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General Instructions Total marks - 84
» Reading time — 5 minutes « Attempt Questions 1-7
» Working time — 2 hours » All questions are of equal value

» Write using black or blue pen

« Board-approved calculators may
be used

« A table of standard integrals is
provided at the back of this paper

 All necessary working should be
shown in every question

Total marks — 84
Attempt Questions 1-7
All questions are of equal value

Answer each question in 2 SEPARATE writing booklet. Extra writing booklets are available.

Marks
Question 1 (12 marks) Use a SEPARATE writing booklet.
(a)  Use the table of standard integrals to find the exact value of 2
J 2 dx
0 V16— x2
(b) Find i(xsin2 ) . 2
dx
7
(c) Evaluate Y (2n+3). 1
n=4
(d) LetAbethepoint (~2,7) andletBbethepoint (1,5). Find the coordinates of 2
the point P which divides the interval AB externally in the ratio 1:2.
() Is x+3 afactor of x¥*— 5%+ 12?7 Give reasons for your answer. 2
3
3

(f)  Use the substitution u=1-+x to evaliate

0
ISJ xA1+xdx.
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Marks

Question 2 (12 marks) Use a SEPARATE writing booklet.

iti 2
(a) Let f(x)= 332+ x. Use the definition
oo~ _ lim fla+h) = f(a)
f@=," n
to find the derivative of f(x) at the point x=a.
<
(b) Find
et 1
i dx
@ j 1+e*
’ 3
(i) f cos? 3x dx.
0
(c) Theletters A, E, 1, O, and U are vowels.
(i) How many arrangements of the letters in the word ALGEBRAIC are 1
possible? i
(i) How many arrangements of the letters in the word ALGEBRA-.I‘C al;e 2
possible if the vowels mustoccupy the 2nd, 3rd, 5th and 8th positions?
3

(d) Find the term independent of x in the binomial expansion of

-y

) Marks
Question 3 (12 marks) Use a SEPARATE writing booklet.
(a) The function f(x)=sinx+cosx—x has a zero near x=1.2 3
Use one application of Newton’s method to find a second approximation to the
zero. Write your answer correct to three significant figures.
b B
G, G
S —
o
4 .
P \—/ T
Two circles, C; and C,,, intersect at points A and B. Circle C, passes through the
centre O of circle C,. The point P lies on circle C, so that the line PAT is tangent
to circle C; at point A. Let ZAPB=6.
Copy or trace the diagram into your writing booklet.
(i) Find ZAOB i terms of 6. Give a reason for YOUr answer. 1
(i) Explain why £TAB=26. 1
(iii) Deduce that PA=BA, 2
(© * (@ Starting from the identity sin(6+26)=sin@cos26+cosOsin26, and 2
using the double angle formulae, prove the identity
sin36 = 3sind - 4sin’6.
(i) Hence solve the equation 3

sin30=2sind for 0<6<2r.




Marks
Question 4 (12 marks) Use a SEPARATE writing booklet.

(a) Solve 3x <1. 3
x—2
(b) An aircraft flying horizontally at Vm 57! releases a bomb that hits the ground 4
¢ 4000 m away, measured horizontally. The bomb hits the ground at an angle of
45° to the vertical.
¥
x
Assume that, # seconds after release, the position of the bomb is given by
x=V, y=—5t2.
Find the speed V of the aircraft.
5

(c) A particle, whose displacement is x, moves in simple harmonic motion.
Find x as a function of 7 if

¥=—4x

andif x=3 and %=—6~/3 when r=0.

Question 5 (12 marks) Use a SEPARATE writing booklet.

(a)

-3 0 3 x

1 X

The sketch shows the graph of the curve y=s(x) where f(x)=2cos” 3
The area under the curve for 0 < x £3 is shaded.
(i) Find the y intercept.

(ii) Determine the inverse function y=f ~1(x), and write down the domain
D of this inverse function.

(iii) Calculate the area of the shaded region.

(b) By using the binomial expansion, show that
n n n 1 n 3.3
(g+p)'~(g-p)" = 2(1 ]q"" p +2(3)q"“ Pt

What is the last term in the expansion when 7 is odd? What is the last term in
the expansion when n is even?

g
(¢) A fair six-sided die is randomly tossed n times.

(i) Suppose 0<r<n. What is the probability that exactly r ‘sixes’ appear
in the uppermost position?

(i) By using the result of part (b). or otherwise, show that the probability
that an odd number of ‘sixes’ appears is

@)
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Marks
Question 6 (12 marks) Use a SEPARATE writing booklet.

®

(a) Prove by induction that 3
B+ 1)+ n+2)
is divisible by 9 for n=1,2,3, ...
o
Consider the variable point P(2af, at®) on the parabola Z=4ay.
(i) Prove that the equation of the normal at P is x+1ty= at>+2at. 2
(i) Find the coordinates of the point  on the parabola such that the normal 1
at Q is perpendicular to the normal at P.
(i) Show that the two normals of part (ii) intersect at the point R, whose 4
coordinates are
1 5 1
x=alt——|, y=a|t"+1+—|
(=3} r=e(Pere3)
(iv) Find the equation in Cartesian form of the locus of the point R given in 2

part (iii).

Question 7 (12 marks) Use a SEPARATE writing booklet.

(a) A particle moves in a straight line so that its acceleration is given by
dv x
dt
where v is its velocity and x is its displacement from the origin.

Initially, the particle is at the origin and has velocity v=1.

() Show that v2=(x~1)%

(ii) By finding an expression for gt—, or otherwise, find x as a function of 7.

X

Question 7 continues on page 9
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Question 7 (continued)

(b)

Np
Consider the diagram, which shows a vertical tower OT of height s metres,

a fixed point A4, and a variable point P that is constrained to move so that

angle AOP is —375 radians. The angle of elevation of T from A is —Z— radians.

Let the angle of elevation of T from P be « radians and let angle ATP be

@ radians.
(i) By considering triangle AOP, show that 1
AP2=12+ KPeotta-Hieotar.
(ii) By finding a second expression for AP?, deduce that 3
cos@ = —1—~sina + ~—1———cosa
2 242
(iif) Sketch a graph of 8 for O<a< —725 , identifying and classifying any 4

turning points. Discuss the behaviour of 9as &~ 0 and as o — —725

End of paper
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STANDARD INTEGRALS

j.\""dx =—l-x"+1$ n#-l; x=0,ifn<0
n+1
1
—\_—dx =lnx, x>0
&x 1 ax
fe dx c==e®, a#0
a
1.
cosaxdx = sinax, a#0
. ) 1
sinaxdx =—Zcosax, a#0
9 1
sec“ar dx =Etanax, az0

1
secax tanaxdx = L secax, a #0

1 1. 4x
f s dx ==tan”'>, a#0
a“+x a a
1 . o1 X
e (X =sin”" —, a>0, —a<x<a
a? —x?

f——l——dx =In(x+\/x2—a2), x>a>0
x?-d?

1 — {2, 2
j Tﬂﬂdx —ln(x+ x +a)

NOTE : Inx=log,x, x>0

— 12~
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2001 HigHEr ScHooL CERTIFICATE
SOLUTIONS

MATHEMATICS EXTENSION 1

QUESTION 1

g dx 2
(a) f = [sin —:I
0 ;16 —x? 44y

(b) —i(xsinzx) = 1.sinx +x.2sin xcosx
dx

= sin®z+ 2xsin xcos x.

(© 27:(2“3) = (2x4+3)+(2x5+3)
n=4 +(2x6+3)+(2x7+3)

11+13+15+17

= 56.

(d) A-2,7) B, 5
-1:2
P has coordinates
(2x(—2)+(-1)x1 2><7+(——1)><5)

1

2-1 2-1
= (-5, 9).
Alternatively, an external ratio of I : 2 means

that PA = AB, and the result can be found
easily from a diagram.

P

(e) Let P(x) = 23-5x+12
P(-3) = (-38)°-5(-3)+12
= 0.
. x+38is a factor of P(x)
by the Factor Theorem.

2?3244
OR z+3)28 ~5z+12
28+ 32
~8x% -5z
~3z%-9x
4x+12
4x+12
0
. 2352412 = (x+3) x2—3x+4)
ie. x+3is afactor.

(f) u=1+zx
du = dx.

x=-1 u=0

x=0 u=1,

2_2
= 15|l &£ <]
5[(2-2) o
= —4,
Note that the integral is negative

since xV1+x < 0 on the domain
~1<x<0.

Q[}ESTION 2
(@) f(x) =3x%+z

fla) = lim £@¥R) = fla)
h>0 h

[3(:1 +h) +(a +h)]—(3a2+a)
lim

k-0 h

- lm 3a2+6ah+3h%+a+h-3a2—¢

h=0 h
2
= Lm 6ah+3h*+ R
A0

= hli_’xno(6a+3h4;1)

6a+1.

) <i>f al dx = In(1+e)+e.
1+é€*

x
(i) f cos® 3z dx
0
I
= lj. (L +cosbx) dx
25

. k3
= 1}, sin6z
6 0

(2 #5=)-or 2]

b

1

2

z

2
T r4

Note (1+cos6x) dx = lf 1 dzx,
2), 2

since cos6x has a period of —g— and the

integration is over § complete periods.

(c) There are 24s.
The other 7 letters are unique.

!
() The number of arrangements = %-

= 181 440.
(i) The number of arrangements
4
of vowels = —,
24
The number of arrangements
of consonants = 5.
{
Total humber of arrangements = -g—,- x 5!
= 1440.
¥
(d) In the expansion of (;rz - —;) ,
k
= (921
Tk+l = (k)(x ) ( P
2001

MarHeMaTICS EXTENSION 1

_(9Y, gy 18-k
= (k)( 1D*x .

For term independent of x, 18 -3k = @
k=6

Required term = (g)(—l)s

-

= 84.
QUESTION 3
(a)y f(x) = sinx+cosx—=x
fi(x) = cosx—sinx—1
F(12) = 0:094 39 ...
f(1-2) = -1-569 68 ...
Let x; be a second approximation:
2 = 12~ {(1‘2) by Newton’s method
F'3-2)
_ 1o 009489, (
-1-569 68 ... :
= 1-26 (3 sig. figs).
b
(b) B

(i) £LAOB =28 (Angle at the centre is twice
angle at the circumference
standing on the same arc.)

(i) £TAB is the angle between the tangent
to C; and the chord AB.
£AOB is the £ in the alternate segment.

. LTAB = LAOB = 26.

(i) £LTAB = LAPB+ £LABP (Ext. Lofad

= sum of int,
20 = 9+ ZLABP. oPP- £5)
. LABP =@
W LABP = /ZAPB = @.
. PA = BA (Sides opp. equal £s
in a A are equal).

4 Page 37




2001 HiaHer ScrHoor CeRTFCATE

(© @) sin(6+26)
sin 8 cos 26 + cos 8 sin 28
sin 9(1 - 2s5in? 6) +c0s 8.2 sin fcos

it

il

= 5in@~2sin®H+cos’0.25in 8
= §in@-2sin® 8+ 2sin 9(1-—'sin2 9)
8sin 6~ 45sin® 6,

(i) sin36 = 2sin 4, 0<8<2n

3sinf—4sin®g = Zsing
sin8-4sin6 = 0
sin9(1—4sin29 =0
sin9(1—2sin9)(1+2sin9) = 0.
. . l _l
. sinf = 0, 5 73

n &z Tx 1llzm

9=0,7f,275,°§,—6-,'§', 5

In ascending order, the solutions are

_ g & 57 Tz 1lz
9_0:6161”36!612”
QUESTION 4
3
<1
(a) —2

Note x # 2 since LHS is undefined.

METHOD 1
3x

x-2
2x+2
<0
x-2

-1<0

HxA1) o9 ¢ e 9)?

x
x-2
2x+Nx~2) <0 (x=92).

A

¥y

METHOD 2 Use theé critical point method
x3_"2 =1 (=2
32z = x-2
x = ~L

Consider

2001

-1 2

w

R
A
ey

Now consider

i

R
]
[N\

Test x = —=2:

In
4
3
g B
L

x =0
False

|
"‘"oo'hl

N A

o

x=3
-1<zx<2

METHOD 3
3x
-2
If z-2 <0y,
then 3x > x-2
x = -1,
ie. ~lsx<2
¥ x-2>0 e z>2
then 3x < x-2
x < -1

<L

ie. x <2

W IAY NV v

.. No further solutions.
. The solution is =1 < x < 2.

METHOD 1
x=Vt, y= -5
Eliminating the parameter G t= =X,
2 v
5=
=
dy __10x
dx vy’

Note: The angle between the direction
of the bomb when it hits the ground
and the positive x axis is 135°.

When x = 4000, % =tan135° = -1,

x
~10x 4000
— = -1
V2
V2= 40000
V = 200.

(V >0, since it is the speed of the aircraft.)

4 Page 38
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METHOD 2 QUESTION 5
x=Vt y = -5¢2 . = 2cos1 X
=V b = ~10¢ (a) O » 3 1
y z=0, = 2cos™ 0
& o_ 3. 10t Y
dx z v =2x %
When x= 4000, ¢ = 2900 g & _ =T
\4 dx .~ The y intercept = 7.
_1 = _10x4000
- y2 (i1} For the inverse, x=2 cos‘lg-
V%= 40000 2o osE
V = 200. 3 2
y = 3cos§,
METHOD 3 ey mel %
An angle of 45° means that the ground is f7(x) = Bcos 9"
a focal chord. Therefore the plane is flying Since the range of y = f(x)is 0 £ y < 2r,
at an altitude of 4000+ 2 = 2000 m.. the domain of y = £~ (x) is 0 < x < 2,
Hence the bomb hits the ground at time £,
given by: =
-2000 = —5¢ (from y= —5:2) Gii) A = f x dy (
2 = 400 0. ‘
- t = 20, = fScos—g— dy
Substituting ¢ = 20, x = 4000 0 ”
4000 = 20V (from x = V&) - G[Sm 1]
V= 200. 2] .
=6 (sin g— —sin O)
(0 Z= -4z = 6.
= ~n’z *. The area is 6 square units.
n=2
x = (ZCOS’(Tlt-f- ). (b) (q+P)n_(q_p)n
% = —ansin(nt+ ).
= n n| an-1. + n) n-2 2+(ﬂ) n-3.3
When ¢ = 0, =3 [q+(l)q » (241 Prlgje P
3 = gcosor —0 oo +p"]—[q"—(;)q"—1p+(g)f!""ZPZ
When £ = 0, i = -6V3 N ;
n - 1\
-6v3 = -2asina -(3)q PP+ e+ (-1 p
asing@ = 3‘\/5. —@ _ 2[(n)qn-1p+(n)qn*—3p3+ :’
1 3
tan o = E[‘Ol = w/g
7;3 - (q + p)n - (q__ p)’l
S o= —. )
3 : “A)ee i)
Substitutein®: 3 = acos—
a=6 Ifnis odd, (~1)" p" is negative,
x = 6‘305(2“’ %J ~. last term is 2(”’)17'1 = 2p"
n

Also correct are x = 6sin (2t+ -562)

and x = 3‘cos2t-3~/§sin2t.

If n is even, (=1)" p” is positive,

=~ last term is 2(n” )qp"'l = 2ngp"L

-1
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o
(c) 1) (—g + %) is the binomial probability

function, since probability of a six =

[ [

-. Probability of exactly r sixes,
2Y5Y (1Y
P() = (r XEJ (g) .
(ii) Probability of an odd number of sixes
= PQ)+P3)+P(5) + -

1 ONON OO

S EOREHIRLT

Note that the expression in (b) doubles up
on probabilities for r odd and omits
probabilities for r even.

Hence it was applicable to this question.

QUESTION 6
(a) Let S(n) be the statement that

¥+ (n+ 1%+ (n+2)° is divisible by 9.
Forn=1, n3-§~(n+1)3<J~(n+2)3
=1%4+2%4+38
= 36, which is divisible by 9.
~ S(1) 1is true,
Assume S(k) is true,
B (k14 (R+2)°
= 9M, where M is an integer.
Consider the casé whenn = k+1:
(B+18+(k+2%+ (+3)°
= (k+1%+ (k+ 2%+ £+ 982+ 27k + 27
= [(k + 1%+ (R +2)3+k3} +9k% 4 2T+ 27

= OM +9k%+ 27k + 27
= Q(M +%?+ 8k +38], which is divisible by
9,since M + k% + 3k + 3 is an integer.
~ S(k+ 1) is true when S(k) is true.

But the result is true when n = 1, hence it is
true when n = 2, and so by mathematical
induction the resultis trueforn =1, 2, 3, ...

b) () x* = 4ay

y =z

4a
4y _
dx 2"

2001

Atp, & 2at
dx 2a
Gradient of normal = ——i—.

Equation of niormal is
y—at? = —%(x~2at)
ty-at® = —x+2at
x+1ty = at’+2at.

(ii) At Q(Zaq, aqz), gradient of normal is ¢,
Also at Q(Qaq, aqz), gradient of normal

is—l.
q
t=-1
q
=_1
7= "%
2¢ a
QIS[—T, 2)
(i) Normal atP: x+&y = atd+2at —@
l1,._8 2
Normal at @ T-3y = & 7 —2
D xt: tx+ 2y = at*+2t2 —0
@ x1%: Br-t?y = —g-2at* —@
@D+ @ (t+t3)x= a(t4~—1)
t(t2+1);~.= a(t2+1>(t2—1)
aft?-1
i
= _'_1_
e o(i-1)
Substitute in @;

a‘(t—%)ﬂy = at®+2at
ty = at3+at+%

y = a(t2+l+ -LJ
£2

Cx=alt-l - L
. X = a(t t)’ y a(t +1+t2).
(iv) Parametric equations of the locus of R are

3 i

a(t2+1+-1—) —®
tZ

x

Y
From ®: 2% = az(t2—2+ _12_)
3
= a2(t2+1+ —l-)— 3a?.
pr

~ 2% = ay-3a?is the Cartesian equation
of the locus.

-» Pama AN

ORI NI W MW

P

Sl
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QUESTION 7
(@ @) L
i x-1
21 2)*
dx(ZV =zx-1.
Integrating, 1,2 E
» 5V = Gox+e
When x=0, v=1:
1_,
2
12 22 1
3V =3 -x+ s
2 1

vi= 29z
2

]
—~
]
!
[y
fr)
©

G) o ov= £(z-1)
Butifx:O, v=1,

v —(x-1)
v=1-x

dx

ar 1.

dt ¥

4 1

dx = 1-x
t=f Loge

1-x

~log, (1 - %) +¢,.
When t=0, x =0,

0= -log,1+¢
¢ = !
t= -log,(1-x)
et=1-x
r=1-e",
Checks: 4 =ef=1-zx
dt
v _ s
7 e = x~1

(b) @ InAAOP,
AP? = 0A2+0P2—2OA-OPcos—73£.

From AAOT, AO = h.
From APOT, tang = A
oP
3 OP = hceota.
. AP? = h2+h2cotza—2h.h.cota.%
. AP = p2ihlcotig - A2 cot .
(i) In AATP,
AP% = AT?+ PT2-2AT. PT ¢osg,
In AAOT, AT? = p2ip?
AT? = 242,
In APOT, PT? = 21 h2cot?
. PT? = h?cosec?a.
2004

A~

. AP? = 2h? 4Ry R cot? o
-2V2h. hcoseca . cos,
. AP? = 324 h2cot?y
- 2\/2—h2 cosec . cos 9.
Equating expressions for AP2,
Rreh?eotla~hlcot o
= 3h*+hicot? - 2\/5 k% cosec . cos 8.
2\/§h2cosec cosd = 2h%+ h2e0t o —®
® x s_in_a:
B2
2‘»/'2-c059 = 2sina +cosa

1 . 1
c0s8 = —Z=sin a4+ -——=cosq.
V2 22

(i) 8 = cos'1(712_— sina + 2—IECOS a)

At stationary points, A = 0.
da

1 . 1
sSin @ - —— a =0
2z N

sinx—2cosex = 0
tanx = 2
o = tan™12
o \5
o = 1107

-y

Stationary point at (tan“l 2, cos™! ——-—J

Fa<tan™2, 22 <

[24 3

forQ <<=,

Ifa>tan™t2 ﬁ>0 2
do

- Minimum turning point
V10
< f

at (tan‘1 2, cos™!

[ o PO




2001 Hiarer ScHool CeRTECATE

I lternative approach to this question,
fa=0, 6= cos“l—i— (% 1.208). nana gt pproach b -
242 we can write sin @ + cos & in the

Tz 22

e

_z _ a1l _ = .
fa= o’ 6 = cos 75' T form a cos{(c — ¢), leading to
a1 V10 - ;
Asax—0, 8- cos? . 8 = cos™ cos{a—tan= 2] | i
Pt 2 osla ) |
b3 z
Asa— PN 6 e 8 then has a minimum when
sr cos <a —tan~? 2) hads a maximum.
11 This occurs when
N 2
1 2 % cos (a —tan ) =1
2’ 4 o= tan™ 2
1 /
i (tan'IZ cos- \/'1—6] 6 = cos™? ___l_Q_
y 4 4
0 x _,'5 o
4 2

END OF MATHEMATICS EXTENSION 1 SOLUTIONS
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