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General Instructions

* Reading time — 5 minutes

* Working time — 3 hours

* Write using black or blue pen
Black pen is preferred

* Board-approved calculators may
be used

* A table of standard integrals is
provided at the back of this paper

* In Questions 11-16, show
relevant mathematical reasoning
and/or calculations
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Total marks — 100

Pages 2-6

10 marks ’

* Attempt Quéstions 1-10

* Allow about 15 minutes for this section

Section II ) Pages 7-18
90 marks
* Attempt Questions 11-16

* Allow about 2 hours and 45 minutes for this
section

STANDARD INTEGRALS

1 M pe—1; x#20,ifn<0
n+1l

ldx =lnx, x>0
X

1
e dx =;€ax, a#0

1

sinax dx =—zcosax, az0
1

sec? ax dx =Ztanax, az0

1
secax tanaxdx = Zsecax, a#0

Jou
J
J
[cosarts  =Linar, ano
J
J
J
J

r

r

1
\Ia2 —x2
_r
v \/xz —a2
Vx“+a

L1 X
dx  =sin o a>0, —a<x<a
d

b 1(x+\]x —a2), x>a>0

r

———1 dx =In(x+\/x2+a2)
2, .2

NOTE : Inx=log x, x>0
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Section I

10 marks

Attempt Questions 1-10

Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

1 ‘What is 4.097 84 correct to three significant figures?

(A) 4.09
(B) 4.10
(©) 4.097
@) 4.098

2 ‘Which of the following is equal to

25 -3

A

25-43
7

25 +43

7

© 250

25+

17

B)

®)

3 The quadratic equation x2+3x—1=0 has roots ¢ and B.
What is the valve of a8 + (o + j3)?
A) 4
® 2
© -4
o) 2

4

The diagram shows the graph y= £ (x)

Y

ol / a : x
‘Which of the following statements is true?

) f'(a)>0 and f*(a)<0

®) f(a
© fa

(
>0 and f”(a
(
D) fla}j<0 and f”(a >0

)
)
)<O and f”(a
)




What are the solutions of \/BTtanx =—1 for 0<x<27? R 8  The diagram shows the region enclosed by y=x~2 and y?=4_y,

Yy
(A) 2n and An ‘ .
3 3 4
2r 5 ¥
= and 22
®) 5 and 3
(© 5_” and 7_”
6 6
5r 1w
D)y — d —/—
D) 6 an 5
Let a=¢*,
Which expression is equal to log, (az) ?
(A) 82x
® &
Which of the following pairs of inequalities describes the shaded region in the diagram?
©) 2x
(A) y*<4-xand y<x—2
®) Y

(B) y*<4-xand y2x—2
(© Y 24-xand y<x—2
(D) y*24-xand y2x-2 .

4

1
9 What is the value of J —dx?
1 3x
1
A) =In3
A) 50
1
B) —In4
B) 5N
(€) m9
D) In12




10  The graphof y= f(x) has been drawn to scale for 0 <x< 8.

y

Which of the following integrals has the greatest value?

A | Flx)dx

v 0

(2 ‘
®) | f(x)ax

v 0

r1

© | Flx)dx

®) | flx)dx

Section IT

90 marks

Attempt Questions 11-16

Allow about 2 hours and 45 minutes for this section

Answer each question in the appropriate writing booklet. Extra writing booklets are available.

In Questions 11-16, your responses should include relevant mathematical reasoning and/or
calculations.

Question 11 (15 marks) Use the Question 11 Writing Booklet.

(a) Factorise 2x°—Tx+ 3. ) 2
(b) Solve |3x—1|<2. 2
(c) Find the equation of the tangent to the curve y=x> at the point where x =3, 2
(d) Differentiatc (3 + e )5 . 2
{¢) Find the coordinates of the focus of the parabola x* = 16(y - 2). 2
(f)  The area of a sector of a circle of radius 6 cm is 50 cm?. 2

Find the Iength of the arc of the sector.

i3

2
(®) Findj sec2 X dx. 3
. 2




Question 12 (15 marlés) Use the Question 12 Writing Booklet.

(a) Differentiate with respect to x.

@ (x-1)log,x

.. COSX
() 52 .
() Find j dx.
2 +6

" (c) Jay is making a pattern using triangular tiles. The pattern has 3 tiles in the first
row, 5 tiles in the second row, and each successive row has 2 more tiles than the

previous row.

Row 1
Row 2

Row 3

(i) How many tiles would Jay use in row 20?7
(i) How many tiles would Jay use altogether to make the first 20 rows?

(iif) Jay has only 200 tiles.

How many complete rows of the pattern can Jay make?

Question 12 continues on page 9

Question 12 (continued)

(@

At a certain location a river is 12 metres wide. At this location the depth of the
river, in metres, has been measured at 3 metre intervals. The cross-section is
shown below.

(1) Use Simpson’s rule with the five depth measurements to calculate the
approximate area of the cross-section.

(ii) The river flows at 0.4 metres per second.

Calculate the approximate volume of watér flowing through the
cross-section in 10 seconds.

End of Question 12




Question 13 (15 mari<s) Use the Question 13 Writing Booklet. - Question 13 (continued)

(a) The diagram shows a triangle ABC. The line 2x+y =8 meets the x and y axes : (b) The diagram shows the parabolas y =5x— x* and y=x2-3x. The parabolas
at the points A and B respectively. The point C has coordinates (7, 4). intersect at the origin O and the point A. The region between the two parabolas
s is shaded.
Y
y
B NOT TO
SCALE
c(7,4)

x
0 A\Zx +y=8 | x
(@) Calculate the distance AB. 2 (i) Find the x-coordinate of the point A. 1
(i) Itis known that AC=5 and BC = +/65. (Do NOT prove this.) 2 (i) Find the area of the shaded region. 3
Calculate the size of ZABC to the nearest degree.
(ili) The point N lies on AB such that CN is perpendicular o AB. 3 (c) Two buckets each contain red marbles and white marbles. Bucket A contains

3 red and 2 white marbles. Bucket B contains 3 red and 4 white marbles.
Find the coordinates of N.
Chris randomly chooses one marble from each bucket.

(i) 'What is the probability that both marbles are red? 1

(ii) What is the probability that at least one of the marbles is white? 1

Question 13 continues on page 11 (iii) 'What is the probability that both marbles are the same colour? 2
End of Question 13
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Question 14 (15 marks) Use the Question 14 Writing Booklet.

(a) A function is given by f(x) =3x* +4x° ~12x2.

(i) Find the coordinates of the stationary points of f (x) and determine their
nature. '

(i) Hence, sketch the graph y = f (x) showing the stationary points.
(iii) For what values of x is the function increasing?

(iv) For what values of k will 3x* +4x° — 1222 + k=0 have no solution?

(b) The diagram shows the region bounded b}ll y= , the x-axis, the y-axis,
(x + 2)

and the line x=1.

The region is rotated about the x-axis to form a solid.

Find the volume of the solid.

Question 14 continues on page 13

_12 -

Question 14 (continued)

(c) Professor Smith has a colony of bacteria. Initially there are 1000 bacteria. The
number of bacteria, N(t), after ¢ minutes is given by

®

(i)
(i)

(iv)

N(s) = 1000
After 20 minutes there are 2000 bacteria.

Show that k=0.0347 correct to four decimal places.
How many bacteria are there when = 1207

What is the rate of change of the nuimber of bacteria per minute, when
t=1207

How long does it take for the number of bacteria to increase from 1000
to 100 000?

End of Question 14

_ 13—




Question 15 (15 marks) Use the Question 15 Writing Booklet.

v

(a) Rectangles of the same height are cut from a strip and arranged in a row. The
first rectangle has width 10 em. The width of each subsequent rectangle is 96%
of the width of the previous rectangle.

P NOT TO
P SCALE

10 cm

(i) Find the length of the strip required to make the first ten rectangles.

(ii) = Explain why a strip of length 3m is sufficient to make any number of
rectangles.

(b) The velocity of a particle is given by
x=1-2cost,

where x is the displacement in metres and ¢ is the time in seconds. Initially the
particle is 3 m to the right of the origin.

(i) Find the initial velocity of the particle.
(ii) Find the maximum velocity of the particle.
(iii) Find the displacement, x, of the particle in terms of #

(iv). Find the position of the particle when it is at rest for the first time.

Question 15 continues on page 15

— 14—

Question 15 (continued)

©

Ari takes out a loan of $360000. The loan is to be repaid in equal monthly
repayments, $M, at-the end of each month, over 25 years (300 months).
Reducible interest is charged at 6% per annum, calculated monthly.
Let $4,, be the amount owing after the nth repayment.

(i) Write down an expression for the amount owing after two months, $4,.

(i) Show that the monthly repayment is approximately $2319.50.

(iify After how many months will the amount owing, $4,, become less than
$1800007?

i

End of Question 15

—15—



Question 16 (15 marks) Use the Question 16 Writing Booklet.

(a) The diagram shows a triangle ABC with sides BC=a and AC=b. The
points D, E and F lie on the sides AC, AB and BC, respectively, so that CDEF is
a rhombus with sides of length x.

R

(1) Prove that AEBF is similar to AAED.

(ii) Find an expression for x in terms of a and b.

Question 16 continues on page 17

-16 —

Question 16 (continued)

(b) The diagram shows a point T on the unit circle x>+y?=1 at angle 6 from the
positive x-axis, where 0 < 8 < —;E
The tangent to the circle at T is perpendicular to OT, and intersects the x-axis
at P, and the line y=1 at Q. The line y=1 intersects the y-axis at B.

y

(1) Show that the equation of the line PT is

xcosf +ysinf=1.

(ii) Find the length of BQ in terms of 6.

(iii) Show that the area, A, of the trapezium OPQB is given by

2 —sin@
2c0s8

(iv) Find the angle 8 that gives the minimum area of the trapezium.

Question 16 continues on page 18

_17-




Question 16 (continued)

(¢) The circle x4+ (y- 0)2 =2, where ¢>0 and r>0, lies inside the parabola

y=x2. The circle touches the parabola at exactly two points located
symmetrically on opposite sides of the y-axis, as shown in the diagram.

¥

@) Show that 4c=1+4s2.

(ii) Deduce that ¢ > —;—

End of paper
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Mathematics
10 (B) Inevaluating integrals, areas above the 1,
x-axis are positive and areas below are ® Area=—1"0
201 2 Hi h ' negative. v 1,
g er SChQOI Certificate ». the greatest value is between 50==x6"x6
—0and x=2.
S I \ x=0and x=2 €=£)9
olutions %
Math . SECTION II t=r6
athematics | g0
Question 11 36
2
( 2 (25— _ =16—cm
SECTIONI 6 ) Btmr—_i (a) 25 ~Tx+3=(2x-1)(x~3). 3
——  Summary _
1B 4 A 7¢C % tanx="1 (b) 3x-1] <2 2 {4
2D 5 C 84 108 B | 2<3x-1<2 ® f sec’ > dx=| i 5]
3 C 6 D . Tané is negative in the 2™ th 0 2 o
quadrants. 10 the 2% and 4 1< 3x <3 .
1 (B) Three signifi : T 1 1 =2| tan-——tan0
y e significant figures means that and tan 2= —n<x<l. 4
ere are only three digits used and the 3 3 =2[1-0]
value must be rounded off correctly, x= 5_” Hi Wh 3 9 =7
2 (O . 6 6 (c) en x= ,2 y=9. .
T #x M y=x Question 12
25-48 25-43 25443 7 (©) log, (az)=210g2 (a) y' =2x
24/5 Gradient of tangent is 6.. . 4a _ 1
= _2\/;"'7\/5 =2log, (e") ) Fquation of tangent is: _ @ @ Ex—(x~1) log, x=1.log, x+{x~1) -
=2x. —y, =m(x—X,
N ' s ~tog x+1-2.
. L. y—9=0{X— X
Y 8 (A) (3,0) isin the required region. y-9=6x—18
3 v Substitute into: B Vo= U
© a+f=-3, af=-1 2oy ¢ Into: y=6x-9 or 6x—y-9=0. (i) i(ilzl’bx_ji/ﬁ
aﬂ+(a+ﬂ):_1+(*3) yz_ —xand y<x-2 dx\v v
0°<4-3 0<3-2 d cosx x*(—sinx)—(cosx)(2x)
=-4, - i 21\’ _ 2x\ ax = o
. 0<1 0<1 (d) dx(3+e )‘—5(3+e ) &2 o (x2)2
A) At (la, F(@), the curve has a positive . true true =106 (3+ez")4 . —x(>xsin x+2cos x)
gradient and the curve is concave down, - tl12e ;Tded region is - 5
yi <4 L
5 © eeyrino, (2o e © 2= ~lasinxt2s002)
) N 4 . 2 = - - ,x‘3 ’
PR 9 @) idx{im(x) “ (3-0)' =4a(-2)
Jat 15t 1 3x 3 A (x—h) =4a(y—k).. vertex is (0,2) Ax 2y
1 _ ) 5 dx=2} — dx
ﬁw ~Ln4-m) 4a=16 2 +6 x*+6
3% (1)’ 3 a=4 - focal length is 4 = 21n(x2 + 6)+ C.
8 =11n(i) The focus s (0,6).
o f 1 : © @ T=a+(n-1)d a=3, d=2.
=34 T, =3+(19)2
=41,
. 41 tiles would be used.




Mathematics

GV

(ii) S"=—g—(2a+(n—1)d).

S20=229(2><3+(20——1)><2)
=10(6-+19x2)

=440,
. 440 tiles are needed.

OR

n

0y =%(a+£).

Sao :%(3441)

=10(44)
=440.
-, 440 tiles are needed.

(i) s, =%(2a+(n—1)d)

2002—;—(2x3+(n~1)x2)

2%(6+2n—2)

Z%(2n+4)

. ozAt+2n
n®+2n—200<0.
Solve this inequality to find z.
—14+/27 —4x1x-200

2
~13-2 or —152

Since n >0, there will be 13 complete
TOWS. .

, h
@ Areazg(yu+4y1.+2}’z+4}’:+2)’4+)’s)

z%(0.5+4x2.3+2x2.9+4x3.8+2.1)

~328m’,

(i) Distance = speed x time
=04x10
=4m.
Volume =32.8x4
=1312m’.
Question 13
(@) (i) Ontheline:
2x+y=8
when x=0, y=8,0B=8
when y=0, x=4, OA=4.
AB=+4*+8’
=80

= 4\/5 units.

(i) Using the cosine rule:
2, .2 32
cosB ==t
2ac

(65 () -
2x\/'6—§x\/8_0

65+80—-25

- 2x+5%13 x~/16%5

120
2x5%4x+/13

_3
NE)
ZABC =33-69...
=34° (nearest degree).

cosB=

(i) mup=-2 since y =—2x+8
1
Moy = since MMy =1
Equation of CN:
y—y =mlx—x)

y—4=%(x—7)
2y—-8=x-17

x—2y+1=0.

2012 4 Page 37
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To find N , solve simultaneously:
y=-2x+8 ®
x-2y+1=0 @
Substitute @ in @
x-2(-2x+8)+1=0
x+4x-16+1=0
Sx=15
x=3
y=2.
5 Nis(3,2).

(b) (@) Intersection of the parabolas when:

x*—3x=5x~x"
2x* —8x=0
2x(x—4)=0
x=0,4.
.. the x-coordinate of Ais4.

Gi) Arca=|

=)
—_——

Sx—xZ)—(Jc2 —3x)dx

@) P(1white or more) =1—P(r,r,)
12
35
26

=35

(iiiy P (same colour)=P(r,r;)+P(w,w,)

9 2 4
= tX—
35 57
7
35 )
Question 14
@ @ Jf=3x"+42 1227

Fl(x)=12%" +12x* —24x
For f'(x)=0
12x(x* +x-2) =0
12x(x+2)(x-1)=0
x=-2,0,1.
(%) =36x" +24x~24
=12(3x" +2x-2)
forx=-2, f(-2)=-32, f(-2)>(
forx=0, f(0)=0, F0)<0
forx=1, f)=-5,  f'O>0.
(-2,-32) is a minimum turning pot
. (O ,0) is a maximum turning point.

(1,-5) is a minimum turning point.

(i) y

1 ot f

-2,-32)

(iii) From the graph, the function is
increasing for 2<x<0, x>1.

(iv) From the graph, the absolute minim
is at (—2,~32) and this would have

be shifted vertically above the x-ax
Sok>32.

ANAN A Dann 29



Mathematics

(© () Whenr=20,N =2000
N(t)=1000¢"
2000 = 1000
2 - e20k
In2 =20k
_In2
20
=0-03465...
=0-0347 (4dp).

k

(ii) Whenz=120:
N — 1000 8120x0.0347
=~ 64 328 bacteria.

(i) N =1000¢"

N _ 1000ke"
dt

=0.0347 x 10000937
=2232.192772...
=~ 2232 bacteria / min.

(iv) 'When N =100000:
100 000 =1000e"
100 = ¢*
In100=Fkt
;1100

T 00347
=132-7138382...

~2hours 13min (nearest min).
Question 15

(a) (i) Geometric series, a=10, r=0.96
all-r"
o _al-r)

" e
10(1-0-96")
T 1-0-96
=83-791841...
=84 cm (nearest crn)
-, the length of strip is 84 cm.
G S, =
—r
10
1-0.96
=250 cm
The length can never exceed 250 cm or
2.5m. ... A strip of 3 m is sufficient.

® @ x=1-2cost
when =0,
x=1-2cos0
=1-2x1
=-1.
.. the initial velocity is —1 m/s.

(ii) Methqd 1:
X
3

VAN
L/ \
)
RV \/

h
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From the graph the maximum velocity
is 3 my/s.

OR

Method 2:
X=-2x—sint
=2sint
For ¥=0
0=2sint
t=0,7,2x,...
when ¢ =0,
%=1-2c0s0

=-1
when t =7,

x=1-2cosm
=3
. maximum velocity of 3 m/s.

iy x=[xdt
= Il—Zcostdt

=t—2sint+c
whent=0, x=3
3=0-2s8in0+c¢
c=3
Sox=t—2sint+3.

(iv) Particle is at rest when x=0.
%=1-2cost
0=1-2cost

2cost =1

. the particle is at rest for the first
time after % seconds.
x=t-2sint+3

= % —2sin % +3

:£—2x£+3
3 2

= %—\B +3 m [exact answer|

= 2-315146744
~2-3 m(l dp).

© O 6%pais %% =0-005 permonth '

A =360000(1+0-005)-M

A, = A (1-005)-M
= (360 000(1-005)~ M )1-005~M
—360000x1-005 ~1-005M — M
=360 000x1-005” — M (1-005+1).

(ii) 4=360000x1.005"—M(HLOOS"L"'J
' +1.005""
A =360000x1-005’°°-M(l+1'005+“']
w +1.005"
=360000x1-005™ ~MM:—Q
1.005-1
But A,y =0 when the loan is paid in
full.
(1-005™ -1)

=360 000x1-005™
0-005

360 000x1-005™ x0-005
~ (roos™-1)
=72319.485045...
=$2319-50 (nearest 5¢).

(ili) [Warning: The font size has been
reduced to allow the calculation to fit
into the available space.]

A, <180000

. n_
360000xl~005"—M( )<180000
0005

23195 (1-005" -1]

360 000x1-005" - <180000

360 000x1-005" 463 900(1~005" -1)<1so 000

1-005" (360 000463 900)+463 900 <180000
1-005" (360 000--463900) <180 000 -463 900

2012 € Page 40



Mathematics

1:005" (~103 900) <283 900
283900
103900

283900
11]111-005>1n(103 900‘)

283900
ln(IOB 900)
In1-005
n>201-5408119...

. it takes 202 months for the amount
owing to become less than $180 000.

1.005" >

Question 16

(a) () ZAED=/EBF (comesponding Zs, EDIBC)
/EAD = /BEF (cortesponding Zs, ACIEF)
/ADE = /EFB (£ sum of A in both As)
.. AAED | AEBF (equi-angular)

o BF B FE \ are in the same ratio

3 _b-x

a-x  x
2=(a-1)(o-2)
¥ =ab-ax—bx+x*
0=ab-x(a+b)

x(a+b)=ab

b

ED DA [match'mg sides of similiar As]

ath’

h @ y

T

Ak
o M P *

From T draw TM L OM
OT =1, radius of unit circle
™ _

=TM
or

sinf =

(id)

(iii)

2012 € Page 41

oM
=——=0M
cosf or
T is the point (cos 8,sin6)
Z£TPx=(90+0)° (exterior £ of APTO)
Method 1:
My = tan (90 +6)

=—tan (180-(90+0))

=—tan(90-6)

=-—cotf

__cosd

" sing
OR
Method2:

sin @

i OT =
gradient of cosl

. ¢ P 08 4
gradient of PT= ng

since mpy X myr ==1.

Equation of PT:
y=y =m(x-x)
y_singz_c?SZ(x—cosﬁ)

ysin @ —sin® @ = —xcos 0 +cos’ 6
xcosO+ ysinf =sin® f+cos” #
xcosf+ ysinf=1.

[since sin® ;9+0052 =1}

Q is the intersection of PT with BQ
xcos@+ysinf=land y=1
xcosf+1sinf=1
xcosf =1-sinf
1-siné
= cosd
_1-sin@

BQ

cosf

For the distance OP:
xcosf+ysinf=1and y=0

xcos@+0.sinf =1
xcosf =1

2012 Higher School Certificate

(i) Show that the monthly repayment is 2

approximately $2319.50.

(iif) After how many months will the 3
amount owing, $An, become less
than $180 000 ¢

Question 16 (15 marks) Marks

(a) The diagram shows a triangle ABC with

sides BC = g and AC = b. The points D,

E and F lie on the sides AC, AB and BC,

respectively, so that CDEF is a thombus
with sides of length x.

‘1._~_B

b

Copy or trace the diagram into your
writing booklet.

(i) Prove that AEBF is similar to 2
AAED.

(i) Find an expression for x in terms of 2
aand b.

(b) 'The diagram shows a point T on the unit
circle x* +y* =1 at angle & from

o . T
positive x-axis, where 0< 8 < 3

The tangent to the circle at T is
perpendicular to OT, and intersects the
x-axis at P, and the line y =1 at Q. The
line y =1 intersects the y-axis at B.

(©

End of paper

(1) Show that the equation of the line
PTis xcos O+ ysind =1

(i) Find the length of BQ in terms of
6. ’

(iii) Show that the area, A, of the
trapezium OPQB is given by
Ae 2—siné
2cos8

(iv) Find the angle 6 that gives the
minimum area of the trapezium.

The circle x*+(y—c)’ =72,

where ¢>0 and r >0, lies inside the
parabola y=x*. The circle touches the
parabola at exactly two points located
symmetrically on opposite sides of the

y-axis, as shown in the diagram.
¥

()]

[@ x

(i) Show that 4¢=1+4,?

(ii) Deduce that ¢ > %
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