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Mathematics Extension 2

General Instructions

* Reading time — 5 minutes

» Working time — 3 hours

* Write using black or blue pen

* Board-approved calculators may
be used

* A table of standard integrals is
provided at the back of this paper

* All necessary working should be
shown in every question

Total marks ~ 120
* Attempt Questions 1-8
* All questions are of equal value

Total marks — 120
Attempt Questions 1-8
All questions are of equal value

Answer each question in a SEPARATE writing booklet: Extra writing booklets are available.

Marks
Question 1 (15 marks) Use a SEPARATE writing booklet.
(a) Use integration by parts to find Jxe”dx. 2
kid
T o
(b) Evaluate J Sm—;cdx . 3
g cos”x
(c) By completing the square, find J—L_ . 2
V54 4x—x?
(d) (i) Find rgal numbers @ and b such that 2
A#-Txtd _a b1
(+)(x=17 x+1 x-1 (x—1)2
2 —
(i) Hence find J X Takd 2
(x+D(x~1)
1 x2
(e) Use the substitution x=2siné to find J = dx. 4
. 0ovV4d—x



\
Question 2 (15 rqarks) Use a SEPARATE writing booklet.

(& Let z=1+2; andw=3—-1i. -
Find, in the form x+ iy,

@) zw

(i) (1—2(2 .

N

(b) Let a=1+i+3 and f=1+i.
() Find % in the form x + iy.
(i) Express o in modulus-argument form.

(iif) Given that ff has the modulus-argument form
B= «/—f(cos%ﬂsin%},

find the modulus-argument form of % .

(iv) Hence find the exact value of sinl—ig— .

(¢)  Sketch the region in the complex plane where the inequalities

|z+z|<1 and |z~i|<1

hold simultaneously.

Question 2 continues on page 4

Marks

Question 2 (continued)

(@) The diagram shows two distinct points A and B that represent the complex
numbers z and w respectively. The points A and B lie on the circle of radius »
centred at O. The point C representing the complex number z+w also lies on
this circle. '

¥

Copy the diagram into your writing booklet.
(i) Using the fact that C lies on the circle, show geometrically that

27
ZAOB==.
° 3

(ii) Hence show that z>=w".

(iii) Show that z2+ w2+ zw =0.

End of Question 2

Marks



Question 3 (15 marks) Use a SEPARATE writing booklet. \

2

4x
(a) Sketch the curve y= s

showing all asymptotes.

(b) The diagram shows the graph of y = f(x).

Y
4 A
Y =)
-5 5
X
B B

Draw separate one-third page sketches of the graphs of the following:
O y=|r)
” 2
i y=(f(x)

1

V)

(i) y=

(c) Find the equation of the tangent to the curve defined by xz—xy +y°=5 at the
point (2, -1).

Question 3 continues on page 6

Marks

Question 3 (continued)

(@) The base of a solid is the region in the
y=-x* and the line x=2, Bac

equilateral triangle.

%y plane enclosed by the curves y =x*,
h cross-section perpendicular to the x-axis is an

(1)  Show that the area of the triangular cross-section atx=his /3 p8,

(i) Hence find the volume of the solid,

-

End of Question 3

Marks




Marks
Question 4 (15 marks) Use a SEPARATE writing booklet.

Marks
‘ Question 4 (continued)
(a) Let o, B, and ¥ be the zeros of the polynomial p(x)= 3x3 4 Tx>+ 11x+51.
© y
@ Find o?By+ afy+afy’ 1
(i) Find o+ P+~ 2 ] P
(iii) Using part (ii), or otherwise, determine how many of the zeros of p(x) are 1 S
real. Justify your answer. O x
T
0
(b) The vertices of an acute-angled triangle ABC lie on a circle. The perpendiculars
from A, B and C meet BC, AC and AB at D, E and F respectively. These
perpendiculars meet at H. 2
X"y
The point P lies on the ellipse —5 + < =1. The chord through P and the focus
The perpendiculars AD, BE and CF are produced to meet the circle at K, L and . a” b .
M respectively. S(ae, 0) meets the ellipse at Q. The tangents to the ellipse at P and Q meet at the
point T(x, y,), so the equation of PQ is KZ‘) + %’— =1. (Do NOT prove this.)
A a
()" Using the equation of PQ, show that T lies on the directrix. 1
The point P is now chosen so that 7 also lies on the x-axis.
L
) y . PS
(ii) What is the value of the ratio ~—? 2
M H ST
B D C (iii) Show that ZPTQ is less than a right angle. 1
K : 1
(iv) Show that the area of triangle POT is b2(~e— - e). 1
(i) Prove that LZAHE=/ZDCE. 2
(ii) Deduce that AH=AL. 1
End of Question 4
(iii)  State a similar result for triangle AMH. 1
(iv) Show that the length of the arc BKC is half the length of the arc MKL. 2

Question 4 continues on page 8



Question 5 (15 marks) Use a SEPARATE writing booklet.

(®

®)

@

(i)

(iii)

@

(i)

Let a> 0. Find the points where the line y= ax and the curve y=x(x—a)

intersect.

Let R be the region in the plane for which x(x — a) <y < ax. Sketch R.

A solid is formed by rotating the region R about the line x= ~2a. Use the
method of cylindrical shells to find the volume of the solid.

In how many ways can » students be placed in two distinct rooms so that
neither room is empty?”

In how many ways can five students be placed in three distinct rooms so
that no roomi is empty?

Question 5 continues on page 10

Marks

Question 5 (continued)

{©) A smooth sphere with centre O and radius R is rotating about its vertical
diameter at a uniform angular velocity, @ radians per second. A marble is free
to roll around the inside of the sphere.

G-

S

(S S

mg

Assume that the marble can be considered as a point P which is acted upon by
gravity and the normal reaction force N' from the sphere. The marble describes
a horizontal circle of radius 7 with the same uniform angular velocity, @ radians
per second. Let the angle between OP and the vertical diameter be 0.

(i)  Bxplain why mra’=Nsing and mg=Ncosf .

() Show that cither cos6 = —£5.or 90,
@

(iii) Hence, or otherwise, show that if 6 0 then @ > \/—% .

End of Question 5

— 10—
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Question 6 (15 marks) Use a SEPARATE writing booklet.

@

(b)

(i) Show that

i3 .
sinx bid
J o de=
o 1+cos“x 2

(ii) By making the substitution x= 77— u, find
" xsinx
Jy e
o 1+cos“x

A particle is released from the origin O with an initial velocity of Ams™

directed vertically downward. The particle is subject to a constant gravitational
force and a resistance which is proportional to the velocity, v ms™", of the particle.

Let x be the displacement in metres of the particle below O at time ¢ seconds
after the release of the particle, so that the equation of motion is

X=g—kv,
where g ms~2 is the acceleration due to gravity.
(i) The terminal velocity of the particle is B ms~L, Show that k= %

(i) Verify that v satisfies the equation %(vek’) = ge®.

(iii) Hence show that the velocity of the particle is given by

L8
v=B~(B—-A)e B.

B &
(iv) Deduce that x=Bz-—E(B—A) 1-e .

Question 6 continues on page 12

~ 11—

Marks

Marks
Question 6 (continued)
2
At the same time as the particle is released from O, an identical particle is
released from the point P which is 4 metres below O. The second particle has an
initial velocity of A ms™" directed vertically upward.
B -2
3 Its displacement below O is given by x=h+ Bt — ~(B+A)1l-e .
(Do NOT prove this.) g
‘ (v) Suppose that the two particles meet after T seconds. Show that 2
7=S10g (_’L‘_&).
§ "*\24AB-gh
(vi) The value of A can be varied. What condition must A satisfy so that the 1
two particles can meet?
End of Question 6
1
2
2
2

~12~



Question 7 (15 {narks) Use a SEPARATE writing booklet.

@@ ©

(i)

(iif)

Let a be a positive real number. Show that g+ 1 22.
a

Let n be a positive integer and ay, 4y, ..., a, be n positive real numbers.

Prove by induction that (al +a, +... +an)(al+—5—+...+£~] >n?.
1 2 n

Hence show that cosec?d +sec? 6+ cot? 6 > 9cos* 6.

(b) Let arbe-a real number and suppose that z is a complex number such that

®

(i)

(i)

1
z+2=2cosa.

. By reducing the above equation to a quadratic equation in z, solve for z
and use de Moivre’s theorem to show that

N

1
2" +—=2cosna.

1
Let w=z+ 7 Prove that

w3+w2~2w—2=(z+1)+(zz+i2)+(z3+—1§-).
] < Z Z

Hence, or otherwise, find all solutions of
cosa+cos2a+cos3x=0, -

in the range 0 < <27,

— 13 —

Marks

REPLACEMENT PAGE 14 |

Marks
Questjon 8 (15 marks) Use a SEPARATE writing booklet.

)

(a) Let P(p,%) and Q(q%) be points on the hyperbola y =31c— with p>g>0. Let
P’ be the point (p, 0) and Q’ be the point (g, 0). The shaded region OPQ in
Figure 1 is bounded by the lines OP, OQ and the hyperbola. The shaded region
Q’QPP’ in Figure 2 is bounded by the lines QQ’, PP’, P’Q’ and the hyperbola.

y \ Y

[0) Figure 1 Q Figure 2

(i) Find the area of triangle OPP’. . 1
(ii) Prove that the area of the shaded region OPQ is equal to the area of the 1
shaded region Q"QPP’.

Let M be the midpoint of the chord PQ and R (r,%) be the intersection of the
line OM with the hyperbola. Let R” be the point (r, 0), as shown in Figure 3.

Y

Q

0

(iii) By using similar triangles, or otherwise, prove that = pg.

(iv) By using integration, or otherwise, show that the line RR’ divides the
shaded region Q’QPP’ into two pieces of equal area.

(v) Deduce that the line OR divides the shaded region OPQ into two pieces
of equal area.

Question § continues on page 15

—14 -
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Question 8 (continued)

T

7
(b) Let I, =j tan"xdx andlet J, =(~1)"1,, for n=0,1,2,...

®
(i)
(i)
@)

4))

0

1
Show that I +1 ., = T

-V :
Deduce that J,~J, ;= for n>1.

2n-1
b m (_1)”
S that J =—+ .
how that J,, =7+ 2,95
n=1
U oa
Use the substitution = tanx to show that [, =J i du.
vy 1+u

Deduce that 0 <, < —ii and conclude that J,— 0 as n—> .
n

End of paper

~15-
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MATHEMATICS EXTENSION 2

QUESTION 1
. © J dx - dx
(a) jxeax dx = -3-Jx d(es") \/5+4x—x2 w/9—-(x—-2)2
= Lot ljeax dx = sm_l(x 2) +C.
3 3 3
1 3z 1 3x
= =xe® - ="+ C 2
33x 9 (d)(i)_f_L*ﬁE'“+b___1__2
- &l 8x-1+C. (xc+ 1)z —1) x+1l x-1 (x-1)
9 a(x~1)2 + blx+1)(x ~1) ~ (x + 1)
(b) This problem can be done using many = 5% -Tx+4.
different substitutions, or equivalently using Let x = -1: 4a = 1+7+4
the function of a function rule in reverse. a = 8.
Here we show one example of each type Coefficient of x> a+b = 1
of method. b = -2,
METHOD 1 (Substitution) Thereforea =3 and b = 2.
Let u = cosx, du = —sinx dx.
When'x =0, w©=1. ., %2 — T+ 4
" 1 N v
When & = =, u= ~=. (% + 1)(x - 1)
4 2
K 1 = ...__3 - ---—2 - 1 dx
J4 Smax d =J7§‘u-s d x4l x-1  (g-1)2
0 cos"x 1 1 = Sln|x+1, 2In,x 1|+ +C'
_1[1]¥%® -
=3z Ll
2|y 1 = — +C.
=Leoy S =
2
1
= ‘2‘ (e) x = 2gin @
Other possible substitutions include dx = 20086 db. ,,
u =cos?x, u=cos’x, u=sinx and Whenx =1, &= re
u o= (: sec2 x)A Whenx = 0, 6=0
cos® x .
1 z
2 in2
]gETH_OD? function o) J x ds =J6 4sin”0 o056 do
( :nctlon ofa nncnlon in reverse . w/4—x2 . J 4 4sin? 0
z . Z 3
4 ginx _ 14 2 = in?
J' == dx _J tan xsec® x dx o | 8ASIDTO o sh deé,
0 COs”" X 0 = z o 2cos
= —1-[132111295]4 or -1—[sec2x]4 (since cosf>0for0°<6 < -75)
2 o 2 o . 6
1 z
= -2-(1—-0) = 4[6511129 de
1 ’
=

AAAA A P e
PR R

QUESTION 2
(a) @) zw = (1+2)8-1)
= (B8~i+bi+2)
= 5+ b1
(ii) METHOD 1
0 _ _10
z 1+2¢
_ 10 1-8
1+2i 1-2i
_ 10-2)
1+4
= 2-41.

. (10) 2+ 4i.
z

METHOD 2

@_

(i) Ial

1o
z
_ 102
Tz
. 10 +27)
12422
= 24 4i.

1+z*/_

@iv)

arg(——] = arg ¢ —arg f§
7

r_z
3 4
I3

[}

TR

L2 \/5 cos = + isin & |
B 12 12

Comparing (i) and (iii), and equating
imaginary parts:

V2 sinE = J3-1
12 2

A
Pwoeh

(¢) Let z = x+1iy.
Then 2z+%2 = 2x

A
-

|z+ E|
|22

1
1
o s L

A

"

lz —-‘il < 1 represents the interior and
.circumference of a circle centre (0, 1),
radius 1.

v Im(z)
1

)

2004 4 Page5b

1 1497 !
1 / / )
A I
\ / /
N / /7
< Wy ,
y %
L 1 R®
2 2
1 1
C
B r
R
r
r A
7
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(i) Since Crepresentsz+w, OACBisa
parallelogram.
. OB = AC and BC = OA.
Also, OA = OB = OC (radii of circle).
. AOBC and AOCA are equilateral.

.. ZBOC = LCOA = -;5
£AOC + LCOA
27

=

- LAOB

]

(ii) METHOD1
Let z = rcisa

w = rcis (zx + -2575} from (i)

w? = r3cis[3(a + 2—;—)},

using de Moivre’s rule
= rPcis(3a +2m)
= rlcis3a
= rs(cis a)3, using de Moivre’s rule

= 23.

METHOD 2
w = 20132317-, from (i)

3
.2

8= 28 c1s--—]
w 3

23cis27, using de Moivre’s rule

i

= 28x1
= Zs‘
(iii) From (ii), P-uwl=0
ie. (2~ w)(z2 +uwl4 zw) = 0.

2+w?+aw = 0, sincez # w.

QUESTION 3
y o A —0
%2-9
. Co —e
(x-38)x+8)
-4 —®
9
1__.
2
= 4435 —®
x2-9

From @ we note that the function is an even
function, and so the curve is symmetric
about the y-axis. It goes through the origin
with a gradient of zero.

From @ we note vertical asymptotes at

x =3,

MATHEMATICS EXTENSION 2

From ® and @ we note.that y — 4 asx — oo,
and 5o y = 4 is a horizontal asymptote.

From ® we note that y < 0 for lx| <3
and from @ we note that y 5 4 for lxl > 3.
Y

b
=== =--of—— -
8

b
8

(€ P-xy+y3=5

Differentiate both sides with respect tozx.

D32 B g
2x~y—xdx+ Y s
&y . y-2x
dx 3y2—x

y=-5x+9

At (2, -1), dy _ -l-4
dx
= -5,
The tangent is y+1 = —5(x-2)
or Sx+y~9 = 0.

The cross-sectional area is
A= %ab sinC

= é— (2h4 )2 sin Z

2
(i) Volume =J A dx
0

= sz/gxs dx
5]

9 0
_ 51243
9

QUESTION 4
(@) p(x) = 323+ 742 +11 x+51.

() o®By + oy + ofy? = apy (o +B+7)
51

3

3

= 392
= 89%.

(i) METHOD 1
o+ B2 4 42

= (or+ ﬁ+y)2—2(ocﬂ+ﬁy+ ay)

2
(e
3 3

Side length
- -
= 2h%,

cubic units.

_ 19

(b)

METHOD 2
Form a new polynomial whose roots are
a?, B2 and 72,
Let u = #2, sothat x = i‘«/z:, and
substitute into plx) = 0.
30 u+ 7w+ 11VE +51 = 0
Vi (Bu+11) = —(7u +51)
u@u+11)? = (Tu+51)2

9l + 6662+ - = 49u2 4 ...
Note: Only need first two teyms.)
B +17u%+ .. = 0,
2,.52,,2_ 17T _ .8
L AT+ Ay = o 19.

(iii) METHOD 1
As 02+ B%+ 4% < 0, from (if), there
is at least one unreal zero. As the
coefficients of p(x) are real, the unreal
Zeros oceur in conjugate pairs, so there
are at least 2 unreal zeros,
As deg: (p(x)) = 38, there is only one more
zero which must be real. Therefore there
is exactly one real zero of p(x).

METHOD 2
Px) = 9x% 4 145 + 11
A =142 -4x9x11
< 0.
Therefore p'(x) is positive definite, so
p(x) is monotonic increasing and so has
exactly one real zero.

METHOD 8
Possible rational zeros are +1, 8,
+17, £51 only. Testing these leads
to p(~8) = 0, and then to
p(x) = (x+ 3)(3952 -2+ 17).
Now for 8x2 < 2x + 17
A =22-4x3x17

< Q.
Therefore there are two unreal zeros
and exactly one real zero,

A

2004 @ Page58




DONA Edimiiem ?r:x o~ [a

MarkemaTics ExTENSION 2

(1) ZLAHE + ZAEH + ZHAE (£ sum, AAEH (ii) Vi QUESTION 5 B 2 ) R
= ZDCE+ £ADC+ZCAD  and AADC) ! ‘ . (@ @) y = ax —0 =2 . 4ot - dx
Now <LHAE = LCAD {common £) /_‘ P M : y = x(x~a) —@ 4
and ZAEH = LACD {both right Zs) ) i For the intersection, substitute @ into @: = 27 |:20L2x2 - -’—C-—}
ZAHE = £DCE. [9) i ax = x(x a) : 44
This can alse be done many other ways, ‘ 0 = 2®-2ax = 971|202, 4g? - ng_
such as by showing AAEH mAADC or by | w(x-2a) = 0 4
i . =0 or 2a.
ACBE, i x - 444
silowmg ?IthDm IEHDC?T by si)owmg If T'lies on the x-axis then the symmetry ] Substitute these values in ®: =2 (Sa 4a )
that quadrilatera is cychie of the ellipse means that P and  will be : y=0 or 2a%. = 87a* units®.
(i) ZALB = ZACB (£s in same segment vertically aligned so that PSQ will be a Therefore the points of intersection are
standing on same arc AB) vertical line. (0,0) and (2(1 202) ' b) G B
thatis, ZALE = ZECD (same £s) This can also be shown as follows. Since ’ ’ ’ : (b) (@) METHODI . :
but ZAHE = £DCE, from (i) T lies on the x-axis its coordinates will be (i) Bach student can be placed in one of the
Py AALE’ o - oy =ax two rooms, so that there are 2" ways
£ = i ) (xo, yo) == 0|, and so the equation o altogether. However, in 2 of these ways
AH = AL (flédes 0pp051t<;) el ’ one of the rooms is empty.
ednat £8 are equa £ PO will b e yx0 " Number of ways = 27~ 2
Again, other methods are possible, such of PQ will be P b2 =1 1 ’ ’
as showing AAEH = AAEL. @ 5 _y METHOD 2
Gii) Similarly, AH = AM @ ae Possible configurations are 1, (n—1)
iii) Similarly, = _ (diagram x = ae, 2, (n~2)
. s symmetric) which is a vertical line through S. :
@iv) £AHE = £ALE, from (ii) Let M be the closest point to P on the (n-1), 1.
. LZHAE = ZLAE (£ sum of A) directrix as shown. .~ Number of ways
arc KC = arcCL ] /s stand on n n n
v (equa :qsual arcs) £s _E‘g_, since PM = ST (1) ) (3) ¥ (n—l)'
Similarly from (i), ST PM o x
arc KB = arc BM. = e. (focus—dlrectnx deﬁmtlon) (75] ( ) [g) +( n 1) + (n)
n—1 n
. arc MKL Gi)  tan <PTS = PS = 2",
= arc MB + arc BK + arc KC +arcCL i an T sT (i)
= 2arc BK +2arc KC = ¢, from (ii) and (SJ = (:) = 1.
=2 (arc BK + arcKC) <1
x *. Number of ways = 2" -2,
= 2arc BKC. . LPTS < Z ™ A
1 it
. arc BKC = = arc MKL. i —% (ii) METHOD 1
2 Similarly, £QTS = fz PTS a 2a ¥ Possible configurations are 1, 1, 8 and
< - ! : ) 1» 2: 2.
() () - 4 !
n 2PTQ < E. ) o . . For 1, 1, 3, number of ways
P Consider the solid as being made up of 5 AVE:
P ‘ cylindrical shells of height 4 and radius r = (1) x (1) % (3)
S(ae, 0. @iv) AtP, . 295 = ae ‘ as shown. =20,
r E .oe LYooy ' From the diagram, 2a < r < 4a. For 1, 2, 2, number of ways
(xO: J’o) a? b2 da 5 4 5
o2 W V= 2nrh dr = [5)x[4]x
Q -52- =1-¢ 2% 1 2 2
a
x = y2 = b2(l-—e2). Now & = ax-x(x—a) - =h3f(')‘h "
) ] ) ) = (2 - %) owever, each of these configurations can
Sl.nce Sfae, 0) lies on fQ, its coordinates Thatis, PS?= b"’(l _ ez)] and  r = %49 be arranged 3 ways in the 3 rooms.
il satgy thi';quatmn Area APQT = 2 area APTS so  dr= dx “ Number of ways = 8x (20 * 30)
-—-2-“—+-l-)5‘l =1 = PSx ST . When r = 2a;, z =0. = 150.
aaexo - PSx _1_‘_’§ When r = 4a, x = 2a. METHOD 2
— -t 0=1 ) 2 ) 2a* If empty rooms are allowed, the number
a 5 = 2. b (l -e ) o V=1 2n(x+2a)%2a~2) dx of ways = 3% The number of ways with
) ) e ' a I 0 og s 5 one room empty = number of ways with
But the directrix has equation x = =. b2(1 ) = 27TJ‘ x(4a -% ) dx all in two rooms = 8x (25 ~ 2), using ().
. . . = - —el 0 .
Therefore T(xo, yo) lies on the directrix. e Number of ways with2 rooms empty = 3.
2000 & oo 2004 @ Page 60
,




(e) ()

(if)

(iii)

- Number of ways = 3%-3 (25 - 2) -3
= 8(81-80-1)
= 150.

The only forces acting on P are N and mg.
The particle is travelling in a horizontal
circle of radiusr, with uniform angular
velocity @.

.~ Net vertical force = 0. —@
Net inward radial force = mr@?. —®
@ becomes 0 = Ncos®—-mg
mg = Ncosb —®
and ® becomes mro? = N sin 6. —@
0]
R
L]
3 P
From the diagram, sin6 = -;;

Substitute into @: Z_g'. = mro

If the marble is at the bottom of the
sphere, then 8 = 0 and r = 0, and this
equation simply says 0 = 0.

Otherwise r # 0, so divide both sides by r:

N e
N = mRao?
Substitute into ®:
mRo?cosf = mg
cosf = & =,
Rw*
8 >0
cosf <1
R g <1
Ro?
w? > £
R

o > \/g, since @ > 0.
R

QUESTION 6

k3 .
@ O I =J —SRE
01+cos?x
Let u = cosx, so du = —sinx dx
x = 0, u = cosO = 1
x = 7, u = cosw = -1,
1=J—1:_d”._
1 1+u2
=Jl du
_11+u2

[

1
[ tanlu :I
-1

tan‘l(l) = tan“l(—l)

-z _zj
4 4
=z
5
n .
() I=J xsing oo
ol+cos®x
Let x = w—u, so dx = —du
x =0, U=z
x =7, uw = 0.

S I= 0(7r—u)sin(71:—u) (~dw)
» 1+cos®(m—u)

|

0
Now sin(z -u)
and cos(w —u)

”(n —w)sin(zw — u)

1+ cos?(m —u)

= sinu
= —COSU.

L= "z ~u)siny du

____MarHemaTics Extension 2

du

SRR

o l+cos®u
w . 7 N
_ (" . wsinu _j usinu
Jol-&vcoszu 0l+cos?u
L
- nj LI
ol+ cos?u
(1 N
Now, from (i), J Y gy = Z
o 1+cos?u 2
2I = 7 x
7=z
e
(b) 0 I v = Ams™
Xy % = g—kv
(1) At terminal velocity, acceleration is zero.
s Whenv = B, x =0,
0=g-kB
E= £
B

[vopen

(i)

(i)

@iv)

)

= (vekt) &L
t 0= gh+B\l-e B J[(B-A)-(B+4)
dv
ektgﬂz.kekt ( _51_")
= gh~2AB\l-e B )
= ek’(g - kv) +kve®,  since & %, & ¢
dt _&T
= gekt. nl-e B = _"‘gh
2AB
_&r
Now, 4 (vekt) = ge®. ¢ B =180
d% . 2AB
Integrating ;wth respect to ¢, _&T _ 1oe 1 - 2h
vett = 76_ekt+cl ) Ee 9AB
= BeM+Cy, from (i). 7= - Biog, [243—,;11)
When t =0, v=A g 2AB
A=B+0 = Blog (248
Ci= A-B °\24B - gh
vet = Betty A-B
v=DRB+ (A—B)e‘kf, (vi) From (v), T — oo as 2AB~gh — 0.
gt .~ In order to meet, 24B-gh > 0
ie. v = B—-(B-—A)e B, using (). . A > g_g
2
From (i) dx B- ( B A) -% Note: This is a necessary condition and
g o e = it is the one the examiners were looking
% = Bi- (B— A) ¢ B. (_QJ +Cy for. However, if A is close to gg—g, the
ot g particles may meet after a very long time,
= B+ B ( B- A) ¢ BiCy ?nd t}{erefore may have travelled a very
g ong distance.
When £ =0, x=0. In practice, there will be a finite time at
B B which the second particle hits the ground,
0=0+ 'g‘ (B - A) +Cy and A must be sufficiently large for the
. = B B_A particles to meet before this occurs.
ChL S ) ’ Students may find it worthwhile to
‘3 ( £ ) iné thi tion i depth, and
- examine this question in more depth, an
= =—{(B- B_
® = Bt+ P (B A) ¢ 1 determine a sufficient condition for the
B ( _ g_{) .particles to meet. It will be necessary to
= Bt—- E(B - A) l-e B consider how far above the ground P is.
IA o QUESTION 7
lAms
(a) () METHOD 1
2
Va - 2 ) 20, foralla>0
I TA ms™t ( 7:1
‘When the two particles meet, their a~2+ ; z0
displacements below O atre equal, 1
ie. putting ¢ = T in the two et~ z 2
displacement equations:
B ( _&ar ) METHOD 2 1
BT -=(B-A\l-¢ B Let f(x) = x+=, x>0
g &r x
=h+BT—§<B+A)(1~e B). f’(x):l—i2 = 0 when z =1.
o :

-B(B- A)(l - e”%j

= gh-B(B+ A)(l - e_%)
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(%) = % > 0 for x>0,

X
s0 f(x) is concave up and the stationary
point is an absolute minimum.




MaTHEMATICS ExTEnSION 2

. 2 METHOD 2 QUESTION 8
)2 ) - 2 - e 3 ,
1 = (B+1)4 2
= > 0, = 1}-2
wr x 2 for x> Therefore if the result is true for n = &, it ! w (w + ) (w * 1)
thatis, a + 1 2 2 fora>0. is also true for n = 2+ 1. Since itis true ! = (w + 1)(w2 —2)
@ for n = 1itis true'for all integers n > 1. 1
=lz+=+1] 224 =
METHOD 3 1 . . ) Z >
Consider values of & for which g + = =k (iii) (cosec 6 +sec” 6 + cot 9) 5 1 1 s 1 .
has solutions for a > 0. @ ( 1,1 1 )>32 =z +-z—+z+;§-+z +;2- Ol‘ L : st 2
2 - X > 8%,
a“-ka+1l = 0. 2 5 P . |
cosec® 0 sec”8 cot?@ from (i), | - 1 2,1 3, 1
To have solutions, we need A > 0, ) i z+ . +iz +"zz +120+ =) (@) Area AOPP' = 1 o 1 _1
B-420 (cosec29+sec26+cot29 ‘ 2P » 7
k22 sincsk>01fa>0, x(sin29+c0529+tan26)29 1
a+ 1 2 2 fora>0. | (iii) CoS O +cos 20 + cos 3 = 0 (i) Similarly, area AOQR’ = 5
a (cose(:29+sec20+cot2 t9)(1+tan2 9) 29 ]‘ 2c0s 0 +2cos20 +2¢0s30; = 0 Area OPQ = area QQPP' 1 area AOQE
- : 1 2, 1 3, 1Y) _ ,
(i) Prove (al tagt -t “n) (cosecz 6+ sec? 6 + cot? 9) sec?0 2 9 i (ZJ“ 'z‘] + (Z + ;5) + (Z + =)= o, area AOPP L
| - = area QQPP + = - =
ol LA Fo i) > n2, cosec? @+ sec? 0 + cot20 > 9cos? 6. | where z+ = = 2cos and using (i) Q, , 2
a;  ag a, | z = area Q'QFPF’.
1 . 1 ! withn = 2,8, wd+w?-2w-2 =0,
Testfor n=1: LHS = g;x = = 1. (b) () z+ == 2cos 0. i’ whe S| g (30) (iif) y
a 2_9 az+1 =0 | re w = z,usngu, Q
T S z cos z .
RHS = 1% = 1. (e-cosaff = cotar-1 _ (w+1)w —2)=o.
Since LHS = RHS, the result is true . 5 ! M
when n = 1. Assume the result is true = —sinta. w =13 or 3. R
for n = k. Thatis, assume z—cos = kisin Dc’ ' s
(a1 + ag+ -+ +ay) z = cosok ising 2c080 = -1, V2 or 2, v , P
1 ) 2 ) k ) = cis¢ or cis(—a). since w = z+—§ = 2cos, H !
2 =
x(-‘;—+;—~+-~+;—~] = % If 2 = cis then, from de Moivre’s rule, cosqr = _i, I—— Ol g o *
v * 2" = cisno and 27" = cis(—na. | PN 2
Whenn = k+1, Ifz = cis(—a), then 2" = 015(‘7‘0‘) and | cosa =L go2m . 4 Let M’ be the point on the x-axis below M.
LHS = (a1+ Qg+ tap+ ak“) 2" = cisnd. | SO = 3 =3 r 3 M has coopdinaes _B_*_Z A:"_Z) wnd
tl
x[_l..+._1_+...+.}_+ i J - In either case, | cosq = :]1=: a=% o 17 2 7 2pq
o G Gk 2 in‘ = cisno + cis(-na) { 21 ;ﬂ %57; M’ has coordinates | 252 o],
= (a1+a2+~~~+ak) = (cosna+isinna) cos = —-\/;: o= lkcioe ! ) 2
“ ( 1,1, .1 j +(cos not — isin nct) R AORR' || a0MM (equal £s)
I S ) ;
a; ag ay = 2cosnd. The last 4 solutions can also be obtained —---QR, = ——~—OM/ (equivalent ratios
+(01+ Qg+ +ak) X from w?-2 = 0 1 RE MM in similar As)
R+l 1 cos20 = 0, since w?~2 = 224 2 rel _PYg ptg
1.1 1 (i) w=z+=. 22 r 2 2pg
et _+~—+m+-a— 2 = 2cos 20 -
a; Qg k THOD 1 o = 3n Br I rq.
*ahon ST TPRPOE IS PN iy :
+. — X = — — —_
G+l wh=w = 232w z 22 _n 8% Bw ‘In (iv) Area Q'QRR’ =J % dx
=TT T, T, i
> B[ Gy Ghet - z3+—1—)+[z+l). PR A
=ET Ape1 @ 2 z Thus there are six solutions: =1In (—- .
" 5 5,0, 1 _Z 2 3m Bno4m . Tn q
ag | Gkl | w'-2 =z +2+-—2-—2 05—2, FErairiiry and —. 2y
- * 17 Area RRPP' = | 4y
Op+1 a2 = 22+ e R
ap Qg1 : h z _ P
=k ¢ ZZX2 141, using the = Inj=1
Qg1 ay ) ’ assumption, o wirw?-2w-2 1 r
and rearranging terms, - (z + E) + (22 + —15) + (zs + —3—] Now r2 = pq implies r .2
B n z z 4 i q r
2 B+ 2\+_k2ti__s.£ +1, fiﬁié;) Therefore the two areas are equal.
erm
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'(v) Area OQR = area @QQRR',  (from (i),
: with R replacing P)
area R’RPP/, (from (iv))
area ORP, (from (i1),
with R replacing Q).

Therefore OR divides region OPQ into two
pieces of equal area.

I

(b) () In + In+2 = J4 (tan" %+ tan®*2 x) dx
"g
= J‘l tan™ x(l +tan? x) dx
0
k3

1
= J tan® xsec? x du
)

x

_ | tan®*lg e
n+1 o

1

n+1

(i) Jn"Jn—l ( 1)nI2n ( 1)” 1I2n 2
= (- 1)n( on * I2n 2)

1) X — | from @),
@n - 2) 1’
=

T o2n-1
Note: n 2 1 is required so thatJ,_;,
Iy, _o are defined.

il
-

(iii) Z LD

Zn—l
m
DTN
n=1
=(J1—J0)+(J2—J1)+ +(Jm—Jm_1)
=dn~Jo. ,
Jo = 10=L4dx = -Z-

MATHEMATICS. EXTENSION 2

@v) u=tanx
x = tan™l
1+u®

Whenx:z—r-, u=1
4

Whenx =0, u=0.
b

fn = J4 tan™ x dx
0
- jlu" du
0 1+

1
n
=J Y du.
ol+u?

20for0<u<l1.

(v)

1+u

1 n

I=] ~%— duzo0
2
ol+u

I, = ——~1I,,5 from (),

n+l
< -———1—, since I, .o = 0.
n+l
1
0<g1,<
n+1

I, = 0 as n— oo,

Jy = (—1)"12,, - 0 as n— oo,
Note that this result produces an infinite
series for =,

4
_E, - i (_1)n+1
4 o 2n~1
1
S1-grErt

END OF MATHEMATICS EXTENSION 2 SOLUTIONS

a4 & Dana AR,



