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General Instructions

*» Reading time — 5 minutes

» Working time — 3 hours

» Write using black or blue pen

* Board-approved calculators may
be used

* A table of standard integrals is
provided at the back of this paper

» All necessary working should be
shown in every question

Total marks — 120
* Attempt Questions 1-8
* All questions are of equal value
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STANDARD INTEGRALS
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= —sinax, a#0
a
1
=—Ecosax, a#0

1
=—tanax, a#0
a

1
secax tanaxdx = secax, a#0

dx
dx =~1n(x+\/x2—a2), x>a>0

= ln(x+\/x2 +a7‘)




Total marks — 120
Attempt Questions 1-8
All questions are of equal value

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

Question 1 (15 marks) Use a SEPARATE writing booklet.

2
(2) Find inz dx.

(b) Findj dx

1
{(c) Evaluate J tan " x dx.
0

2
(d) Evaluate —-di—— .
1 xv2x—1

(e) It can be shown that

8(1-x) 4-2x 2x
= - . (Do NOT prove this.
(Z—xz)(2—2x+x2) 2-2x+x> 2-x% P )

1
dx.

Use this result to evaluate 8(1-x)
0 (Z—x2 (2—2x+x2)

Question 2 (15 marks) Use a SEPARATE writing booklet.

(2) Find real numbers a and b such that (1 +2i)(1 —3i)=a + ib.

®) @) Write

1+i3
1+

!

in the form x + iy, where x and y are real.

(ii) By expressing both 1+iV3 and 1+i in modulus-argument form,
1+i3
1+

1

write

in modulus-argument form.

(iii) Hence find cos % in surd form.

. 12
(iv) By using the result of part (ii), or otherwise, calculate (}-—{—l—\/jJ .
+1

() The point P on the Argand diagram represents the complex number z=x + iy
which satisfies

Find the ‘equation of the locus of P in terms of x and y. What type of curve is
the locus?

Question 2 continues on page 5

Marks




Question 2 (continued)

@

<1/

The point P on the Argand diagram represents the complex number z.
The points @ and R represent the points @z and ®z respectively, where

W= 0082?727 + isinz?ﬂ. The point M is the midpoint of QR.

(i) Find the complex number representing M in terms of z.

(ii) The point S is chosen so that POSR is a parallelogram.

Find the complex number represented by .

End of Question 2

Marks -

Marks
Question 3 (15 marks) Use a SEPARATE writing booklet.
(a) The following diagram shows the graph of y=g(x).
y
o 1 x
Draw separate one-third page sketches of the graphs of the following:
@ y=|g)] 1
(i) S 2
g(x)
) y=f (x), where 2
g(x) forxz1
f(x)=
g(2-x) forx <1.
® Let pl)=1+2>+2"
(i) Show that p(z) has no real zeros. 1
Let o be a zero of p(z).
(i) Show that af=1. 1
(i) Show that o is also a zero of p(z). 1

Question 3 continues on page 7
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Question 3 (continued)

(¢) For nz20, let
r3

In=J4tm2”6d9.
0

(@) Show thatfor n21, 2

@

A particle P of mass m is attached by a string of length £ to a point A. The
particle moves with constant angular velocity @ in a horizontal circle with
centre O which lies directly below A. The angle the string makes with OA is «.

The forces acting on the particle are the tension, T, in the string and the force
due to gravity, mg.

By resolving the forces acting on the particle in the horizontal and vertical
directions, show that

0?=—2_,
fcosa
End of Question 3
-7

Question 4 (15 marks) Use a SEPARATE writing booklet.

(@) K

L

M

k

The diagram shows a circle, centre O and radius r, which touches all three sides
of AKLM.

et IM=k, MK={, and KL=m.
(i) Write down an expression for the area of ALOM.

(i) Let P be the perimeter of AKLM. Show that A, the area of AKLM,
is given by

A=—1-Pr.
2

Question 4 continues on page 9
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Question 4 (continued)

(iii) T Z
7
/) NOT
/ TO
4 SCALE
87
Z
7
y
7
7 2
7
7 k
A wheel of radius 2 units rests against a fence of height 8 units. A thin
straight board leans against the wheel with one end at the top of the fence
and the other on the ground.
Using the result of part (ii), or otherwise, find how far from the foot of
the fence the board touches the ground.
@v) 1

oo
AUV AN

\

A second wheel tests on the ground, touching the board. A second thin
straight board leans against the top of the fence and this second wheel.
This board touches the ground 9 units further from the foot of the fence
than the first board.

Find the radius of the second wheel.

Question 4 continues on page 10

Marks
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Question 4 (continued)
®) y
/ P(XI, yl)
(0] ) X
T
/ Q (xz’ Y. 2)
x2 y2
The points P(x;,y;) and Q(x,, y,) ke on the ellipse =+s==1
a b
The tangents at P and Q meet at T.
. . .5 N
(i) Show that the equation of the tangent at P is X ? y=1 2
a
Xy = X, n-y
(ii) Show that T lies on the line ( ! 2)x + ( ! 2)y= 0. 2
a? p?
(iii) Let M be the midpoint of PQ. 3

Show that O, M and T are collinear.

End of Question 4

~10 -
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Question 5 (15 marks) Use a SEPARATE writing booklet.

(8 A model for the population, P, of elephants in Serengeti National Park is

21000

(I

7+3e_

where ¢ is the time in years from today.
(i) Show that P satisfies the differential equation
=30~ )"
(ii) 'What is the population today?

(i) What does the model predict that the eventual population will be?

(iv) What is the annual percentage rate of growth today?

) Let p(x)=x""1—(n+1)x +n where nis a positive integer.

(@ Show that p(x) has a double zero at x= 1.

(i) By considering concavity, or otherwise, show that p(x) =0 for x=>0.

(iii) Factorise p(x) when n=3.

Question 5 continues on page 13

12—
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Question 5 (continued)

(c) Let a and b be constants, with a>5>0. A torus is formed by rotating the
circle (x— a)?*+y%=b?* about the y-axis.

Y
d

The cross-section at y=h, where ~b < h<b, is an annulus. The annulus has
inner radius x; and outer radius x, where x; and x., are the roots of

(x—a)*=b*—hH%
() Find x; and x, in terms of k. 1
(i) Find the area of the cross-section at height 4, in terms of k. 2
(iii) Find the volume of the torus. 2
End of Question 5
13—
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Question 6 (15 marks) Use a SEPARATE writing booklet.
(8 Let @ be the complex number satisfying ®3=1 and Im{w)>0. The cubic 3
polynomial, p(z) =2>+az?+bz+c, has zeros 1, ~® and —&.
Find p(z).
®) y ),
P(asecB, btanO)
S x
(ae, 0)
2
Let P(asec®, btan®) be a point on the hyperbola 5= 1 where a>0
a b
and b>0 as shown in the diagram. The foci of the hyperbola are S and S”, and
£ is the tangent at the point P.
The po{nts R and R’ lie on £ so that SR and S’R’ are perpendicular to £.
(i) Show that the line £ has equation 2
bxsech —aytan8 —ab=0.
B ab(esec~1)
(ii) Show that SR = . 1
a®tan®0 + b2 sec?
(i) Show that SR x S'R’ = b, 3

Question 6 continues on page 15

14—
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Question 6 (continued)

(¢) Suppose n and r are integers with 1 <r<n.

(i) Show that 3
Aot 1
nY r-1|(n-1 n .
r r—1 r—1
(i) Hence show that, if m is an integer with m2r, then 2
1 1 1 r 1
et + e = 1- .
r r+1 m r—1 m
r r r r—1

(iii) What is the limiting value of the sum 1
m o]
o
p=r i\t

as m increases without bound?

End of Question 6

—15-
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Question 7 (15 marks) Use a SEPARATE writing booklet.

(@)

®)

An urn contains # red balls, » white balls and # blue balls. Three balls are drawn
at random from the urn, one at a time, without replacement.

(i) 'What is the probability, p,, that the three balls are all the same colour?

(ii) What is the probability, p,, that the three balls are all of different
colours?

(i) 'What is the probability, p, , that two balls are of one colour and the third
is of a different colour?

(iv) If nis large, what is the approximate ratio p,:p;:p,?

2
P c T

In the diagram, the points P, Q and R lie on a circle. The tangent at P and the
secant QR intersect at 7. The bisector of ZQPR meets QR at S so that
ZOPS = £ZRPS =6. The intervals RS, SQ and PT have lengths a, b and ¢
respectively.

(i) Show that LTSP=ZLTPS.

(i) Hence show that 1 = 1 + l

a b ¢

Question 7 continues on page 17

— 16—
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Question 7 (continued)

(¢) A fishing boat drifts with a current in a straight line across a fishing ground.
The boat’s velocity v, at time ¢ after the start of this drift is given by
— ot

v = b—(b—vo)e ,

where v, b and « are positive constants, and v, < b.
. dv
(i) Show that 5" a(b-v).

(ii) ;[I‘Ihebphysical significance of 1:0 is that it represents the initial velocity of
e boat.

‘What is the physical significance of b?

(iii) Let x be the distance travelled by the boat from the start of the drift.

Find x as a function of #. Hence show that
b b-v, Vg~V
=—log,|— |+ ——.
T ge( b-v j o

(iv) The initial velocity of the boat is —%

How far has the boat drifted when v = g?

End of Question 7

—17-

Marks

Question 8 (15 marks) Use a SEPARATE writing booklet.

() Ttis given that 2 cosA sinB =sin(A + B) —sin(4 - B). (Do NOT prove this.)

Prove by induction that, for integers n>1,

®

sin2n 8
2sin@

c0s8 + cos38 + -+ + cos{2n—~1)8 =

In the diagram, the points Py, P;, ---, P,, are equally spaced points in the first
quadrant on the circular arc of radius R and centre O. The point Py is (R, 0),
P is (0,R) and £LP,_OP,=6 for k=1,---,n.

Each of the intervals P, P, is rotated about the y-axis to form S, a part of

a cone.

The area, A, of S is given by

A, = 27R?siné cos(2k—;1)—§. (Do NOT prove this.)

Let S be the surface formed by all of the S,.

®

(i)

Write down an expression for the area, A, of S.

By using the result of part (a), or otherwise, find an expression for A in
terms of » and R only.

Find the limiting value of A as » increases without bound.

Question 8 continues on page 19

—18 -
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Question 8 (continued)
(© Let f(¢)=sin(a+nt)sinb - sinasin(b — nt), where a, b and n are constants
with a>0, b>0, a+b< 7w and n#0.
(i) Show that
F(6)=-n?f(z) and 7£(0)=0.
(ii) Hence, or otherwise, show that
7(t)=sin{a+ b)sinnt.

(iii) Find all valtues of ¢ for which

sin{a+nt) _sina
sin(b—nt)  sinb’

End of paper

19—
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2008 Higher School Certificate
Solutions

Mathematics Extension 2

Question 1

(a) Let u=5+x3, du=3xdx

x° (1.1
J(5+x3)2 dx—j;x;du

METHOD 2
Letu=2x, du=2dx

J @ { d
Var+1 ) Jox) +12

— 1 .
2) Ju? 412
=—;—1n(u+\/u2+12)+c1

=%M(2x+v4x2+l)+cl

which is equivalent (‘31 + %ln 2=c )

(¢c) Let u= tan™! x, du=

dx
(d) Let u=+2x-1, du=
V2x-1

or x=—;—(u2+1), de=udu

x=1, u=1 and x=2, u=-3

J‘z e _ ﬁl o du
| 2231 ~(1+47)w
1 2

Mathematics Extension

@ | 8- .
J )2

1
=f __it_—_2x_7_ 2x2 &
o\2=2x+x° 2-x

1
_ 2 _2x-2  2x
, (x-1+1 ©*-2x+2 2~-%
=[2tan (x-1)=In(x* ~2x+2)

+1n(2_x2)]:
=(2tan“‘0—1n1+1n1)
~(2tan™ (<1)~In2+n2)

(3

Note: In the fourth line we need
ln(2—-x2) or possibly Inl x-2 I, but
not ]n(x2 —2) as this logarithm is not
defined for 0< x<1. '

Question 2

@ Q+2)(A-3)=a+ib
1-3i+2i+6=a+ib
7—i=a+ib
Equating real and imaginary parts,
a=17
b=-1.

L3 _ 143 1-i
t+i  1+i  1-i
1-i+i3-%3
1-72
(1+«/§)+(\/3—1)i
2
1+43  A3-1.
+——1

2 2

® @

]cbc

. 1.3
i) 1+i/3=2]=+22;
o 1o 1)
=2 cos£+isin£
3 3
=2cis£
3
1 1
1+i=2| —=+—=i
(&%)
=2 cos—75+isinZ
4 4
=J2_cis£
3

2 . T
143 By

141 \/Z—CiS%
=2ais| Z-Z
3 4

=\/2—cisl.

12

(iii) By results of (i) and (ii),

V2cis L = Bl B,
12 2 2

V2| cos = +isin - =£j-—l+i§—_li
12 12

2 2

Equating real parts,

2cosZ = ——\/—5—4—-—1-
12 2

- cos - = 341

12 22

(\3+1)v2

4

V6+2
Fa
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(iv) 1+ZJ— =2 01s— from (ii)
. 12
.'.[H-h./g) =(x/§cis£-)
1+i 12
_\/—12. 127L’
12

=2%cisx

8
(x+iy) +(x—ip)’ =8
x2+2ixy—y2+x2—2ixy—y =8

8

2 <x2 - yz) =
P2 =4
.. The locus of P is a rectangular
hyperbola.
(d)
@2) P(2)
Q
>R/(a)z)
S
(z)
(i) M corresponds to the complex
number
1 _
2 =3 (0z+dz)
z -
= —2-(co +@)
z
= 5 (2 Re (w) )
=zR (o)
2
=zcos—
3

(i) METHOD 1
Since POSR is a parallelogram, the
diagonals bisect each other.
. M is the midpoint of PS.

1
Sy =E(ZS +z)

2z =zg+z
zZg =2z, -z
z
=2{~— 1t~z from(i
( 2) z from (i)
=—z—z
=-2z.
METHOD 2

Since POSR is a parallelogram,
— —
SR =QP
Dz —Zg=Z— @z
Zg=0z+wWz—Z
=z{(@+w-1)
Using

2z, .
mzcos-?i-zsm—,

SoZg= 2(20032—;——1)
=z(-1-1)

=2z

Question 3

@ @ y=le@l

Mathematics Extension

(i y

y:_l-

r+—— Asymptote: x = 1

x

@) 1

l
t
1
|
1
'
]
0
1
1
t
1
1
i
1
|
!

Note: Since there is no scale on the
y-axis it is not possible to say where
the y-values are in relation to the

original graph.
1
As x =15, g{x) > 0%, —— > 4o
(1)~ 0%~ B

Asx>17,g(x) —>0_,———1— — oo

g(x)

1 _
As x—)0+,g X) —> =00, e — ()
) g(x)

1
As x —> oo, g(x) = 07, —— = oo,
(x) )

(i) g(a-—x) is areflection of g (x)
aboutx=§, s0 g{2—x) is the

reflection of g(x) aboutx=1.
¥y

(i) If o isazero,
pla)=1+a*+a* =0
Hence o -1 =(a2 —1)((14 +a?+1
=(a2 —I)XO
0
L.

II

i) p(a?)=1+(a?) +(a?)’
=t+at+ab
=1+a*+a* xat

=t+a* +a? sice a®=1

=0

Hence o? is also a zero.

n

© @O In=J4tan2”9d0 for n>0
0

n
= J * an?*2 0 tan’ 0 6
0

= j XtanZ"_ZO(secze—l)dB
0

T
P

® @ plz)=t+22+7
Forallrealz, z°+z* 20,
S0 p (z) >1.
Hence p(z) # 0 for any real z,

50 p(z) has no real zeros.

= J Yan?9sec’ 040
0

—f * an?"20 40
0

k3
t 2n-1 n
| ~I,, forn21
2n—1 3,

T 2n—1
!‘ tanz ’
= 1 -0 |- In—l
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i3

) I, =Fde =

0

T
4

t

I =§—Iz from (i)

1 (1
=——| T
5 (3 1)

1 1
=o— =+ (1=,
o )
= l — l +1- E
53 4
Bz
15 4
@ 4
74
£
o) r P
mg
Vertical: Tcosa-mg=0
Tcosa=mg —O
Horizontal:  T'sing = mo’r —@
and sina = % —®
Substituting @ into @,
ELGR.
{
T=mot —@

Substituting @ into @,
mo*lcosa =mg

2__ &
feosa

Question 4

@ @ ALOM:—;—kr.

(i) Similarly to (@),
AKOM = %Zr and AKOL = é—mr

- Area of KLM
=ALOM + AKOM +AKOL

B 2 D x C

Let CD be x.
Tangents from an external point
to a circle are equal.
~CE=CD=x

BF=BD=2

AF=A4AE=6

Perimeter of AABC is
P=8+(x+2)+(x+6)
=2x+16

Now AABC:-;—(8)(x+2)

=4(x+2)
By result of (ii),
4(x+2)=%(2x+16)2
4x+8=2x+16
2x=8
x=4
BC =6 units.

METHOD 2
From Method 1,
CE=CD=x
BF=BD=2
AF=AE=6
AC? = 4B* + BC?
(x+6) =82 +(x+2)"
W +12x+36=64+x% +4x+4

8x=32
x=4
~ BC =6 units.
METHOD 3
A
_f 7
7
g
7
7/
Z
87
7
”
7
Z
7
7
A
Y 4
B ¥ C
Let BC bey.
AC=4/y* +8°
o P=8+y+y? +8°
By result of (ii),

Now AABC=%><8y=4y
4y=%(8+y+,/y2+82)2

4y=8+y+\/y2+82
3y—8=4/y* +87

(3y-8) =) +8

9y* —48y+64=3* +64

8y* —48y =0
8y(y—6)=0
y=6 (y=0 rejected)
~.BC = 6 umits.

()

Mathematics Extension 2

9. '

1o

® O

AC=+8 +62
=10
AG=+8% 4152
=17
.. Perimeter of AACG is
P=10+9+17
=36

Now AACG=%(8)(9)

=36
By result of (ii)
%(36)12 =36

R =2 units.

[
a v
By implicit differentiation,

a b
&_ 2 B
7

- %
Bx
Ty
At P(x, %),
dy ble

dx azJﬁ
= gradient at P
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X

Hence equation of the tangent at P is '

*x
) l(x_xl)
ay;

azyly - azyl2 = —belx +b%%?

y=-n=

Brux+atyy=b*x’+a’y’

2 2
X NV R N

2 0 &
awx Ny
LT idl=] —O
P S
(since P lies on the ellipse).

(i) Similarly to (i), the tangent at 0 is
XX Ny
242 =1 —0
@ B
Since T lies on the tangents at
P and O, T must lie on the line

©=0
@-@=0
(xl—:2)x+(yl ‘bg’z)y =0
a
o (mB)E in)y o
a b

(i) M is the point ( >

X +x J’1+}’2)
2 7 ]

At M, substituting into @,
(% _J‘z)x+ (n=»)y

az bz
=x1—x2.x1+x2+y1~y2-y1+y2
a2 2 bZ 2
:xlz‘xz2 J’12‘)’22
24° 252
RIEW N S
2{l &  B? @ B
1
==[1-1
~0-1]
=0

.. M lies on the line

(i=m)x, O —bzyz)y -0

a

Clearly, line ® passes through origin
0, and T lies on line @ by resuit

of (ii).

Hence, O, M and T are collinear.

Question 5

@ po 21000

i
7+3e 3

(i) For the differential equation given,

LHS—':iI:
dt
i
21000 (15
_i) 3
(7+3e 3
_r
_21000¢ 3
=
(7+3e 3)

=1[1— 1 o 21000

t
T+3e 3 7+3e 3
t
(7+3e 3—7)><21000
2
(7+3e 3)

t
e 3x21000

2
(7+3e 3)

LHS =RHS as required.

-1
3

(i) At =0,
p= 21000
7+2x1
=2100
.. The population today is 2100.

Mathematics Extension 2

t
(i) As t—w, €30
21000
7+3x0
=3000
.. The population will eventually
approach 3000.

So P>

(iv) Whent=0,
gg:l 1-—————2100 2100
d 3 3000
=210

. Annual percentage growth

rate today
=219 100%
2100

=10%.

® @ p(x)=x"+1—(n+1)x+n

@@ p(x)=n(n+l) ;c"_l
Forx>0, p"(x)>0,s0
the curve is concave up for x > 0.
From (i), p(x) has a stationary point
at (1,0), so this is a minimum.
Hence p(x) 20 for x> 0.

(iii) Form=3,
p(x)=x"—4x+3

=(x—1)2 (ax2 +bx+c)
=<x2 ——2x+1)(ax2 +bx+c)

Coefficient of x*:  1=a

Constant term: 3=¢
Coefficient of x: —4=5b-2c¢
~b=2

.'.p(x)=(x—l)2 (x2 +2x+3).

© @ (x—a)=b"-

@) 4=n(x"-x)
=7 (% +% ) (%, ~% )
=7r><2a><(2 bz—hz)

=4mabp - 2.

(i) AV =AAh

o
V=1lm 3 4ravb®—r Ah
A0 p=—p

b
=J dmaNb? -2 dn
-b

b
=47raj b —h® dh
-5

The integral is the area of a
semicircle of radius b.

~V= 47rax[lﬂ:b2)
2

=2n%ab?.
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Question 6

@ p)=23+az2+bz+c
METHOD 1

Since @ is the complex cube root of unity
and Im (@) > 0,

2 .. 2;
® =Cos —+1isin—
3 3

— 2, .
@ = Cc0§ ——isin—
3 3
_ 2z
Hence a)+a)=2005?
=-1
_ 2
and 0d=|o|
=]

(z-1)(z+0)(z+5)

~plz)=(z-
(z—l)[z2 +(03+5)z+a)5:|

Il

z 1)(zz—z+1)
=72 ~272+2z-1.
METHOD 2
From Method 1, o+ @& =-1 and od =1
Sum of roots
~a=1+(-0)+(-0)
=1-(0+d)
e
=2
na==2
Sum of roots taken two at a time
b=1x(-w)+1x(-@)+(-0)(-B)
=—(0+®)+0d
=—(-1)+1
=2
Product of roots
—c=1x(-0)x(-0)
=00
=1
ne=-1

Hence p(z)=12"-2z"+2z~1.

2
® @ fl%—y-ﬂ

b
Differentiating implicity,
2x 2y dy o
2 o

& _2x b

& a2y

B
= o
~ At P(asecB,btanG),
dy ab?sech

b a*btand

__bsech
" atand

.. Equation of tangent at P is

y—bian8 = bsecG(
a

x—asec8)

aytan@——abtanze = bx sec ~ absec” 6
bxsecf—qytanf = absec® § —abtan® 0
= ab(sec2 6 —tan® 9)
=gb
ie. bxsecO—aytanf—ab=0.

(i) Perpendicular distance
| b.aesecB8—0—ab l

SR =
b2sec? 0 +a*tan’ @

ab]esec@—l]
Ja*tan? 6+ b sec? 6

asa>0,b>0

B ab(esecH ~1)
VJa®tan? 6 + b2 sec? 0

ase>0, secd >1.

Mathematics Extension 2

(i) S,R,_lb(—ae)secB—O—abl

b2 sec’ O +a” tan® 0
_ l—ab(esec@ +1)|
Va® tan? 6 + 5% sec? 0

asa>0,5>0

B ab{esecH +1)
Ja* tan? 6 + 5% sec? 6

ase>0, sec>1

a*b* (esecd —~1)(esecd +1)

~SRxSR =
a*tan? 0 + 5% sec? §

a*b* (62 sec’ @ -—1)
- a*tan? @ +b%sec? 8
b (ez sec’ ~1)

- a*tan® 0 +a* (ez —l)seczf)

asb? =a* (32 —1)

ab? (ez sec’ 6 —l)

a [ez sec? 6 —(séc2 0 —tan?
b* (e2 sec’ 6 —1)
- & sec? 61

=p%

(¢) (i) For the equation given,

LHS = <

_r__[(r——l)!(n—r)! (r—l)!(n—r+1)!]

A rf 1 1]
ry r=1f{r-1 r
7 1t r=1]]
1 ___r_F 11 )
r+1) r=1|( ¥ r+l
I U B | Ve Y R e Y]
1 _r[ 1 1
r+2Y} r-1j(r+l r+2
r (-1 r—1
1 r 1 1
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Adding the identities,
1 1 1

.t

T

(i) lim X —1—]

’
I3 1 ..
= lim ——|1--——=| from (ii)
n—yes ¥ — m
r 1
=—— as ——<—>0 as m—>oo.
r—1 m
Question 7
n-1_n-2

@ O p=377%3,75

(i) py+pyt+p,=1
o P =1=(p, + pg)

_ _( (n-1)(n-2) . 2n*
(3;1—1)(3;1—2) (3n—1)(3n—2)
_(31=1)(3n-2)~(n-1)(n-2)~2n’
S n=1)(31-2)
(9> ~9n+2)(n* ~3n+2)-24>
(3n—1)(3n—2)
6n* —6n
(3n—1)(3n~2)
6n(n-1)
(314—1)(371—2)'

|

(iv) Using results from (i), (ii) and (iii),

® @

(i)

1_1 1__2.

lim p, = lim —2x—2

-y n—)w3_l 3_2

n n
=1
9
. 1
lim p,; = lim l>< 5
bl n—>m3 2 3__
n n
=2
9
-1
n
fm pp =%
-~ 3-Z
n n
_6
9

So for large »,

D iPq Dy =1:2:6.

LTSP= £SQP + £SPQ

(exterior £ of a triangle equals sum of
interior opposite £’s).

= ZSOP + £LRPS (both 6)

= ZTPR+ /RPS

= LTPS

(£ between a chord and tangent is equal to
the £ in the alternate segment).

The square of the tangent is equal to
the product of the secants, so

TRXTQ=TP?
From (i), ATSP is isosceles, so
TR=c-a
TO=c+b
. (c—a)(c+b)=c2
ct—ac+bc—ab=c
be=ac+ab
bc ac ab
abc abc  abe

[PIR
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[PIIIINNNINNNNNNNN———_—————— N

© @ v=b—(b—v)e™
dv
~ = (b-w)e x(-a)

=a(b-vy)e™

—ot

But b—v=(b-vy)e

%:a(b—v).

(i) Ifv<b, £>0,
dt

butif v=>5, ﬂ=O.
dt

So v is the limiting or terminal
velocity of the boat.

Ast—oo, € 50 and v—b.

At t=0,x=0

b-v,

S 0=0+ +c

So
x=—é]n b—v, b—v, - b—v
o b—v a b-v,
b b=-v, 1
=—M O |- —(b—v,—b+
o (b—v) (5=w V)
=21n b—v, Tl
a b-—v a
. _b _b
@iv) VO_IO % 2

Question 8
(a) When n=1,
LHS=cosf
Rigs =529
2sin6
- -3 giwfcos &
2siné
=cosf
LAS=RHS

~Histrue forn=1.
Assume the proposition is true for
some positive integer k =1,
i.e. cosf +cos38+...+cos(2k—1)0
_ sin2k6
" 2sinf
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Then
c0s6+c0s30 +...+cos(2k—1)8
+cos(2k+1)6
sin2k6
" 25ind
1
sing
1 r. .
=zsme[sm2k6+sm(0+(2k+l)6)9
—sin((2k+1)0-6)
1

=————| sin 2k6 +sin (2k +2)0 —sin 246 |
2sind

+cos(2k+1)6 by assumption

[ sin 2k0 +2sin 6 cos (2K +1)6 |

=L _sin2(k+1)6
2sinf

_sin2(k+1)0
2sin8
.. The proposition will be true for
n=k+1ifitistrue forn==~%.
Since it is proved true forn=1,
it will be true forn=2,3,4, ...,
i.e. true for all positive integers n > 1.

(b) () Given Ak=2nstin5oos(2k—1)%,
A=4+4,+..+4,
=2zR%siné cosg+ 27R?siné cos§2é
g . S5
+...+27R sm5cos(2n—1)5
=27R*siné [cos§—+ cosEé
2 2

+...+cos(2n—1)—§~]

. 2né
sin ~—-

=27 R?Sind X ——2

sin(n5)
ZSiné
2

=R (Zsinécoséjsm(né)
2 2

=g

=2xR*sin$

=27zR? cos %sin(n5)
=27 R? cos isinf— since & = Z
2n 2 2n
=27R? cos —7—[-.
2n

(i) lim 4= lim 27R? cos —
n—>o0 n—dee 2n

=2zR? lim cosﬁ
30 2.

=2zR>.

© O f(¢)=sin(a+nt)sinb
—sinasin({b—nt)
f'(t)=ncos(a+nt)sinb
+nsinacos(b—nt)
f(t)=nsin(a+nt)sinb
+n* sinasin(b—nt)
=-n"f(t)
and f(0)=sinasinb—sinasinb
=0.

@iy METHODI
f(t)=sin(a+nt)sinb—sinasin(b—nt)
= (sin acos i +sin nf cos a)sin b
—sin a(sin b cos nf —sin nt cos b)
= cos asin bsin n¢ +sin acos bsin nt
=(cosasinb+sin acosb)sinns

=sin(a+b)sinnt.

Mathematics Extension 2

METHOD 2
From (i), f”(¢)=-n"1(t)

.. It executes simple harmonic motion.
Hence f (¢) = dsin(nt+0a)

as  f£(0)=0
~ 0=Adsina
a=0
f(#)=Asinnt
2n
~n

T
d 12 =4

wt 1(3)

Now f| % |=sin| a+n2- |sinb
2n 2n

—sinasin(b—n.lj
2n
=sin(a+£)sinb
2
-sinasin(b—ﬁ)
2

=cosasinb+sinacosb
=sin(a+5)
A=sin(a+b)
. f(¢)=sin(a+b)sinnt.

(i) sin(a+nt)=sina
sin(b-nt) sind
sinbsin(a+nt) =sinasin(b—nt)

sin(a+nt)sind—sinasin(b—nt}=0

sin(a+b)sinnt =0 from (ii)
sinnt=0 sin(a+b)#0
nt=kr k=0,1,2,3,...
Z‘=—]E—7Z k=0,1,23,...
n

End Mathematics Extension 2 solutions




