’ 3
dy dy? (iv) sinx < ;tanx for -735<xs—§—
A=4y-12+18y” or ~E<2<0
44 _ 4-18y7 3
2y (b) A . G - F
LA _ 36y
Y
dA 18
===0 4-—==0
dy ’ y2 A E
4y2-18=10 D
9 _ 18
7T B c
y= + .3_'\[_2-_
2 (i)  £BCD = £DAF (both90°)
Buty>0,s0oy= 3‘2/5_ ZBDC = LADF (vertically opposite £s)
ADBCI||ADFA 14
3vZ d%A _ _ 36 I (equal 22)
Wheny = ) ) - ZDBC = £LDFA (corresponding £s
27 dy" (302
( ) in similar As).
OR ZBCD = £DAF (both 90°
-. The value of y that minimises A (bo )
. AF||BC (alternate £s equal)
3‘[_ metres.
.. ZDBC = ZDFA (alternate Zs, AF||BC).
I (i)  ZAGE=90° (coint. with ZGAD, AD||GE)
LHS: sinx = sin% = —23- ZEGF = 90° (£ on astraight line)
RHS %tanx = % % - ZAGE = LEGF (both 90°)
1 Since E is the midpoint of DF, G must be
= ‘2“/§ be the midpoint of AF (by equal intercept
_ izé__ - LHS theorem, given that GE “AD)
AG =GF
Thatis, sinx=Ztanxwhenz =% GE=GE  (common)
. - AAGE = AFGE (SAS).
i i l (i) Let Z£DBC =«
: : ZAFE =« (from (i)
: 2t : ZEAF = L AFE (corresp. Zs,
: | AAGE = AFGE)
! 14 e =,
I Pl
/ l x : : ZLAED = 2¢ (ext. Z of A equals
L 1T L R sum of int. opp. £s).
-, —E E T X )
2 1/ 3 2 Now AE =EF (corresp. sides,
......... e : AAGE = AFGE)
: : AB = AE (both equal to EF)
: ] : ZLABD = LAED (base Zs of isos. A)
: | =20
! : = 2«£DBC.
|
|

END OF 2/3 UNIT (COMMON) MATHEMATICS SOLUTIONS
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