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General Instructions

* Reading time ~ 5 minutes

. Wbrﬁﬁg time — 2 hours

* Write using black or blue pen

* Board-approved calculators may
be used

* A table of standard integrals is
provided at the back of this paper

* All necessary working should be
shown in every question

Total marks — 84
* Attempt Questions 1-7
* All questions are of equal value

STANDARD INTEGRALS

1
:_xn+1, nE—
n+l1
:]_nx, x>0

1.

==ginax, a#0
a
1

=-—=cosax, a#0
a
1

=—tanax, a#0
a

1
=—secax, a#0
a

1. gx

= —tan l-—-, a#0
a
. 1X

= sin IE’ a>0,

1; x#0,ifn<0

—a<x<a

———1 dx =_1n(x+\/x2*a2), x>a>0

|
J
J
J
|
|
|

= ln(x + \/x2 + az)

NOTE: Inx=log,x,

x>0




Total marks — 84
Attempt Questions 1-7
All questions are of equal value

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

Question 1 (12 marks) Use a SEPARATE writing booklet.

(a)

(®)

©

D

(e)

®

The polynomial x° is divided by x+3. Calculate the remainder.

Differentiate cos™ (3x) with respect to x.

1

4~ x*

dx.

1
Evaluate J
-1

Find an expression for the coefficient of x%y* in the expansion of (2x + E3 )

V4

Evaluate J‘l cos 0 sin®6d0.
0

Let f(x)=1log,[(x-3)(5-x)]
What is the domain of #(x)?

Marks

Question 2 (12 marks) Use a SEPARATE writing booklet.

(2

)

©

(@

2

e
Use the substitution u =log,x to evaluate J _r dx.
. %

log, x)2

A particle moves on the x-axis with velocity v. The particle is initially at rest
at x=1. Its accelerafion is given by ¥ = x + 4.

Using the fact that ¥ = di[% vzj, find the speed of the particle at x=2.
X

The polynomial p(x) is given by p(x) = ax® + 16x* + cx — 120, where a and ¢
are constants.

The three zeros of p(x) are -2, 3 and a.

Find the vahue of «.

The function f(x)=tanx — log,x has a zero near x=4.

Use one application of Newton’s method to obtain another approximation to this
zero. Give your answer correct to two decimal places.




Question 3 (12 marks) Use a SEPARATE writing booklet.

(a)

(b

©

(i) Sketch the graph of y =|2x —1|.

(i) Hence, or otherwise, solve ’Zx - 1[ < 'x ~3 i

Use mathematical induction to prove that, for integers n = 1,

1><3+2><4+3><5+--~+n(n+2)=~g—(n+1)(2n+7).

P 9] c Q

f X

A race car is travelling on the x-axis from P to Q at a constant velocity, v.
A spectator is at A which is directly opposite O, and OA = £ metres. When the

car is at C, its displacement from O is x metres and LOAC =0, with

Lok

2 2

@) Show that 40 _Y¢
dt 2 +x°

(i) Let m be the maximum value of L;—B
t

Find the value of m in terms of v and £.
de m

(iii) There are two values of & for which — = T
t

Find these two values of 8.

Marks

Question 4 (12 marks) Use a SEPARATE writing booklet.

(@

(b)

A turkey is taken from the refrigerator. Its temperature is 5°C when it is placed
in an oven preheated to 190°C.

Its temperature, 7°C, after ¢ hours in the oven satisfies the equation

dr
£~ k(T -190).
- = )

(i) Show that 7=190- 185¢7% satisfies both this equation and the initial
condition.

(ii) The turkey is placed into the oven at 9 am. At 10 am the turkey reaches
a temperature of 29°C. The turkey will be cooked when it reaches a
temperature of 80°C.

At what time (to the nearest minute) will it be cooked?

Barbara and John and six other people go through a doorway one at a time.

(i) In how many ways can the eight people go through the doorway if John
goes through the doorway after Barbara with no-one in between?

(i) Find the number of ways in which the eight people can go through the
doorway if John goes through the doorway after Barbara.

Question 4 continues on page 7

Marks
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Marks
Question 4 (continued) Question 5 (12 marks) Use a SEPARATE writing booklet.
) Yi 1 2 . . . —1
(@ Let f{x)=x— 3% for x < 1. This function has an inverse, f~'(x).
X2 =4ay (i) Skeich the graphs of y= f(x) and y= #"(x) on the same set of 2
axes. (Use the same scale on both axes.)
(ii) Find an expression for f -1 (x) 3
0(2ag, ag®)
P(2ap, ap?) (i) Evaluate ™ (g) 1
(0] x .
7 X (b) A particle is moving in simple harmonic motion in a straight line. Its maximum 3
speed is 2 m s~ and its maximum acceleration is 6 m s72.
4 Find the amplitude and the period of the motion.
The points P(2ap, ap?), 0(2aq, aq®) lie on the parabola x”=4ay. The (©) 3
tangents to the parabola at P and Q intersect at 7. The chord QO produced
meets PT" at K, and ZPKQ is a right angle.
(i) Find the gradient of 0O, and hence show that pg=-2. 2
(ii) The chord PO produced meets QT at L. Show that £ PLQ is aright angle. 1
(i) Let M be the midpoint of the chord PQ. By considering the quadrilateral 2

PQLK, or otherwise, show that MK = ML.

End of Question 4
Two circles C; and C, intersect at P and O as shown in the diagram. The
tangent TP to C, at P meets C, at K. The line KQ meets C, at M. The line MP

meets C, at L.

Copy or trace the diagram into your writing booklet.

Prove that APKL is isosceles.




Marks
Question 6 (12 marks) Use a SEPARATE writing booklet.

(a) From a point A due south of a tower, the angle of elevation of the top of the
tower T, is 23°. From another point B, on a bearing of 120° from the tower, the
angle of elevation of T is 32°: The distance AB is 200 metres.

T
North
oK) 120°
A B
(i) Copy or trace the diagram into your writing booklet, adding the given 1
information to your diagram.
(ii) Hence find the height of the tower. 3
(b) It can be shown that sin38 = 3sin8 — 4sin°6 for all values of &. Do NOT 3

prove this.)

Use this result to solve sin38 + sin26 = sin6 for 0< @ <27.

(¢)  Let p and g be positive integers with p < 4.

(©)  Use the binomial theorem to expand (1+ x)?*9, and hence write down 2
1 ptg
the term of ( q) which is independent of x.
x
14 x)P™ 1Y
(ii) Given that (___x»q)_ =(1+x)? (1 +— |, apply the binomial theorem 3
X X

and the result of part (i) to find a simpler expression for

G

—9_

Marks
Question 7 (12 marks) Use a SEPARATE writing booklet.

y
L/, W N M
14 i ;
(Y ;
N |
/ \ 1 L s
) P 0 K %
r {

A projectile is fired from O with velocity V at an angle of inclination € across level
ground. The projectile passes through the points L and M, which are both % metres
above the ground, at times ¢, and 7, respectively. The projectile returns to the ground

at N.

The equations of motion of the projectile are

1 .
x =Vtcost and y= Visinf— EgtzA (Do NOT prove this.)

A 2
(a) Show that 7 +1t, = ?sm@ AND 41, = e

Question 7 continues on page 11

~ 10—




Marks
Question 7 (continued)

Let ZLON= ¢ and ZLNO = . It can be shown that

and tanf = —hz (Do NOT prove this.)

tano =
Vit cos® Vi, cos
(b) Show that tan o+ tan 3 =tan 6. 2
gh
(c) Show that tane tan f = —2>——. 1
2V2cos? 6

Let ON=r and LM=w.

(d) Show that r=h(coter+cot8) and w = h{cot § — cot a). 2
Let the gradient of the parabola at L be tan ¢.

(e) Show that tan¢=tan —tanf. 3
(f Showthat -2 ___T 2

tang tané

End of paper

~11 -
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Solutions

Mathematics Extension 1

Question 1

(@ LetP(x)=x
By the remainder theorem,

remainder = P{-3)

-3

() METHOD 1

1
1
dx
J_x\]ﬁl—xz

T
={gintZ
=3,

(@

METHOD 2

1
Va-x?
!

is an even function

12
(2x+3y)*= Y 12C, (2x)77F (3y)

Coefficient of x°y* is when £ =4.
<. Coefficient = 2C,(2)° (3)".

2008 Higher School Certificate

(e) Let u=5ind

ﬂi—:cos@
d6
When 6=0,u=0
b4 1
When 80=—, u=—=
PN

Iy L
| cos@sin?o= 2 wldu
0 0

® f(x):loge[(x—3)(5——x)]
Domain: (x—3)(5—x)>0
Sx=3>0and 5-x>0
s3<x<s.

Question 2

(a) Letu=log, x
du_1

dx x
when x=e¢,u=1

when x=¢% u=2

(b) ¥=x+4

When x=1,v=0
By substitution,
2

1
0=—+4(1)+
() +e

vV =x*+8x-9
When x=2,
v =22+8(2)-9
=11
v=+/1
Since speed =| v |, the speed of
the particle when x =2 is «/ﬁ

(¢) METHODI
p(x) =ax® +16x% +ex—120
Zeros of the polynomial are—2, 3 and «.

-b
a+(-2)+3=2
a+(-2) 3=

oz+1=:1—é —
a
¢
and  a(-2)(3)==
a

=120 o
a

Rearranging @, a=“—20 —Q@
a




Substituting @ into @,
~16

a+l=m—
20
=)

a+l=-16X% &
~20

a+l=4—a
5

Sa+5=4c
So=-5.

METHOD 2
p(x)=a’ +16x" +x~120
Zeros of the polynomial are—2,3 and «.
Using the factor theorem,
p(=2)=a(-2) +16(-2)" +¢(-2)-120
=0
sda+c=-28 —@
p(3)=a(3)’ +16(3)* +¢(3)-120=0
S9a+ec=—8 —@
Solving simultaneously @@,
Sa=20
sa=4
Substituting a = 4 into @,
{4y e =28
se=-—44
~p(x)=4x +16x* —44x-120
Using the product of roots,

a(-2)(3)=""
6q =120

-6 =30

a=-5

Mathematics Extension 1

@ Sf(x)=tanx—log, x

F(x) =sec? x——l—
x

Using Newton's method,
= f,(XI )
(=)
Letx; =4
_,_tand-log.4
sect4— l
4
=4.1092...

=4.11 (to 2 decimal places).

Question 3

@

y=|2x-1|

ot
L

11

PO
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() Solve |2x—1|=|x-3|
2x—1=x-3 or 2x—1=—(x-3)
x=-2 x=—ZE
3
Sketch y =| x—3|on the same plane.

y

DN e e

.. From the graph,

|2x~1|<|x-3] for ~2£x£1§.

() Let T,=n(n+2)
and Sn=§(n+1)(2n+7)

When n=1

LHS=T
=1x3

=3

RHS =8,

=é(1+1)(2><1+7)

=3
=LHS
.. The statement is true forn =1.
Let k£ be a value for which the statement
is true,

ie S, '=§(’k+1)(2k’+7)

We need to prove that the statement is then
trueforn=k+1,

©

St =f—6ﬂ(k+1+1)(2(k+1)+7)
ie.
=I—€—ﬂ(k+z)(2k+9)
Now,

Spet =S+ Loy
=§(k+1)(2k+7)+(k+1)(k+3)

_k+l
"6
_k+l
"6

=—k—;—1(k+2)(2k+9)

[k(2k+7)+6(k+3)]

[2k2+13k+18]

.. The statement is true forn =k + 1 if it is
true forn=k.

Hence by the principle of mathematical

induction, the statement is true for all

integers n 2 1.

N X
i) tanf==
) tan 7

-0 =tan! (—{)
l

dx .
= = velocity v

By substitittion,
b__t o
& Pix?
A
TPt




Mathematics Extension 1

(i) Since v and £ are constants,
2—9 is a maximum (m) when

£2 + %% is a minimum,

ie. whenx=0.

(i) @

8
< &

. v
TPl AL
Ay =pp? 1x?
3pl? =’
Since v#0,
x° =347
Now  x=/(tan6f from (i)
A tan? 6 =342
tan’0=3 (£#0)
tan6 = i\[j

0=xZ
3

from (i) and (ii)

~" Question 4

@ @ T =190-185¢7%
s —185¢ ¥ =T7-190 —@

ar

and 7 =—k(—1856_kt)

ﬂ =—Fk(T-190)
using @, as required
Also, when 1 =0
T=190-185¢"
=5, as required
=~ T =190~185¢7%
satisfies both the equation

%:—k(]’—l%) and the

initial condition.

(i) At9am,letz=0
s Atl10am,t=1and T =29.
Substituting.

29=190—185¢™V
18567 =190~29

r 161
185
Taking log, of both sides,

161
—k =10ge(ﬁj

161
-~k =~10ge (1—8—5)

=(.1389...

_Substituting 7' = 80 to find the
time taken,

80=190-185¢%
185¢7% =190-80
=110
e _110
185
Taking log, of both sides,

110
—kt =1 —_—
Oge(xss)

w2
‘L 185
-k
=3.7414... hours

=3 h 44 minutes
(to nearest minute)

.. The turkey will be cooked
at 12:44 pm.

() (i) Regarding John and Barbara as
one umnit,
Number of ways = 7!
= 5040.

2008 Higher School Certificate

(i) METHOD 1
Without restrictions, 8 people can go

through the doorway in 8! ways
i.e. 40 320 ways.

Now the number of ways John
can go through after Barbara = the
number of ways Barbara can go
through after John.

.. Number of ways John can go
through the doorway after Barbara

=l><8!
2

=l><40 320
2

=20160.

METHOD 2

If Barbara goes through the door
first, John can follow her in 7 other
positions

If Barbara goes through the door in
second position, John can follow her
in 6 other positions,

ie. _B__ _ __ _ ete.

.. Number of ways John can follow
Barbara
=7+6+5+4+34+2+1
=28

For each way John can follow

Barbara, the number of ways the

other people can go through the door
= 6!

.. Number of ways in total
=28 x 6!
=20 160.

(© y
x2=z
2aq, a 2
0(2ag, ag®) il
P(2ap, ap?)
0| x
L K
T

(i) Gradient of QO

To show Pg =2, we find mp,
the gradient of the tangent at P.

x“ =4ay
2
Y a
L dy 2x
X
" 2a
AtP, x=2ap
. _2ap
& 2a
SMpp =P
Since QO L PT,

Moo X Mpp = -1

q
SeXp=-—1
5 p

pq =—2 as required.




(i) To show LPLO=90°
we must show QL | PL

Mgy, = gradient of tangent at O
x
=— from (i
Y ®
=2
2a
=4
mp; = gradient of PL =mpg
_ ap2 -0
2ap—0
4
2

. )4
,.mQL Xmpy =q><§-

2
2
= 2 since pg =—2
from (i)
=-1
~QLLPL
S LPLO =90°.

(iii) Since LPLO = £LPKQ = 90°,
PQLK is a cyclic quadrilateral
(s at the circumference )
standing on chord PQ are equal).

PQ is a diameter

(s in a semicircle are 90°).
Since M is the midpoint of PQ,
M is the centre of the circle.

. MK = ML (radii of a circle).

Mathematics Extension 1

Question 5

(@ f(x)=x2—%x2 for x<1.

@ -

U@

y=5x)

(i) Interchanging x and y gives

x=y—%y2
.‘.y2 —2y=-2x
yr-2y+1=1-2x
(y—1)2 =1-2x

y =1+/1-2x
Since  y <1,

y=1—x/i——2x
ie. /7 (x)=1-+1-2x.

i) (%) i \ﬂ“*@
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(b) METHOD I
Using +* = 712(A2 —xz),
when x=0,
v=2
=4 —O
Using ¥= -n’x,
when x=A4,
|%|=n"4
ontd=6 —@
Solving @ and @,
4=64

\S]

A==
3
n=3

- Amplitude = %m

Period = 2z
n

= 27” seconds.

METHOD 2
x = Asin nt
v=x
=ndcosnt
acc.=X
=—n*Asinnt
Maximum v=2 .. nd=2 —O
Maxinum ace.=6 ..n’d=6 —@
Solving @ and @,

2n=6
n=3
4=2
3

~. Period T=—2£

n

= 2?71: seconds

Amplitude = %m.

LTPM= ZLPK (vertically opposite £s)

LTPM = ZPOM (£ in the alternative
segment in circle C,
with 7P tangent)

S LLPK = ZPQOM

ZPOM= /PLK (exterior £ to a cyclic
quadrilateral in circle
C, is equal to the
opposite interior £)

~LLPK = /PLK

. APKL is isosceles.
Question 6
@ @

, North

4 200 m

(i) Let TO = h metres.

In AAOT, tan23° = a
A0

_h
tan 23°

In ABOT, tan32° -
BO

_ h
tan 32°




Mathematics Extension 1

From the diagram,
ZAOB =180°-120°
=60°
Using the cosine rule in AAOB,
AB?

= A0* + BO* —2( A0)(BO)cos 60°

By substitution,

2 2
2002 =[] +[L_
tan 23° tan 32°

h h
2% X
tan 23° tan32°

X ¢08 60°
W s
" tan?23° i tan>32°
217 1

B tan23°tan32° 2

Rearranging,

2 1 + 1 B 1
tan223° tan?32° tan’®23°tan232°

=40 000
40 000

nh =

1 + 1 1
RS Y30 T fan 320 T tan 23° tan 32°

. ["40 000
’ 4.3409...
=95.9924...m

=96m (to nearest m)

. Height of the tower is 96 m.

J

(b) sin30+sin20=sinf —O

for0<6<2r
Substituting sin30=sin36—4sin® 0
into @,
3sin @ 4sin30+ sin26=sin 6
Since sin28=2sinfcos G,
3sinf - 4sin? @+ 2sin 8 cos &=sin §
35ind—4sin® 6+ 2sin 8 cos §— sin =0
2sinf—4sin3 6+ 2sinfcos f=0
2sinf(1 — 2sin2 8+ cos 8) =0
Since sin28= 1— cos? 6,
2sinf(1 —2(1 — cos2 @) +cos §) =0
2sinf(1 -2 +2cos20 +cos8) =0
2sin8(2cos? 8 +cosf—-1)=0
2sin@(2cos @ —1)(cos B+ 1) =0

;sinf-0=60=0,7,27

or cosB=l=>9=£,—5£
2 373
orcosf=-1=0=n

.‘.on,z,n,zﬁ— or 27.
3 3

(¢) () Consider the expansion of (1+ x)? e

in ascending powers of x:

+ +
(1+x)"™ =(p0 q]x" +(p1 q)xl

+(p+q]x2 +.“+(p+q}c’
2 r
+...+(p+q)x1’+q
ptq

To find the term independent of x in
(1+ )c)l7 e

%9
we must look for the term with x°.

[p+q lxq
. Term with x° = q

x?

{7

the expansion of
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(if) M:(ux)" (1+qu
x?

The term independent of x on the
RHS is

(O

FFEE =GR

J

since p< g

%FJ*(’{ L))
M)

(which is the term independent of x on
the LHS using part (i)).

Question 7
Y
L w M
14
/,‘/ h ~.\‘.
! / 4 \’\ .
A ) ) / R
2 P 0 N
]

(@ y=hatt=1 and t=1,
.‘.thtsinG—%gtz

gt* =2Vtsin@+2h=0
This quadratic equation has roots # and
2V'sin@

. Sum of roots # +1, =

Product of roots #2, = Zﬁ
g

tana =
Vt cos6
»(‘P) - . ,li ﬁ= ,,_,...-ll... T, - " .
Vt, cosf
tang+tan f = U l+l

Veos@{t ¢,

_ h t+1
VeosO| tt,

__ oy sin @ <&
Vecos | g 2k

from (i)

_ sinf
cos@

=tan@.
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(¢) tanotanf

A y h
Vt,cos6 Vi,cosO

N
V2 cos? 6| 1,

W g .
=———1 = | from (i
72 cos? 0 (Zh) ®

_ g
22 cos? 6’

(d) WmAQLP tana= LpP
OP
- OP=LPcota

InANLP tanfi= 1P
NP

~NP=LPcotf
r=0P+ NP
=LPcota+LPcotf
= LP(cota +cot B)
=h{cota +cot )
By symunetry in the parabola,
OP=0ON
~w=r—20P
—— . =h{cota +cot f)—2hcota
=h(cot f—cota).

ﬁ=Vcost9
dt
dy .
—-=V'sinf — gt
dr &
b b
e dt dx
1
=(Vsinf—gt) X
( g) V cosf
_Vsinf-gr
Vcos@
=tanb— 8!
Vecosé
When f=f, —=tan¢
tan¢=tan9————g—1—————
Vcosé
Now
tan o tan ,B=——£;i— from (c)
2W2cos? 0
gh 1
stanf=——— X —
p W?cos’ 0 tana
- gh ><Vz‘10059
22 cos? 6 h
-__ &
2V cosb
. _ 2V cosBtan B
: g

Substitating # into @,
g . 2V cos @ tan f8

tan¢ = tan6 —
Vcost g

=tanf —2tan f§
tanf =tana +tan B from (b)
=(tanq +tan §)—2tan B

s tang=tana —tan §.
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()  r=h(cota+cot ) from (d) Now
tana —tan B =tan¢ from (e)

w=h(cot B —coter) from (d) tana +tanf=tanf from (b)

. w_cotf—cota . w_tang
“7.—cota+cotﬂ v tanf
11 DSLANS
_m—m -tang tan®

L, 1

tana tan S

tan o —tan 8
_ tano tan B
tan B +tana
tang tan B

_ tana-—tanﬂ
tang +tan

End of Mathematics Extension 1 solutiens




