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Total marks — 120
Attempt Questions 1-10
All gquestions are of equal value

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

. Marks
Question 1 (12 marks) Use a SEPARATE writing booklet.
(a)  The radius of Mars is approximately 3 397 000 m. Write this number in scientific 2
notation, correct to two significant figures.
(b) Differentiate x*+5x71 with respect to x. 2
) Sol x-5 x+1 5 ,
Solvi — ——=3, 2
(c olve 3 7
(d) Find integers a and b such that (3-~2) =a—-b2. 2
(e) A packet contains 12 red, 8 green, 7 yellow and 3 black jellybeans. 2
One jellybean is selected from the packet at random.
What is the probability that the selected jellybean is red or yellow?
2

(f)  Find the values of x for which |x+1|<5.




Question 2 (12 marks) Use a SEPARATE writing booklet.

(a) The diagram shows the points A(—1, 3) and B(2, 0).

The line /is drawn perpendicular to the x-axis through the point B.
y 4 NOT TO
SCALE

OI Bi | x
(i) Calculate the length of the interval AB.
(1) Find the gradient of the line AB.
(i1i)) What s the size of the acute éngle between the line AB and the line /2

(iv) Show that the equation of the line AB is x + y—2=0.
(v) Copy the diagram into your writing booklet and shade the I‘CUIOII defined
by x+y— 2<0.

(vi) Write down the equation of the line /.

(vii) The point C is on the line ¢ such that AC is perpendicular to AB. Find the
coordinates of C.

(b) ,
NOT TO

SCALE

D

In the diagram, ABC is an isosceles tnancle with AB=AC and /BAC=38°.
The line BC is produced to D.

Copy or trace the diagram into your writing booklet.

Find the size of LACD. Give reasons for your answer.

(c)  For what values of k does x*>— kx+4 =0 have no real roots?

Marks

[uy

()




5 Marks
Question 3 (12 marks) Use a SEPARATE writing booklet.

LS A ~

(a) Differentiate with respect to x:

=

) x*logx

("))
| )

@) (+sinx).

2
() (@) Evaluate f e dx . 2
1 .
X
ii) Find dx . 2
D J‘ x? =3
(©) N
P NOT TO
12 km SCALE
70°
P e e
30 km =

The diagram shows a point P which is 30 km due west of the point 0.
The point R is 12 km from P and has a bearing from P of 070°.

(i) Find the distance of R from Q.

(ii) Find the bearing of R from Q.




Question 4 (12gmarks) Use a SEPARATE writing booklet.

(a) STecm

NOT TO
SCALE
6 cm

0 —B
AOB is a sector of a circle, centre O and radius 6 cm.

The length of the arc AB is 57 cm.

Calculate the exact area of the sector AOB.

(b) Consider the function f(x)=x>—3x2

(i) Find the coordinates of the stationary points of the curve y=f(x) and
determine their nature.

() Sketch the curve showing where it meets the axes.

(111) Find the Valueé of x for which the curve y=f(x) is concave up.

(©

y =2secx

e
>~ x

3

In the diégram, the shaded region is bounded by the curve y=2secx, the

coordinate axes and the line x = 3 The shaded region is rotated about the x-axis.

Calculate the exact volume of the solid of revolution formed.

Marks




Question 5 (12 marks) Use a SEPARATE writing booklet.

(a) Clareis learning to drive. Her first Iesson is 30 minutes long. Her second lesson
is 35 minutes long. Each subsequent lesson is 5 minutes longer than the lesson
before

(1) How long will Clare’s twenty-first lesson be?

(ii) How many hours of lessons will Clare have completed after her
twenty-first lesson?

(i) During which lesson will Clare have completed 2 total of 50 hours of
driving lessons?

(b) A particle moves along a straight line so that its displacement, x metres, from a
fixed point O is given by x=1+3cos2¢, where £ is measured in seconds.

(i) 'What is the initial displacernent of the particle?
(i) Sketch the graph of x as a function of tfor0<r< .

(ii) Hence, or otherwise, find when AND where the particle first comes to
rest after r=0.

(iv) Find a time when the particle reaches its maximum speed. What is
this speed? ‘

- o T :'6*: -
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Marks
Question 6 (12 marks) Use a SEPARATE writing booklet.

(a) Solve the following equation for x:

¥ +3.5-10=0.

NOTTO
SCALE

B

C
The diagram shows a right-angled triangle ABC with ZABC =90°. The point M

is the midpoint of AC, and Y is the point where the perpendicular to AC at M
meets BC.

[\

(i) Show that AAYM = ACYM.

(i) Sﬁppose that it is also given that AY bisects ZBAC. Find the size of 3
ZYCM and hence find the exact ratio MY : AC.

(¢) In a game, a turn involves rolling two dice, each with faces marked 0, 1, 2, 3, 4
and 5. The score for each turn is calculated by multiplying the two numbers

uppermost on the dice.

[

(i) What is the probability of scoring zero on the first turn?

(i) What is the probability of scoring 16 or more on the first turn?

|39}

(iii) What is the probability that the sum of the scores in the first two turns is
less than 457?

O B — R




Marks
Question 7 (!12 marks) Use a SEPARATE writing booklet.

oy

4
(a) Evalua’ge Z n* .

n=

'(b) At the beginning of 1991 Australia’s population was 17 million. At the
beginning of 2004 the population was 20 million.

Assume that the population P is increasing exponentially and satisfies an
equation of the form P =Aekr, where A and k are constants, and 7 is measured in

years from the beginning of 1991.

(i) Show that P=Ac¥ satisfies ‘;—f =kP. 1
(i) What is the value of A? " 1
(i) Find the value of k. » 2
‘(iv) Predict the year during which Australia’s population will reach 30 miltion. 2

(¢c)  Betty decides to set up a trust fund for her grandson, Luis. She invests $80 at the
beginning of each month. The money is invested at 6% per annum, compounded

monthly.
The trust fund matures at the end of the month of her final investment, 25 years

after her first investment. This means that Betty makes 300 monthly
investments.

[ 8]

(i) After 25 years, what will be the value of the first $80 invested?

() By ‘writing a geometric series for the value of all Betty’s investments, 3
calculate the final value of Luis’ trust fund.




Marks

Question 8 (12 marks) Use a SEPARATE writing booklet.

(2) @

Show that cosBtan@=sing.

(i) Hence solve 8sinfcosftan8=cosectd for 0< <2,

(b) The diagram shows the graph of the parabola x* = 16y. The points A (4, 1) and
B (-8, 4) are on the parabola, and C is the point where the tangent to the
parabola at A intersects the directrix.

NOTTO
SCALE

®
(i1)
(i)

(tv)

™)

Write down the equation of the directrix of the parabola x%= 16y.
Find the equation of the tangent to the parabola at the point A.

Show that C is the point (—6, —4).

leen that the equation of the line ABis y =2 —= ﬁnd the area bounded
by the line AB and the parabola.

Hence, or otherwise, find the shaded area bounded by the parabola, the
tangent at A and the line BC.

poed

o
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Question 9 (12 marks) Use a SEPARATE writing booklet.

(2) Consider the geometric series 1 —tan®8 + tan*9 — ...

(i) When the limiting sum exists, find its value in simplest form.

(i) For what values of @ in the interval —~72£ <8 <§ does the limiting sum
of the series exist? =

(b) A particle moves along the x-axis. Initially it is at rest at the origin. The graph
shows the acceleration, a, of the particle as a function of time ¢ for 0<¢< 5.

ak
L w3

1 2\ 3 4 5 ¢
-3+ (3,-3) (5,-3)

(1) Write down the time at which the velocity of the particle is a maximum.

(i) At what time during the interval 0<¢<5 is the particle furthest from the
origin? Give brief reasons for your answer.

, for x> 0.

(¢) Consider the function f(x)=
@) Show that the graph of y=/{(x) has a stationary point at x=e.

(ii) By considering the gradient on either side of x=e¢, or otherwise, show
that the stationary point is 2 maximum.

(1ii) Use the fact that the maximum value of Jf(x) occurs at x=e to deduce
that ¢* > x* for all x > 0.

S Ll ST
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Marks
Question 10 (12 marks) Use a SEPARATE writing booklet.

(a) ()  Use Simpson’s rule with 3 function values to find an approximation to the 2

1
area under the curve y == between x =gz and x =3a, where a is positive.

(i) Using the result in part (i), show that 1
~ . 10
In3=—.
9
1825
(o)
The diagram shows a triangular piece of land ABC with dimensions
AB=cmetres, AC=b metres and BC=qg metres, where g < b <c.
The owner of the land wants to build a straight fence to divide the land into two
pieces of equal area. Let S and 7 be points on AB and AC respectively so that ST
divides the land into two pieces of equal area.
Let AS=xmetres, AT =y metres and ST =z metres.
(i) Show that xy -—;—214[90. 1
() Use the cosine rule in triangle AST to show that 2
2.2
7% = x? +—b—92——bc COSA.
4x
(iii) Show that the value of z%in the equation in part (ii) is a minimum when 4
: |be ‘
X = l——.
2 .
— k) -7
(iv) Show that the minimum length of the fence is \/ € 2032 (P-2¢) metres, 2

where P=g+b+c.

(You may assume that the value of x given in part (iii) is feasible.)

End of paper
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2004 HiGHER ScHooL CERTIFICATE
SOLUTIONS ’

MATHEMATICS

QUESTION 1 Test: X v X
(2) 3397000 = 3-397x10° -6 4
= 3-4x10° (2 significant figures). -6 < x <4
() 5—(:64 +5571) = 4o 522 QUESTIONZ
n
| @ @ AB = @--1%+(0-3)7?
(C) x-5 _ x+1 = 5. _ [32_*_(_3)2
S e | ey
(x —5) (x+1) = NI+
12 -12 =12x5
73 T ) = V18
Ax~-5)-3(x+1) = 60 = 372 units.
4x-20-3x-3 = 60 3.0
x—-23 = 60 (i) METHOD1 GradientAB = ——2.
x = 83, ;1“2
2 —.2 ) N 3
@ (3-42) = 9-2312 + (+2) -1
= 9-6V2+2 | dise
) = 11—-6"/5 METHOD 2 GrachentAB = ——m;
Need to find values @, b such that _ -3
2 ==
(3—\/5) = a~-bV2. B ‘i
~a=11, b=6. (iii) ¥4 [k
(e) P(re’d or yellow) = P(red) + P(ye]low) ) z‘\
L2, 7 o,
30 30 .
_ 19 ° b :
30 Let 0 be the angle between the line AB
@ l x +1’ < 5. and the pos,mV:1 diretczfg of the x-axis.
METHOD1 x+1<5 or —(x+1)< 5 but gradient AB = —1
x < 4 x+1 2 -5 so tang = —1
® 2 -6 6 = 135°.
- "_\6 sxs4 ~. The acute angle between ¢ and line AB
METHOD 2 is 135° - 90° = 45°.
lx+l, = o Bsarlss (iv) Equation of line AB: y—y = m(x—xl).
. s ow oS4 Given myp = -1, B@,0)
METHOD 3 y—-0 = -1(x—~2)
Let x+1 =5 or x+1 = -5 y = —x+2.
' x =4 x = -6. S x+y-2 =0,

20u4 ¥ Page 25
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W A ’

N

Test (0,0 LHS = x+y-2
=0+0-2
= -2.

- je. {0, 0) satisfies x+ y~2 < 0.
(0, 0) lies in the regionx+y—-2 < 0.

(vi) £ passes through B(2, 0).
- Equation of line £isx = 2.

(vii) L
'C
A M .
B x
METHOD 1
Equation of line AC: y—y, = m(x - x1>.
Now AC L AB.

(b

Soifmyp = -1, then mye = 1.
Line passes through A(-1, 3).

y—-3 = L{x+1)
“ y = x+4.
AtC o x=2 y=2+4
y = 6.
.. Coordinates are C(2, 6).
METHOD 2

Since C lies on the line x = 2, let C have
coordinates (2, y). Now AC L AB.
Soifmyp = -1, then mye = 1.

-3

mac = 2y——1

1=2=8
3

3 =y-3
y = 6.

.. Coordinates are C(2, 6).

B

METHOD 1
ZABC + ZACB + 38°
LZABC+£ACB =
But AABC is isosceles.
ZLABC = ZACB

180° (£ sum of AABC)
142°,

(s opposite equal
. sides are equal)
je. 2XZACB = 142°

ZACB = T71°
LACD = 180°-71° (straight angle)
= 109°.

METHOD 2
Let LABC = x°.
Since AABC is isosceles,
ZACB = x° (s opposite equal

sides are equal)

x+x+38

2x + 38

2x

x

ie. ZLACB =

ZACD

180
180
142
71
71°.
180°-171°
= 109°.

(£ sum of AABC)

il

(straight )

() #°—kx+4 = 0.
A= b2—dac
= (k)% -4x1x4
= k2 -16.
For no real roots A < 0.
B2-16 < 0
(R-4)k+4) < 0.
7Y

—N 4 X

s < k<4

QUESTION 3

(a) () —Ci(xz log, x) 2xly log, % X 2x
X

X

= x+2xlog, x.

i(l +sin x)5

= 5(1 + sin x)4 X (cos x)

(i)

5cosx(1+sinx) .

2
o
3 1

2
(b) () J e dx =
1

2004 4 Page26




= éloge (kx‘g - 3) +C.

P 30 km

(1) 4£RP@ = 90°-70°
= 20°,
Using the ¢osine rule,
a? = b2 +c?~2bccos A

RQ? = 122+30% - 2% 12 %30 x cos 20°
= 367-421 313 ...
~ RQ = 1916823709 ...

= 19-2 km (correct to 1 decimal place).

(i) Let LRPQ = 6.
Using the sine rule,

sin P _ sin @
p q
sin 6 _ sin 20°
12 RQ
. . 12 x sin 20°
siné =
19-168 237 09 ...
= 0-214 116 806 ...

6 = 12° 21" 49-38”
6 = 12° 22’ (nearest minute).

". Bearing of R from §
270° +12° 22/

282° 22/

= 282° (nearest degree).

QUESTION 4
(a) METHOD 1
! =rd (6 in radians)
5m = 66
9= 5%,
6
A= %729 (9 in radia_ns)
1252
2
= —l X 36 X k224
2 6
= 157.

. Areais 157 cm?2

METHOD 2

Length of arc = 5—— x 27r (9 in degrees)

PAV AV 4

4

___MaTHEMATICS

o
S
1

]
— X2T X6
360

575:%

30

= 150°,

<
|

380 (8 in degrees)

= l5—0><zc><62
360

= 157.
. Areais 15rem?2.

A= 2
A

(b) 1) f(\:) = 23342
F) = 326

Stationary points when f’(x) = 0.

3x%2-6x = 0
3x(x~2) = 0
wx=0or x =2
Atx =0, y = 0°-3(0)2
= 0.
Atx =2 y = 25-3©2)72
= -4,
. Stationary points are (0, 0) and (2, —4).
METHOD 1

Using first derivative, test x = 0:

x -1]0 |1
flz) |90 (-3
. Maximum turning point at (0, 0).

Test x = 2:
x 141213

flx) |-8] 09

N/

. Minimum turning point at (2, —4).

METHOD 2

Using second derivative, f ”(x) = Bx—6.

Test x = O: f”(0> = 6(0) -6
= -6.

ie. f”(O) < 0 = concave down /-\

- Maximum turning point at (0, 0).

Test x = 2 f”(z) = 6(2> -6

= 6.
ie. f”(2) > 0 = concaveup U

“ Minimum turning point at (2, —4).

1 AT &t




(1i) Cuts x-axis wheny = 0.

x°-3x2=0
2?(x-8) = 0
v x=0orx=3.

yr y = %% - 3x2

~47 ER)

@) f7(x) = 6x-6.

Curve is concave up when f”(x) > 0.

6x—~6 > 0
6x > 6
x > 1.

b
nj y2 dx

a

l

(¢) Volume

14

= zj 3 (2secx)? dx
0

3,
= nf 4sec® x dx
0
7

3
= 475J sec? x dx
0

= 4%{ tan x J3
0

= 471:(tan-73£ —tan O)

= 4n(«/§ - 0)
= 47m/§ units®.
QUESTION 5
(a) Lesson 1 = 30 minutes
Lesson 2 = 35 minutes
Lesson 8 = 40 minutes
. 30, 35, 40, 45, .

This is an arithmetic sequence
witha = 80, d = 5.

I,=a+(n-1d

~ Ty = 30+(21-1) x5

@

2004 &

=30+20x5

= 130.
~. The 21st lesson will be 130 minutes
long (ie. 2h 10 min).

(ii) METHOD 1

S, = —2"1(a+£)
a =30, { =130, n = 21.
21
Sy = ={30+130
1 = 2L (30.+190)
= 1680 min
= 28 hours.

- After 21 lessons, Claire will have
completed 28 hours.

METHOD 2
n
S, = -2-[2a +(n-1)d]
a=30, d=5 n=21.
Sor = 2230 +(21-1) x5
2
=2 (60 +20 % 5)
2
= 1680 min
= 28 hours.
- After 21 lessons, Claire will have
completed 28 hours.
(iii) 50 hours = 50x 60 minutes
= 3000 minutes.
@a=380,d=5 8,=3000, n=2?
Using S, = %[m +(n-1)d]
3000 = 2[60+(n—1)><5}
2
6000 = n(so +5n — 5)
6000 = n(55 + 5n)
6000 = 55n +5n2.
5n2 +55n-6000 = O
n?+11n-1200 = 0.
Using the quadratic formula,
_ —b+t+ b2 - dac
2a
_ —11#4112— 41 x(-1200)
2x1
_ —11z+4921
2
n = 29574919 81... or
n = —40-574 919 81...

(Ignore the negative answer as n > O.)
. More than 29 lessons needed asn > 29.

ie. Clare will have completed 50 hours
of lessons during her 30th lesson.
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(b) x = 1+3cos2t

(i) Initial displacement when ¢ = 0.
1+3cos2(0)
1+3cos0
=1+3x1
= 4.
. Initial displacement is 4 metres
to the right of the point 0.

It

X

(i) METHOD 1
From the graph, the particle comes to rest
when v = 0, ie. at stationary points.
~. The next stationary point after £ = 0

is when ¢ = E seconds, which occurs

when x = -2.
.. The partiele first comes to rest after
t=0whent= % and x = -2,

(ie. when the particle is 2 metres

to the left of point 0}.
METHOD 2
The particle comes to rest whenv = 0.
_dx
dt
= —6sin2¢
0 = —6sin2¢
0 = sin2¢
2t =0, m 2rm, ...
t=0, _7_r_’ T, ...
2

The next timev = 0 after ¢ = 0 will be

whent = £ seconds.
1+3cos{2x ﬁ)
2

1+3cosm

-2.

. The particle first comes to rest after
t =0 when ¢ = % and x = -2,

X

on

(ie. when the particle is 2 metres
to the left of point 0).

LN

__MatHEmancs

(iv) METHOD 1
From the graph, the particle reaches
maximum speed at points of inflexion.

A point of inflexion occurs when ¢ = Z.
v = —6sin 2 4
= -6 sin(2 X E)
= -6, 4
~. Maximum speed = ]velocity]
= |-8]
= 6m/s.

o. When ¢ = %, the particle reaches

its maximum speéd of 6 m /s.

METHOD 2
The particle reaches maximum speed
when a = 0, ie. maximum speed is

reached when @ = 0.
dt

v = —-6sin2¢
_‘éﬁ = ~12co0s 22
at
When@ =0, 0= -12cos2t
dt cos2¢t = 0
ot = £ 3%
2’ 2
= E 3%
4" 4
Taking ¢t = E—, v = —6sin2(£)
4 = -6m/s.
~. Maximum speed = ‘l—6m/sl
= 6m/s.

. When ¢ = -Z—, the particle reaches

its maximum speed of 6 m /s.

QUESTION 6
(a) e +3e%-10 = 0
N2
(ex) +8e°-10 =0
Letm =¢%: m?2+3m-10 =0
(m+5)(m-2) =0
“m=-5 or m=2
e* = -5 or € =2
No solution, | « = log.2
since e* > 0
for all .

. The only solution is x = log, 2.

rayc 2o
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(b) ) In AAYM and ACYM,
YM is common
LYMA = £YMC (YM L AC)
AM = CM (M is midpoint ofAC)
-~ AAYM = ACYM (SAS).

(i)

A

B

Y

Let £YAM = x°.
LYAM = £LYCM (corresponding £s

= x° of congruent As
AYM and CYM)

LBAY = /YAM (AY bisects £ BAM )

= x°

In ABAC, 8x+90 = 180 (£sum ABAC)

3x = 90
x = 30.
. LYCM = 30°.
M
Y 30" ¢
In ACYM:
tan 30° = —M—Y
MC
1 . MY
Js  MC
MC = N3My
2MC =, 2V3 MY.
AC = 2V3MY (M is midpoint of
AC, 50 2MC = AC)
AC _ 2B3MY
AC ~ AC
L 2BMY
AC
1 _ MY
o3  AC
MYy _ 1
AC 243
MY :AC = 1:2+3. -

(c) Sample space is shown in the table.

X 0 1 2 3 4
ofolo]o}jo]o
ilo}l1]2]38]¢4
2102 |4 )6]|8]10
303 |6 |9 |12]15
40| 4|8 |12|16]20
510 |5 |10]15]20]}25

-. 36 possible outcomes.

() P[0 on first turn) = %.

(ii) P(16 or more on first turn) -4 _1

(iii) There are only 3 ways to get a sum of 45
or more on 2 throws:
20+25 or 25+20 or 25+25.

P(sum > 45)
= P20+ 25)+ P(zs + 20) + P(25 + 25)

2 1 1 2) (1 1
= | =X [ =X = 4| — X —
36 36/ \36 36) \36 36

_ 5
T 1206
- Pfsum < 45) = 1-P(sum > 45)
: 5
T 7T 1296
_ 1291
T 1206

QUESTION 7

4
@ Y n?=22+3%+47
n=2 = 4+9+16
= 29.

kb) Let ¢ = 0 for 1991 when P = 17 million
t = 13 for 2004 when P = 20 million.

@) P = Ae

ar _ kx Aek?
dt = kX P.
. P = Ac* satisfies % = P

(ii) Whent = 0, P = 17 million.
17 million = Ae#®
A = 17 million
= 17 000 000.

(iii) When ¢ = 13, P = 20 million,
20 000 000 = 17 000 000 ¢13(®
20 = 17e1%

2004 4 Page 30




20 _ e
17
20
Ioge(ﬁJ = log, e!%*
20
loge(i—%-) = 13%log, e

13%

log [&J
L7

1 20
B = —<—log,|—
13 ge[u)

£ = 0-012 501 456 ...
(3 = 0-0125 to 4 dec. places).

(iv) Require the value of # when P = 30 million.

P = 17 000 000 e*
30 000 000 = 17 000 000 e**

80 _
17
30
loge(—l—’;] = log, e®
30
loge[-l-;) = ktlog; ;
kt = log,| —
(2]
t = loge[@) +k
17
= log 301, L log 20
\17) 137 17
= 45-433 430'5 ...
- Required year is 45-43 ... years
after 1991.
1991 + 45-43 ... = 2036-43 ...
- During 2036 the population will reach
30 million.
© @ A= P1+r).
P = 80, r = 6% per annum

= §-Zﬁ per month
= 0-5%
= 0-005,
n = 25 years
= 300 months.

A = 80(1+0-005)""

- 80(1-005)™"
= 357197 585 ...
= $357-20 (to the nearest cent).

.. After 25 years, the value of the first $80
invested will be $357-20.

LN

4

MATHEMATICS

(i) Let A, be the value of the nth instalment
at the end of the term.

1st $80 invested: 4, = 80(1-005)""
2nd $80 invested: A, = 80[{1-005)""°
5rd $80 invested: Az = 80(1.005)""°
last $80 invested: Agyy = 80(1-005)1,

Total = Agpy + Aggg + Aggg + -+ + A

80(1:005) + 80(1-005)"

+80(1:005)" + --- +80(1-005)""

80{1-005 + 1-0052 + 1-0053 + ...
+1-005°)

80xS,, S,isa geometric series,
with a = 1-005,
r = 1-005,
n = 300.

i

VA
= 80 x _a(r 1)
r—1
1.005(1-005% - 1)
1-005-1
55 716-714 58 ...
$55 716-71 (to the nearest cent).

. Final value of the trust fund will be

= 80X

i

it

$55 716-71.
QUESTION 8
(a) ) cosftané = siné.
LHS = cosftan®
sin @
= cosf .
cos b
= siné@
= RHS.

(ii) 8sinfcosftanf = cosect
N

8sin @ xsin 8 = cosecé8
8sin? 6 = cosecéd
8sin?6 = ,1
sin 6
8sin%6 = 1
sin®6 = 1
8
sinf = 3L
8
1
sing = —.
2

[The related angle is % ]
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In the 1st quadrant, 6 = —Z—
In the 2nd quadrant, 9 = ﬂ—% = -—é—z
51
=2 or 2X
6 6

(b) () x% = 16y is of the form x% = 4ay.

4a = 16
a = 4.
Y
x? = 16y
4_
x
______ 4..__..._._..__y=_4
s Directrixis y = —4.
(i) x% = 16y
1 9
= —x
Y 16
LA
dx 8

DO | b

At A, x = 4 Mygpeens = -;—XAL =

Equation of tangent at A(4, 1)
Yy—-n-= m<x"xl)

1
y=1= L(z-4)
2y-2 = x-4
x—2y-2 = 0.

(iii) C lies on the directrix. So at the point C,
y = —4. But C also lies on the tangent

x—-2y-2 = 0.
x-2(-4)-2 =0
x = —6.

. Cis the point (-6, —4).

(iv)
B(-8,4)

[ 2 3 ',4

= {2x—- = — o

i 8 48],
2 3
=§w_i_iJ
i 8 48
12 3
B} {2(_& _E9 g-_@_}
8 48
=42 (~13 lj.
3 3

- Area = 18 units®.

(v) METHOD1

B(-8,4) n

Length of AC:

AC = (4——6)2 + (1 —~4)2

= 125,

Perpendicular distance from B to AC:
!axl + by + c|

\'/ a?+ 52 ‘
The equation of tangent AC
isx-2y-2 = 0.
Use B(-8, 4) as (xl, yl):

|1x(-8)-2x4-2]

V12 + (-2

d =

| -18]
-
_ 18
V5
Area of AABC: A = %bh
where b = V125, A2 = E
| V5
1 18

A = = xv125 x
2 N

= 45.
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. Shaded area
= area AABC — area from part (iv)
= 45-18
= 27 units®.

METHOD 2 ¥

(-8,~4)

B(~8,4)

E and F are on the directrix
(ie. EandFlieony = —4).
E is (-8, —4) and F'is (4, —4).

For a trapezium, A = :—zl-h(a +b).
.. Area of trapezium EBAF

L x EF X (EB + AF)

2

—21—><12><(8+5)

i

78 units>.
Area AABC

= area trapezium EBAF — area ABEC
— area AACF '

= 78— —14><.2><'8 —(lx10x5)
2 2

= 78-8-25
= 45 units?.
. Shaded area
= area AABC - area from part (iv)
45-18
= 27 units®.
METHOD 3
Consider the following, where a vertical
line through C meets the parabola at D.

i

~n s -

e

MATHEMATICS

Gradient of line BC: mpy = 48_ _46
- &
-2
. = —4,
Equation of line BC: y—~4 = —4(x —~8)
y—4 = —4x—32
y = —4x-28,
Area of region BDC
r—6
= [—1— pre (-4x - 28):{ dx
J -8 16
r—6 1
= (—xz+4x+28 dx
Js\18
M1 —~6
= | —x%+ 222 + 28x
L 48 Jdog
(1
= | —(-6)3 + 2(-6)% + 28(-6
s (~6) (~6)

1, s 5
[48( )° +2(=8)* + 28( S)J

- —1o0di 2
= 1002+1063
—pl 2
—66 units”®,

Equation of tangent AC is
x—2y~2 =0
2y = x-2

i
|
8
|
juy

y
Area of region ADC

4
= [—1—x2—(lx~1):! dx
J_gl16 2

= _1_(4)3 - .1_(4)2 + 4]
| 48 4

- [—1— (6 - 2(-6)2+ (—6)}
48 4

Required shaded area
= area of region BDC
+ area of region ADC

- gl 5
= 62 +202
= 27 units?.
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Henee, from £ = 0 until ¢ = 4, the

QUESTION 9 a4
(@) ) 1-tan®0+tan*6- ... 3;;**
This is a geometric series witha = 1,
r = —tan? 6. » 7]
When the limiting sum exists, /
g - @ _
= 1-r
_ 1
1- (~tan®6) o 1 t
— ——-——1 7
1+tan?9
= 1 7
sec? @ .
= cos® 6. _34
@Gi) ].-?01" the limiting sum to exist, !’“ l < L After a time it slows down and eventually
fe. -1 < r ) <1 stops, then begins moving to the left
-1 < ~tan®0 < 1 (Since r = —tan® 9) (ie. velocity is negative).
1> tan?6 > -1
je. -1 < tan? < 1. Nowv = | a dt.
Since tan?6 > 0, only need to solve By observing the graphi, the following
tan29<1 canbenoted: v >0 for0<t< 4
-1 < tan@ < 1. . e
p a dt is positive since the area
When tan ¢ = %1, 6 = 1 above the x-axis is greater
Sincey = tan@ is an increasing function, than the area below the x-axis.)
this means the solution is —-Z- <8< % v=0fort=4
¥ \ (Ja dt = 0 since the area above
y=tano /' the x-axis is equal to the
! the area below the x-axis.)
t /
: v<O0fori<t<h
| (jadt<Osincethe
H--- ; *7 area is below the x-axis.)
! .
7.
2 9 particle has positive velocity and is

AN -

travelling away from the origin. At¢ = 4,

v = 0 and the particle is at rest. After

¢ = 4, the velocity is negative and the

particle is returning to the origin.

-. The particle is furthest from the origin
at ¢t = 4.

METHOD 2
(b) () Velocity is maximum whena = 0. Sketching the velocity curve:
From the graph, this occurs when ¢ = 2. 0 <t<1, a=3andis constant.
Gi) METHOD 1 .. The graphb of velocity i§ a s'tr.a.‘ight line
. : e . starting at v = 0 (particle initially at
During 0 < ¢t < 5, a is initially positive . .y
. rest), with gradient 3.
then decreases and becomes negative. i< leration is ki with
At ¢ = 0, the particleis atrestandag = 3, - 1 =t < 3, acceleration is linear, Witk

z
2
1
|
1
|
:
|
|
|
|
1
i
!
H

negative gradient.

so the velocity is positive. SO dv
.. The particle starts moving to the right Note thatatt = 2, a = -CE =0
with increasing velocity. ie. velocity has a stationary point at ¢ = 2.
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- (1,3)
0 1 t
~3 (5,-3)
’
4.5 ~. Velocity curve for
1 <t < 3isaconcave
down parabola with
a maximum turning
87 point at ¢ = 2.
T T T ]
o0 1 2 3 5 ¢
34

3 <¢ <5, o =-3 andis constant

~. The graph of velocity is a straight line,
with gradient -3.

Note from the velocity graph that for ¢ < 4,

v > 0 (ie. the particle is travelling away

from the origin), while fort > 4, v < 0

(ie. the particle is returning to the origin).

At ¢ = 4, v = 0 and the particle is at rest.

:. The particle is furthest from the origin
at ¢t = 4.

METHOD 3

Alternatively, the velocity graph for
0 < ¢ £ 5 could be determined using
calculus.

When0<£t<1, a=38.

[aa

’ 3t+C
0, v=0
3

v

< o
I

JAV VL |

©

L4

. MATHEMATICS

When 1 < ¢ < 3, the graph of ¢ is
a straight line withm = -3, = 6,

ie. the equationis o = -3¢+ 86,
v =J-3t+6 dt
v= 22 610
2
From @, whent =1, v = 3.
3= —§+6+C
2
=3
2
v=-32,6-3 ®
2 2
When3<¢<5 = -3
U=J—-3 dt
v=-3t+C
From @, v = 3 when ¢ =
3=-9+C
12=C
v= -8t+12. . ®

The velocity graph for 0 < # < 5 could
then be drawn and conclusions reached.
For graph and conclusions, refer to
METHOD 2.

© @ flz)= EeE x50
» x
xx-l——logexxl
Fla) = —=
S
_ 1-log, x
# 1-1
When x = e, f’(e) = _;_(;:ge_e
e
_ 1-1
o2
= 0.
1
‘When x = e, f(e) = 28ef
1€

e
. . 1

. There is a stationary point at (e, —).
e

(i) Using the first derivative test:

x<e x>e
x Sayxzz -6 sayx=3
/ 1-log, 2 1-1log,8
f'\x) 4 Oy 9
£ 0-077 |= —00l

. 1
~. The stationary point (e, Z)
is a maximum.

-
1 UyS wv




(iii) Since maximum occurs at (e, -1—),
e

1
) < =
f(x) < forallx > 0
ie. 08 % < 2 forallx > 0
x e
x
log, x < "
x
elogex < eé‘
x
x < ef
% e
€ < (ez)
x¢ < e
* > x% forallx > 0.
QUESTION 10
@ | =x a 2a¢ | 3a
R S S
a 2a 3a

BN
|
S
Q
—
&h
—_—~
N——
+
N
~
VR
Q
N+
(&)
N
+
K.h
—~
(a2l
N’
—

o Area = ? units”.

3a
(i) J L ax
a X

il

EE ]3a

a

In3a~Ina

- In3%
@
= In3.

Using the result of part (i),

It

In3 = 10 (since Simpson’s rule gives
) an approximation for
the area under the curve).

G) Area of AABC = % besin A.

Area of AAST = -i—xy sin A.

4

2004 @

But given area of AAST = % area of AABC

besin A

N N
X
[NR ey

ie. 1 xysin A

o+
o

xy

(ii) Using the cosine rule in AAST,
22 = x>+ %2 —2xycos A

2
= 22+ _Zz_c_) ~2(£ bc) cos A,
2x 2
' . 1

usingxy = =bec, y = —2225
x
2.2
2= x%+ é—c—z —beccos A.
4x
(iii) 2= x2+(b40 Jx‘z—bccosA
d 22\ b202 9,3
L(2) = 2o 22 ()
2.2
—Ci(zz) = 2x— e
dx 2x°
2 : 2.2
L () - 2_(5 : jx( 32-4)
dx
2 2.2
L (a) 5 B
dx? 22
2.2
But 2+ 8b z > 0 for all x,
2x
2
ie. d—z(z?‘) > 0 = concave upU.
dx
So any stationary point must be a
minimum.
- Minimum value when
d (2
5(2’) =0
oo B2
2x3 2 9
o = b°c
223
x4 - b202
: 4
2= 2
2

x = 1/-15 (as x is the length
2 of aside, x > 0).
(iv) Minimum z? (and hence minimum length

of fence, z) is When x = 1{-1?23

2.2
2= g2y BC
452

— bceos A.
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MATHEMATICS

When x = ‘/% = %[az—(bz—.?bc-i—cz\)]
2 be b3 - -l—[a2~ (b_cﬂ
- 2 4 be ‘i‘
=é2—c-+-52——bccosA =§(a—b+c)(a+b—c)
= bc - becos A = Za+bre-2bfasbre- 2)
= bc(1~cosA) %
2, 2__ 2 = E(P b)(P - 2c),
= bc[l_(b;‘f_:a_JJ, whereP = a +b+e.
_ 2be :
PRI | _ B \/(P ~26)(P-2¢)
since coSA = ———— - 2= 5
2bc .
. Obe—b2—c2+ a2 . The minimum length of the fence is
B ( 2bc ) \/(P—%)(P—Zc). )
2 metres.
= l(21)0—-1)2—02-i-c1,2) 2
2

END OF MATHEMATICS SOLUTIONS

P ays v

(R 4

<)
]






