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General Instructions

* Reading time — 5 minutes

» Working time — 3 hours

* Write using black or blue pen
Black pen is preferred

* Board-approved calculators may
be used

* A table of standard integrals is
provided at the back of this paper

* All necessary working should be
shown in every question

Total marks - 120
* Attempt Questions 1-8
* All questions are of equal value
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STANDARD INTEGRALS

1
Jx" dx = ™ nwo1; w20, ifn <0
n+1
1
— dx =lnx, x>0
x
ax 1
e™ dx = =e™, a0
a
J 1.
cosax dx = —sinax, a0
a
. 1
sinax dx = ——cosax, a=#0
a
sec*ax dx = —tanax, a#0
a
Jsecaxtanax dx = lsecax, ax0
a

2

|

|

[Fsae =), wmano
J;dx = In(x 3P+ a?)

NOTE: Inx = log,x, x>0
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Total marks — 120
Attempt Questions 1-8
All questions are of equal value

Answer each question in a SEPARATE writing booklet. Exira writing booklets are available.

Question 1 (15 marks) Use a SEPARATE writing booklet.

(a) Find J.xlnxdx.

3
(b) Evaluate j xx+1dx.
0

(c) (i) Find real numbers a, b and ¢ such that
1 N b b€
x? (x - 1) x x2 x-1
" 1
(i) Hence, find YR dx.
x (x — 1)

(&) Find {cos3ed6.

1
1
(e) Evaluate — dt.
- 5-2t+1

Question 2 (15 marks) Use a SEPARATE writing booklet.

(a) Let w=2-3i and z=3+4i.
() TFind w+z.
(i) Find |w|.

v, .
(iii) Express Y in the form a+ ib, where g and b are real numbers.
z

(b) On the Argand diagram, the complex numbers 0, 1+i\/§, \/5 +{ and z
form a rhombus.

1413
0 NOT TO
SCALE

3 +i

o

(i) Find z in the form a+ib, where a and b are real numbers.

(if) An interior angle, 6, of the thombus is marked on the diagram.

Find the value of 8.

(¢) - Find, in modulus-argument form, all solutions of z° = §.

) (i) Use the binomial theorem to expand (cos 8 + isin 8)°.

(i) Use de Moivre’s theorem and your result from part (i) to prove that

cos 0 = lcos?;@ + gcos9.
4 4

(iii) Hence, or otherwise, find the smallest positive solution of

4c0s%0 ~3cosh =1.

3




Question 3 (15 marks) Use a SEPARATE writing booklet.

(a) (i) Draw a one-third page sketch of the graph y = sin%x for 0<x<4.

(ii) Find lim
x=0 . T

sin—x
2

(iii) Draw a one-third page sketch of the graph y= for O<x<4.

sin—x
2%

(Do NOT calculate the coordinates of any turning points.)

(b) The base of a solid is formed by the area bounded by y=cosx and y=-cosx

for OSxSE.
2

Vertical cross-sections of the solid taken parallel to the y-axis are in the shape of
isosceles triangles with the equal sides of Iength 1 unit as shown in the diagram.

Find the volume of the solid.

Question 3 continues on page 5

Question 3 (continued)

. . . 2 o
(c) Use mathematical induction to prove that (Zn)! > " (n‘) for all positive
integers n.

PO
(d) The equation — — =— =1 represents a hyperbola.
q 16 P

9

(i) Find the eccentricity e.
(ii) Find the coordinates of the foci.
(iii) ~ State the equations of the asymptotes.

(iv) Sketch the hyperbola.

2 2

(v) For the general hyperbola % - 1; =1, describe the effect on the
a b
hyperbola as e — oo,
End of Question 3




Question 4 (15 marks) Use a SEPARATE writing booklet.

(a) Letaand b be real numbers with a#b. Let z =x+iy be a complex number
such that

|z~a|2 - ’z~b|2 =1.

(i) Provethat x = atb + —1—
Z(b - a)

(ii) Hence, describe the locus of all complex numbers z such that

|z—a’2 —|z~b|2 =1,

(b) In the diagram, ABCD is a cyclic quadrilateral. The point E lies on the circle
through the points A, B, C and D such that AE ”BC . The line ED meets the
line BA at the point F. The point G lies on the line CD such that FG ”BC .

F

G

Copy or trace the diagram into your writing booklet.
(i) Prove that FADG is a cyclic quadrilateral.
(i) Explain why ZGFD = ZAED.

(iif) Prove that GA is a tangent to the circle through the points A, B, C and D,

Question 4 continues on page 7

—6—

Question 4 (continued)

©

A mass is attached to a spring and moves in a resistive medium, The motion of
the mass satisfies the differential equation

d*y . dy
2324 0y=0,
dr? dt 4

where y is the displacement of the mass at time ¢.

(i) Show that, if yzf(t) and y=g(t> are both solutions to the
differential equation and A and B are constants, then

y = Af(t) + Bg(t)

is also a solution.

() A solution of the differential equation is given by y=e* for some
values of k, where k is a constant.

Show that the only possible values of k are k=-1 and k=-2.

(iii) A solution of the differential equation is

y=Ae?' + B,

When ¢=0, itis given that y =0 and ?:].
t

Find the values of A and B.

End of ‘Question 4




Question 5 (15 marks) Use a SEPARATE writing booklet.

(a)

A small bead of mass m is attached to one end of a light string of length R. The
other end of the string is fixed at height 2k above the centre of a sphere of
radius R, as shown in the diagram. The bead moves in a circle of radius r on the
surface of the sphere and has constant angular velocity @ > 0. The string makes
an angle of @ with the vertical.

Three forces act on the bead: the tension force F of the string, the normal
reaction force N to the surface of the sphere, and the gravitational force mg.

(i) By resolving the forces horizontally and vertically on a diagram, show
that

Fsin6 — Nsin0 = ma*r

and
Fcos8 + Ncos =mg.

(i) Show that

N = %mg sech ~ %maﬂr cosecH.

(iii) Show that the bead remains in contact with the sphere if @ < \/% .

Question 5 continues on page 9

~8—

Question 5 (continued)

(b) If p, g and r are positive real numbers and p +¢q = r, prove that

p q r

l+p 1l4q 147

y2

2
(¢) The diagram shows the ellipse z—2 + —b—z— =1, where a>b. The line £ is the
tangent to the ellipse at the point P. The foci of the ellipse are S and §’. The
perpendicular to £ through § meets £ at the point Q. The lines SQ and $'P meet

at the point R.
y

[ \
////////////b
!

Copy or trace the diagram into your writing booklet.

(i) Use the reflection property of the ellipse at P to prove that SO = RQ.
(i) Explain why SR =2a.
(iii) Hence, or otherwise, prove that Q lies on the circle +yt=d%

End of Question 5
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Question 6 (15 marks) Use a SEPARATE writing booklet.

(2)

Jac jumps out of an aeroplane and falls vertically. His velocity at time ¢ after his
parachute is opened is given by v{z), where v(0) = vy and v(z) is positive in the
downwards direction. The magnitude of the resistive force provided by the
parachute is kv?, where k is a positive constant. Let m be Jac’s mass and g the
acceleration due to gravity. Jac’s terminal velocity with the parachute open is v;.

Tac’s equation of motion with the parachute open is

mill; = mg— k2. (Do NOT prove this.)
a

fm
(i) Explain why Jac’s terminal velocity v, is given by —:~

(ii) By integrating the equation of motion, show that ¢ and v are related by
the equation

L E—ln (vT +v)(vT _vo)

28| (v~ v) (v + )

(iii) Jac's friend Gil also jumps out of the acroplane and falls vertically. Jac
and Gil have the same mass and identical parachutes.

Jac opens his parachute when his speed is %VT. Gil opens her
parachute when her speed is 3v,.. Jac’s speed increases and Gil's speed

decreases, both towards v..

Show that in the time taken for Jac’s speed to double, Gil’s speed has
halved.

Question 6 continues on page 11

~ 10—

Question 6 (continued)

() Let f (x) be a function with a continuous derivative.

(1) Prove that y= (f(x))3 has a stationary point at x =a if f(a) =0 or
Va ’(a) =0.
. 3 .
(i) Without finding f "(x), explain why y= ( v (x)) has a horizontal

point of inflexion at x=ga if f(a) =0 and f’(a) #0.

(i) The diagram shows the graph y = f(x).

¥

Copy or trace the diagram into your writing booklet.

3
On the diagram in your writing booklet, sketch the graph y = ( f (x)) s
clearly distinguishing it from the graph y= f (x) .

On an Argand diagram, sketch the region described by the inequality

1

1+ 1.
Z

End of Question 6
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Question 7 (15 marks) Use a SEPARATE writing booklet.

(a) The diagram shows the graph of f (x) =

for 0<x<1.
1+ %2

The area bounded by y = # (x) the line x =1 and the x-axis is rotated about the
line x=1 to form a solid.

Use the method of cylindrical shells to find the volume of the solid.

3
cosz[g—x]
(b) Let I= —< dx.
x(4—x)
1

(1) Use the substitution # =4 —x to show that

(ii) Hence, find the value of I.

Question 7 continues on page 13

— 12—

Question 7 (continued)

2 2
(c) The diagram shows the ellipse x_z + y—z =1, where a>b. Let e be the
a

eccentricity of the ellipse.

The line £ is the tangent to the ellipse at the point P. The line £ has equation
y=mx+ ¢, where m is the slope and c is the y-intercept.

The points S and S” are the focal points of the ellipse, where S is on the positive
x-axis. The perpendiculars to £ through S and S’ intersect £ at Q and Q'
respectively. :

(i) By substituting the equation for £ into the equation for the ellipse, show
that

a*m? + b =2,

(ii) Show that the perpendicular distance from S to £ is given by

08 |mae+c|
‘\/l+m2 .

|mae—c[

V14 m? -

Hence, prove that OS x Q'S’ = b°.

(i) Ttis given that Q’S’ =

End of Question 7

— 13-




Question 8 (15 marks) Use a SEPARATE writing booklet.

(a) For every integer m>0 let

Prove that for m > 2

(b) A bag contains seven balls numbered from 1 to 7. A ball is chosen at random
and its number is noted. The ball is then returned to the bag. This is done a total
of seven times.

(i) What is the probability that each ball is selected exactly once?
(i) What is the probability that at least one ball is not selected?

(i) What is the probability that exactly one of the balls is not selected?

Question 8 continues on page 15

—14 -

Question § (continued)

(c) Let B be aroot of the complex monic polynomial

P(Z) =7" + an_lz"_l +oetazta.

Let M be the maximum value of ‘ a,_,

ey ] el

(i) Show that |B|" < M(|ﬁ|"‘1 T ||+ 1)'

(i) Hence, show that for any root f3 of P(z)

]ﬁl <l+M.

k

n

(d) Let § (x) = kz:)ck (x+%} » where the real numbers ¢, satisfy ’ck‘ < ‘cn‘
forall k<n, and ¢, #0.

Using part (c), or otherwise, show that S(x) = 0 has no real solutions.

End of paper
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Solutions
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Question 1
(@)

(b)

© O

Letu=Inx and ﬂ=Jc
dx

Letu=x+1 whenx=0, u=1
i _
dx

du=dx

J‘:x\jx+1 dx = J.f(u—l)\/; du
NEER
:J [uz ~u2]du
1
5 374
= ztﬁmzlﬁ
5 3 .

1 whenx=3, u=4

<[ 2x32-24g)-[2-2
5773 573

_us
15"

1 a b c
N :*‘“+—2+—
*(x-1) x x =x-1

1= ax(x—1)+b(x—1)+cx’
se=1
Sb=-1

whenx=1, 1=¢
whenx=0, 1=-b

)

Coefficients of x*, 0=a+c¢ ..a=-1

ca=-1,b=-1,c=1

(i) J ! dx:j(—l—i{+~l~)dx
x(x-1) x x x-1

) _[cos36'd¢9=-|.cos2 H.cos6 do
= I(l—sinz 9)0059 e
= I(cos¢9~sin2 é.cosﬂ) dé

. 1.
=sm¢9—§sm3 d+ec.

1 i
SR S N .
45241 o 4+1-2t 4t

b
[
L 4+(-)

(5]

= —;—(tan" (0)~tan™ (—1))

1 i d

“5{0-5)
_ T
8
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Question 2

(a) () Wwt+z=2+3i+3+4i
=5+171.

@) =v2"+(-3)

=J13.

w_2-3i 3-4i
7 3+4i 3-4i
_6-8i-9i—12
T 9416
—-6-17i
25

X

(iif)

2=V +i+1+i3
=3+1+i(x/3 +1).

b @

(ii)
1103 %

Wi+
o |

B i

&5

2]
Method 1:

Method 2:
Let w= \/g +i

argz =tan~ [\/Z’;H
T O
arg(\/intz)—tan (\EJ

Btz
T4

r
6

(©)
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Difference = %— r.z

6 12
ThusH:ﬁ~2><1£2— (£ sumof A)

Method 3:
|2|= (1+\/§)2 +(\/3_+1)2
= 2(1+\/'3')2
=\/§(1+\/§)
and V3 +1] =1+ V3] =2
By the cosine rule:
242 —[\/E(1+\/§)T
2x2x2

8—2(1+2J§+3)
- g

cosf =

Method 1:
=8

2’ =8[cos(2kn) +isin(2kx)]  k integer

z=2 {cos (%75] +isin (?ﬂ (de Moivre)

k=0, z=2[cosO+isinO]

k=1, z= 2[cos (Zij+ isin(z)]
3 3
-2




Mathematics Extension 2

Method 2:
=8
72-22=0
(z-2)(Z* +2z+4)=0
=2 or 7 +2z+4=0
2_—2im

2x1

24412

2
z:—li\/~—3
=—1+i/3

7, =2=2cis0
2 =—1+i/3
= 2cis(g£j
-3
z=-1-i3

=2cis (—_}—Ej
3

3
@ () (cosB+isind) =) C,(cos8) ™ (isin®)
k=0

= cos® 0 + 3cos” A(isin6)
+3cosf(isinf)’ +(isin oy
=cos® #+3icos? fsind
—3cosfsin® §~isin’ 4.
(i) By de Moivre’s theorem,
(cosd +isin 6)3 = cos34 +isin34
From (i), equating real parts:
cos® 6 —3cosfsin’? § = cos36
cos” 6 —3cosd(1 - cos? §) = cos36
4¢0s® @ —3cosd = cos3f

cost = l(:0539 + zcos o.
4 4

(111) 40053 #—-3cosf =1
4(100530 +écosﬂ)—30059 =1
4 4

cos36 +3cosf —3cosf =1
cos30 =1

30 = 2km.
6= 2km
3
The smallest positive solution is when

k integer

k =1 giving a value of ZT”

Question 3
(@ @O
9 T
0 1 2 3
14
z p
. 2 .. 9
(i) lim =< xlim—2
x—0 T T 0 . T
sin-—x sin—x
2
2
=—x1
4
2
7
(i) 2y I |
i !
1 i
14 1 1
| I
| |
g y . X
0 1 ? 3 f
i ]
1 | |
! |
1 i
21 | ]
| |
1 |
-3 | |
] |
| |
-1 | |
i 1
I |
51 | |
. )
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(b)

(©

Base cross-section =2 cos x
Height = sin x @ O
The volume of the triangular strip
is given by:

T

2,1
V=1lim ) —x2cosxxsinx. Sx
Sx—0 g 2

n
= Joz sin xcos x dx

=ljisin2xdx
2o

= {—lcos Zx}2
4 0

1 (iD)

NN
.. the volume is 5 units’.

ESD
16 9
XY
42 32_
a=4, b=3
b2=a2(e2—1)
3P =42 1)
32—1=-2—
16
16
5
e=—.
4

Foci (+ ae, 0)
i.e. (5,0) and (-5,0) )

P

Asymptotes are y=+—x

. 3
ile. y=—xand y=—
y 4 y

As e—> o0, b->o0. This means that the
gradient of the asymptotes —> o .

Thus the asymptotes (and the hyperbola)
tends to the y-axis from both sides.

(iii)
Need to prove (2n)1> 2" (n!)?
For n=1:
LHS=21=2 .
RHS = 2'(11)? =2 (iv)
. true forn=1
Assume that it is true for n=*k.
ie (2k)1=2%(k1)? ()
For n=k+1: 2(k+1D)12 2" ((k + 1))’
LHS = (2(k+1)!
=(2k+2)! )
=202k +D)(2k+2) )
> 28 (k1) (2k +1)(2k+2) from (o)
2 2 (kD 2k + 1)k +1)
2 2k (k+1)* since 2k+1>k+1
5 gkt (k1)1 Question 4
=RHS

@ O

.. statement is true for n=k+1.

Thus it is true for n=1 and is true for
n=k-+1 assuming it is true for n=% .
Therefore by Mathematical Induction it
is true for all positive integers.

2011 € Page 59

|z—af ~|z—b|2 =1

|(x+iy)=af ~|(x+iy)~B[ =1
|x—a+iy|2 —Ix—lH—iy]2 =1
(omar o> (o) =1

(x=a) + 5= (x=b) +5"]=1
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(x~a)Z ~(x—b)2 =1
X ~2ax+a’—x" +2bx—b* =1
~2ax+a’ +2bx—~b* =1
2x(b—a)=b"—a* +1
_bta

1 .
x= +———— as required.
2 20-a)

(i1) The locus is a vertical line with
b+a 1

2 20b-a)

equation x =

(b)

Let ZBCD =x
ZFAD = x (exterior £ of cyclic quad)
LFGC =7 —x (co-interior £'s,

with FG || BC)
LFAD and ZFGD are supplementary,
thus FADG is a cyclic quadrilateral.

(i) ZGFD = ZAED (alternate /'s,
with FG || BC).

(i) ZGFD=ZGAD (4 's on circumference )
ZGFD = ZAED (alternate s, FG||AE)
. LAED = ZGAD (both equal ZGFD)
Since LZAED = ZGAD , this satisfies
the condition for the angle in the
alternate segment, hence GA is a
tangent to the circle ABCD.

© @ Ify=f(andy=g(@)are solutiéns of:
d’y . dy
—+2y=0,
ar 3 a
then F'(O+3f'@®O+2f()=0
and g"()+3g'(")+2g(t)=0
If y=Af(®)+Bg() then

D _ Af(5)+Bg'(e) and
dt

L= A+ Bg)
i—?—+3%+2y =Af"()+ Bg"(t)
+3(Af'(6)+Bg'(D)
H2A(F(6)+Bg(n))
=A(f'0)+31' (O +21 (1)
+B(g"(0)+38'() +28(1))
= A(0)+ B(0)
=0

Hence y = Af () + Bg(t) is a solution.

(i) If y=¢" is a solution then
ke +3ke™ + 264 =0
(K +3k+2)=0, "0
(k+2)(k+1)=0
k=—1,-2
ok =-1,-2 are the only solutions.

(iti) y=Ae™ +Be”
Y ~2Ae™ —Be™
dx
whent=0,y=0 — A+B=0
whent:O,fl—y—zl —>-2A-B=1
dx
Oninspection A=-1, B=1

Ly=—e e,
Question 5

@ ®

Horizontally, net force into the centre
of the circle,
Fsinf-Nsinf=mra’ ®

2011 4 Page 60

2011 Higher School Certificate

Vertically, equilibrium
Fcos@+NcosO=img @

(i) Muliiply @ by cos@and @ by sind:
Fsinfcos@— Nsinfcosd = mra’ cos O
Fsinfcosf-+ Nsinfcosd =mgsin g
Subtracting gives
2N sin @ cos & = mg sin O —mra* cos §

 omg e’
" 2cos0 2sind

N= %mg secd ~%mra}2 cosecd.

(i) When N =0, the bead is at the point of
losing contact with the sphere;
i.e. the bead is in contact when N >0

%mg secd— -;— mro’cosecd > 0

lmg secd > lmra)zcosecﬁ
2 2

m, r, and cosecd are all positive
sin @
ot < gsme
rcosé

w’ < igitan [

but tan@ =
r h

2

o <=x

Bl ]

o' <

o~ |on

" a)s\/% (since g > 0and 7> 0).

(b) _Q_+L_L
1+p l+q l+r
_ o+ q)r)+ql+ p)(i+r)-r(l+ p)(i+g)
(+p)i+g)i+r)
_ p(l+q+r+qr)+q(l+p+r+pr)_I_
(L+ p)(1+q)(1+7)

-r(l+p+q+pg)
1+ p)l+q)1+r)

_PHpgtprtpqrigtpgtgrtpgr

1+ p)A+q)l+r)

~r—pr—qr~pqr
L+ p)1+ )1 +7)

(©

(i)

(i)
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_Ptq+2pg+pgr-r
(L+ p)L+g)(L+7)

"+ 2pg -+ par— .
> ITEPATPETTT sincep+gr

1+ p)(+g)(1+1)
> 2pq+ pgr

1+ p)(I+g)(1+1)
=20 sincep, g, r20.

M is the intersection of £ with y-axis.
£ZMPS'= ZQPS (Property of ellipse)
LMPS'= ZQPR (Vert. opp. Zs)
In ASPQ and ARPQ:
ZQPR = ZQPS (Proven above)
ZRQOP = LSQP =90° (8Q 1. £)

PQ is common.
ASPQ =ARPQ (ASA)

- .80 = RO (corresponding sides of

congruent triangles).

S'P+ PS =2a (Property of an ellipse)
§'P+ PR =2a (PR=PS corresponding
sides of congruent triangles from (i))
~S'R=2a (S'P+PR=S'R).

Consider S'R as a radius of a circle
with centre § '(—ae,O) with radius

2a from (ii) above.

Let R have coordinates (x,,y,), where

(xz— —ae)2 +( ¥z —O)2 =(2a)°

(xp +ae) +y,’ =4a’

Q is the midpoint of RS, Since RQ = SO
(corresponding sides of congruent
triangles are equal) with § (ae,O).

Thus Q has coordinates (Eizr*x’lryf) .
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4
i
i

i
1
s
i
i
i

(@ ®

(it

At Q:
Pry= (ae+xR) 2
4 4
1
ZZ[(xR +ae) + y,f]
=l>< 4612
4
:az

. O lies on the circle x* +y* =a’as
requited.

Question 6

dv 2
m—=mg —ky
a e

. . dv
Terminal velocity occurs when— — 0
¢

mg—kv' =0
mg =kv’
2o me
k
mg
Vp = 7
dv 2
m-—=mg —kv
a7 8
J mdvz_J‘dt
mg —kv
m dv
k mg VZ:_[dt

d
;J.%jvz :Idt
d k
fszfvz =—[ar

R R - dv:ﬁf’dr
2vp JoVp—V vtV mve
1
E—V— —In (v, —v)+In( vT+v]—

Lotk
2v, V=V m

' 1 +
Att=0,v=v, -.c=—oIn| L%
v \vp—v

Hence:

Lo lk, L vy Yy
v, \vp—v) o m 2y, v, -V,
adﬁwwLm“W+”Wf%ﬂ

m 2v, |\ (v =v) (v +v)

L m(mw)(vr—vo)]

- 2kvy (VT _V)(VT +v0)

(from terminal velocity)

2
Noting molr
kg

t :.XLm(M]

2g (VT—V)(VT +v,) .

. V.
(iii) Jac opens his parachute when v, = L

Let ¢, . be the time for Jac to double his

Jac

speed (at which point v = %vT ).

(v +2v j(v VT)

T LT T 4

tjnp:v—Thl ; s
2" (2]

10 ,

—y,
Yl 9
2g f‘_vz

o'r

-5(3)
2g 2

Gil opens her parachute when v, =3v,..
Let #,, be the time for Gil to halve her

speed (at which point v= %VT ).

3
2y, |(v, -3
) v, . (VT+2V7J(VT VT)

28 (VT—%VTJ(VT+3VT)

tGiI
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The time taken for Jac’s speed to

double is the same as the time taken for

Gil’s speed to halve, as required.
b @
D 3(£0) £
dx
If ﬂ =0atx=aq,
dx

3(f(@) fa)=0
fl@)=0orf(a)=0.

G) y=(s (x))3 has a root of multiplicity 3.

If f(a)=0,then f'(a)=0 and
JS"(a)=0 so there is a possible
horizontal point of inflexion.

dy 2 ., .

- = 3(f(x)) f'(x), at points

x=ate (where ¢ is small):

=(f (x))3 , using the chain rule

©

3(f(at 5))2 >0 and so the sign of ? @)

is the same sign as f'(x). Since
f'(a)#0, and the gradient has the
same sign about a stationary point,

point is a horizontal point of inflexion.

(i)

X

the

a
(f(X))a//f(x)
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l+—1~
z
z+1

z
|z+1]

/2
2= (-D)|<l¢]

e+ 1+iy|<|x+1+5)|

«[(x+1)2 +y < x4yt

(x+1)2+y2 x4y’
2x+1<0
1

X< ——
2

<1

<1

<1

1
S Re(f)S—=
(2) 5

Im(z)

Re(z)

ECT I

Question 7

Volume of the shell (6V)is the large

cylinder minus the small cylinder.
8V =R*H ~zr*h where:
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(b)

R=1-x,
r=1-x-0zx,
H=h=y
5V = ﬂ'y{(l—x)z —(l—x—ﬁx)z}
=7y(2-2x-56x)6x
~27my(1-x)8x (8x" is negligible )

i
Voot = glﬁ)ZZﬂy(l—x)Ex
x=0

BEEN
0 14+x

1 2
:27rj al x2 dx
o l+x
_ 42
Let X x2 :A+Bx+2C
I+x 1+x
x—x2=A(1+x2)+Bx+C
Equate x*: —1=A
Equate x: 1=8B
Sub x=0: 0=A+C—>C=1

1
and=27rj ("1+ xz"' ! zjdx
0 1+x° 1+x

1 1
V =27 —x+=In{l+x? +tan”1x}
solid [ ) ( )

0
=27{—1+lln2+£—0j|
2 4

. Volume = n'(ln 2+ % - 2) units® .

(@) Letu=4-x whenx=1u=3

ﬂ=—1 when x=3,u=1
dx
du =—dx
3 WX 1 27 .
cos? 2t cos (—(4—u))
8 dx= 8 (~dzl)
x(4-x) (4-u)u
1 3
1 2 T U
€08 [T?)
| —=—du
(4-uwu

3

3. 7
sin®* —

= & i
(4-u)u
t

1 WX 3 . 9 WX
cos 3 sin 3
i) - dx=| —dx
(@) J 2(4-x) J (4-x)x
1 1

Add the equal integrals to get:

? cos? X T
21 =
x(4—x) x(4-x)
1 1
. 3
:J L
| x(4-x)
3
I:lj L&
2}, x(4-x)
1 A B
=—+
x(4-x) x 4-x
1= A(4—x)+Bx
when x =4, le
4
1
when x=0, A=-—
4

=5 i)

:—;«[lnx—]n(4~x)]13

é(]n3—lr11—ln1+1n3)
~Lin.
4
¢ 1 2 2
© O 20
a b
2 2
+
Lo
a

pxt+at (mzx2 +2cmx+c* ) =a’b’

(bz + azmz)x2 +2aemx+atc’ —a*b? =0
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But this is a tangent . A=0:
[Note- a#0andb=0]

4a4czm2—4( +a'm ) ( bz) 0

a’c’m ~(b2 +a2m2)(cz,~ bz) =0

a'tm? -+ b -atmict + a?bim? = 0

bt -b'c* +a'b'm’ =0

B4 atm? —c? =0
am +b =

(i) Sis (ae,O), Lismx—y+c=0
0S = ax, +by, +c
m(ae)~1(0) +c
Jm +(=1)°

mae+c

N14+m? .

Ii

() OSxQ'S'= mae-+c , |mae—c
o Wmt41 m+1
3 mia’e’ —c*
m*+1
m2a232~(a2m2+b2) g )
= [———a—— A from (i
m*+1 o

ma’ (ez —-1) v

m? +1

—m’b? b
T mier |
b’ (m" +1)

m’ +1

1l

Question 8

@) 1= [l (1) &
]

Letu=x"" dv= x(x2 - 1)5 dx

du=(m-1)x""dx v=

2\ ' 1 2\
Im:[x”" —-—(x121) } —(m—l)J P *-—(xlzl) dx
0

1) (¥-1)dr

12
:_(m—l)llll+(m~l)1m4
12 12 }
[ lm ) (D), |
m 12 12 m-2 ‘
Im(lzwhl):(m—1)[W2 {
12 12 ‘
(11+m] (m-1) |
m = Im—2
12 12
Im = (m—l)x 12 2
12 M+m ™
m= m-] Lo
m+11

7.6 5 17!

b P(E ——>< X—X...
®m @ PE XX =
:g_ 720
7 117649
6! 116929
i) PE)=1-2 2110929
@ PE =15 =1

(iif) If one ball, say the 7 is left out then
1,1,2,3,4,5,6 is a possibility.

7! .
There are 2 of selecting these numbers.

Given there can be double 2’s, 3’s all
!
the way to double 6’s, there are 6 x—g—;

permutations of leaving out the 7.
As each of the other numbers can be left
out, the total permutations are
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7!
Tx6x—=21x7!
21

21x 7!

P(E) ==

© @G P@=2"+a 2" +.+azta,
If P(B)=0:

02ﬂ"+an—l

ﬂ":~(a,,_|,ﬁ""‘+...+alﬂ+aa)

I,l?"l =‘a,,_,ﬂ"*‘ +..taf+a,

B v raftra,

< anvlﬂ""]+...+lalﬂ|+ a,
B <lal8 +.+|a||B]+]a,
SM(/}"'1+._.,+|,B]+1).

G) |A" +.+|Bl+1 is a GP with

a=1], r=|ﬂ| with r terms

ﬁ"SM(ﬂ"“l+...+|ﬁy+1)
. [iflar )
<M
g [ B }
1 (1B-1) < m(jgl 1) i |]>1
A -1
pl-1<mE
1z r
]ﬂ|—1SM[1— 1"]
B
|Al-1sM
|B|<1+M.

If | f| <1then | B| <1+ M.
Thus || <1+ M.

(@)

n k
S(x) :ch (x-kl] where ]ck| < |c"[
k=0 x*

( l)n ( 1)n—l
=Cc,px+t—| t¢, p xt— +
X X
(3]
ke Xx+— |+
X

Hence:

" 4\
w:(x_Fl) +_C‘L‘.]_(x+ij +
<, X C, X

¢ 1) ¢
R e R
c, x) ¢,

which is a monic polynomial in terms of

1 1
x+—.Let z=x+—to get
x x

P(z)=z"+a, 2" +..+azta,
(as in part ¢)
|Ck[
=k <q <
|ak‘ |Cn| : as le| < |C"|
Let S be areal root of S(x),
ie. f=x +l
X .
From (c)(ii) l ,BI <1+M so
|B] <2 since M <1

But >2 [see graph]

3y \\\\_‘//,’///////
2 1

s
¥ ¥

1
X+
X

Y
This would mean that [ ,BI >2 but this is

a contradiction as earlier it was shown
that I ,Bl < 2 . This contraction means that

the assumption that f is a real root of
S(x)is incorrect. Thus S(x) has no real
solutions.

End of Mathematics solutions
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