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General Instructions

* Reading time — 5 minutes

» Working time — 3 hours

* Write. using black or blue pen

* Board-approved calculators may
be used

* A table of standard integrals is
provided at the back of this paper

* All necessary working should be
shown in every question

Total marks - 120
« Attempt Questions 1-8 -
* All questions are of equal value

Total marks — 120
Attempt Questions 1-8
All questions are of equal value

Answer eaci} question in a SEPARATE writing booklet. Extra writing booklets are available.

Question 1 (15 marks) Use a SEPARATE writing booklet.

() Find f c0s6 4o .
sin’g
(® () Find real numbers a and b such that — % _=_% b
%2-x-6 x-3 x+2~
.. . 5x
(i) Hence find
x“—x—-6

e

(©) Useintegration by parts to evaluate J x! log, x dx.
. 1 ¢

(d) Using the table of standard integrals, or otherwise, find J—-d%_—
" N4x® -1

6
Let t=tan—.
(e) = an2

. dt 1 2

Show that — = ={1+7%}).

@) ow tha 7 2( )
() Show that sinf=—2—
1+#2

(iii) Use the substitution ¢= tang to find jcosece dae.
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Question 2 (15 marks) Use a SEPARATE writing booklet.

(a)- Letz 3+zandw 1.—i. Find, in the form x+zy,

(1) 2z+zw

(i@ zw

@y O.
w

(b) Let B=1-i3.
(@) Express fin rﬁodulué-argument form.
(i) Express B’ in modulus-argument form.

(ili) Hence express f° in the form x+iy.

(¢)  Sketch the region on the Argand diagram where the inequalities

lz-z|<2 and |z-1|21

hold simultaneously.

Question 2 continues on page 5

- Marks

Question 2 (continued)

(@)  Let { be the line in the complex plane that passes through the origin and makes

an angle ¢ with the positive real axis, where 0< & < 12”'_

The point P represents the complex number z;, where 0<arg(z1)< o. The
point P is reflected in the line £ to produce the point O, which represents the

complex number Zy. Hence 'zl ‘« 'zz ]
(1) Explain why arg(z;) +arg(z,) = 2ex.
(i) Deduce that z;z, = jzl }2(c052a+isin2a).

(iii) Let 06=% and let R be the point that represents the complex

number 7125-

Describe. the locus of R as z; varies.

End of Quesﬂon 2

Marks




Marks
Quesﬁon 3 (15 marks) Use a SEPARATE writing booklet.

(2) The diagram shows the graph of y= f{(x).

ZF

Draw séparate; one-third pagé sketches of the graphs of the fol'lowmg

@  y=sflx+3) ' 1
@ y=|/() 1
@) y=4f() . 2
@) y=£(=x|). 2

(b) Sketch the graph of y=x+ , clearly i;ndicatiﬁg é.ny asymi)tétes and any 4

v -9
points where the graph meets the axes.

Question 3 continues on page 7

o Marks
Question 3 (continued)
(¢) Find the equation of the normal to the curve x°>— dry+y3=1 at (2,1). 3
(@ 2

The diagram shows the forces acting op a point P which is moving on a
frictionless banked circular lIaék.‘The point P has mass m and is moving ina _
horizontal circle of radius » with uniform speed .v. The track is inclined at an
angle 0 to the horizontal. The point experiences a normal reaction force N from
the track and a vertical force of magnitude mg due to gravity, so that the net
force on the particle is a force of magnitude WTZ directed towards the centre

of the horizontal circle. .

[T - »

By resolving N in the borizontal and vertical directions, show that

4
N=m gz+12—-
\ -

End of Question 3
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Question 4 (15 marks) Use a SEPARATE writing booklet. :
(@
The shaded region between the curve y = e"‘z, the x-axis, and the lines x=0 and
x=N, where N>0, is rotated about the y-axis to form a solid of revolution.
@) Use the method of cyhndncal shells to find the volume of this sohd in 3
terms of V. . e -
(ii) What is the limiting value of this volume as N-—>e0? . 1
(b) Suppose ¢, ,8 ¥ and 8 are the four roofs of the polynom1al equation
x* +px +qx +rx+s=0.
() Find the values of ax+ 8+ ¥+ 6 and ofy+ aﬁ6 +oyS+ Byd in terms 2
of p, g, rand s.
(ii) Show that o®+ B2+ 2+ 8%=p2-2g4. 2
(iii) Apply the result in part (ii) to show that ¥ -3+ 552+ 7x 8 =0 cannot 1
bave four real roots.
(iv) By evaluating the polynomlal at x=0 and x=1, deduce that the 2
polynomial equation x*-3x°+5x*+7x~8=0 has exactly two real
T00ts,

Question 4 continues on page 9

Question 4 (continued)

© ¥

P(xl, yl)

—
L |

B(0, -b)

2 2
x
The point P(x,y,) les on the ellipse —2-+;)—2 =1, where a>b>0.
a

The equation of the normal to the ellipse at P is azylx— bley = (az— b2) X1

(i) The normal at P passes through the point B(0, -b).

B
Show that y, = ——— or y,==b.
1 az_bz 1=

(i) Show thatif y = 5

End of Question 4 .

. 1
» the eccentricity of the ellipse is at least — .
2 P ND)
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Question 5 (15 marks) Use 2 SEPARATE writing booklet.

@ @© A 1

B C
I a =

The triangle ABC is right-angled at A and has sides with lengths 4, b and c,
as shown in the diagram. The perpendicular distance from A to BC is d.

By considering areas, or otherwise, show that b>c*= B2+ 7).

(i)

South . - East

The points A, B and C lLie on a horizontal surface. The point B is due south
of A. The point C is due east of A. There is a vertical tower, AT, of height £
at A. The point P lies on BC and is chosen so that AP is perpendicular to BC.

'3
Let ¢, fand y denote the anglés of elevation to the top of the tower from B,
C and P respectively.

Using the result in part (i), or otherwise, show that tan2y = tan?x + tanzﬂ .

Question 5 continues on page 12

—11-
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Question 5 (continued)

() Mary and Ferdinand are competing against each other in a competition in which
the winner is the first to score five goals. The outcome is recorded by listing, in
order, the initial of the persen who scores each goal: For example, one possible
outcome wouldd be recorded as MFFMMFMM.

() Explain why there are five different ways in which the outcome could be 1
recorded if Ferdinand scores only one goal in the competition.

(i) In how many different ways could the outcome of this competition be 2
recorded?

(©), Let a>0 and let f(x) be an increasing function such that f(O):O and
fa)=b.

a b
() Explain why J F(x)dx = ab- J FHx)dx. 1
0 0

2

(ii) Hence, or otherwise, find'the value of J‘ sm“l(ﬂ dx. 3

0

Question 5 continues on page 13

~12 -
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Question 5 (continued)
(d) The base of a right cylinder is the circle in the xy-plane with centre O and
radius 3. A wedge is obtained by cutting this cylinder with the plane through the
y-axis inclined at 60° to the xy-plane, as shown in the diagram.
X
A rectangular slice ABCD is taken perpendicular to the base of the wedge at a
distance x from the y-axis. _ )
@) Show that the area of ABCD is given by 2xv27 —3x2. 2
(if) Find the volume of the wedge. . 3

End of Question 5

— 13-

Question 6 (15 marks) Use a SEPARATE writing booklet.

' X
(a) For each integer 720, let I, (x) = J e dr.
. 0

() Prove by induction that

2 3 X"
L(x)=nlll-¢"* 1+x+7+—37+ +—j .

(ii) Show that

0<jt”etdt<—~

(iii)) Hence show that

af 101 1 1
0si-eH14s4=t .. + =< .
¢ ( T n!) (n+1)

(iv) Hence find the litniting value of 1+— L

u nl

Question 6 continues on page 15

~14 -

1o
'+ toot—= as n—yeo,
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Question 6 (continued)

() Letn be an integer greater than 2. Suppose @ is an nth toot of upity.and @#1.

(i) By expanding the left-hand side, show that

(1+20+30*+40°+ - - +n0" ) (@—-1)=n.

~1
() Using the identity L

5 or otherwise, prove that
-1 z-z

»

1 - cosf — isin@
c0s26 + isin28 —1 2isin@

provided that sin 8=0.

@) Hence, if ® = cos=L + isin 2, find the real part of *
n n -1

6 87 5

(iv) Deduce that 1 + Zcosz?ﬂ + 3cosi5j£ + 4cos—7r + 5cos— = —=.

5 52

(v) By expressing the left-hand side of the equation in part (iv) in terms of

2

5 find the exact valué, in surd form, of coszsr—.

T
cos—s— and cos

End of Question 6

—15—

Question 7 (15 marks) Use a SEPARATE writing booklet.

@

The points A, B and P lie on a circle.

The chord AB produced and the tangent at P intersect at the point 7, as shown
in the diagram. The point N is the foot of the perpendicular to AB through P, and
the point M is the foot of the perpendicular to PT through B. .

Copy or trace this diagram into your writing booklet.
({) Explain why BNPM is a cyclic quadrilateral.

(i) Pfove that MN is parallel to PA.

Let T3=p, BN=gq, Z’M:r, MP_=S, MB=tand NA=u.
. s r
(iii) Show that E<; C

(iv) Deduce that s <u.

Question 7 continues on page 17

- 16 -
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Question 7 (continued) -

(b)  The acceleration of any body towards the centre -of a star due to the force of:
gravity 1s ;)roporﬁonal to x~2, where x is the distance of the body from the centre

I k . .
of the star. Thatis, ¥= Y where £ is a positive constant.
P

(i) A satellite is orbiting a star with constant speed, V, ata fixed distance R 2
from the centre of the star. Its period of revolution is T. Use the fact

that the satellite is moving in uniform circular motion to show

2p3
- that & =F R
72
() The satellite is stopped suddenly. It then falls in a straight line towards 3

the centre of the star under the influence of gravity.
Show that the satellite’s velocity, v, satisfies the equation:

SR (R{x)
’ y AN

where x is the distance of the satellite from the centre of the star.

(i) Show that, if the mass of the star were concentrated at a single point, 3

the satellite would reach this point after time i

42

You may assume that | +f X _dx = Rsin™* \/E — Jx(R~-x).
R-x R

End of Question 7

~17 -

Question 8 (15 marks) Use a SEPARATE writing booklet.

(a)

Suppose that ¢ and b are positive real numbers, and let Flx) = ﬂ?ifﬁ
3
for x>0. 3(abx) .
(i) Show that the minimum value of #(x) occurs when x =2 L .
(i) Suppose that ¢ is a positive real humber.
a+b-i.-c > a+b V | a+b+c
Show that ( j > [ ) and deduce that 2 Aabe.
33abe 2+/ab 3
You may assume that %ﬁ >/ab.
(ii1) Suppose that the cubic equation .x°—px2+ gx—r=0 has three positive
real roots. Usé part (ii) to prove that p>>27r.
(iv) Deduce that the cubic equation P25 +x —1=0 has exactly one

real Toot.

Question 8 continues on page 19

~18 -
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Question 8 (continued)

®

C
A

_P(a sec, btan @)

2 2

2 X ;!
The point P(asec , btan 6) is a point on the-hyperbola —2—%5-: 1.. The line-

a
through P perpendicular to the x-axis meets the asymptotes of the hyperbola,

Xy x ¥ , - '

b 0 and 5= 0, at A(asec®, bsec8) and Blasec, —bsec 6)

respectively. A second line through P, with gradient tan ¢, meets the hyperbola
x

at Q-and meets the asymptotes at C and D as shown. The asymptote P —Z— =0

makes an angle 8 with the x-axis at the origin, as shown.
(i) Show that APx PB=b

PBcosf§

() Show that CP=-2L%B 4 show that pp = _LBSB
sin(a - B) sin(oc+ )

(iii) Hence deduce that CPXPD depends only on the value of ¢ and not
on the position of P.

(iv) LetCP=p,QD=gand PQ=r.
Show that p=g.

(v) A tangent to the hyperbola is drawn at T pardliel to CD. This tangent
meets the asymptotes at U and V as shown. Show that'7'is the midpoint
of UV.

End of paper

~19-
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