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DIRECTIONS TO CANDIDATES

Attempt. ALL questions.
ALL questionsiare of equal value.

All necessary working should be shown in every question. Marks may be deducted for
careless or badly arranged work.

' Standard integrals are printed on page 12.

Board-approved calculators may be used.

Each question attempted is to be returned in a separate Writing Booklet clearly marked
Question 1, Question 2, etc. on the cover. Each booklet must show your Student Number

and the Centre Number.
You may ask for extra Writing Booklets if you need them.




QUESTION 1. Use a separate Writing Booklet.

(@

(b)

©

d

©

On a number plane, indicate the region specified by y <|x—1| and y<1.

4
Evaluatcj- ydx if xy=1.
1

Find lim =2,
x-0 5x
21001 | 51000
Factorize 2"*' + 2", and hence write 3 as a power of 2.

1

Use the substitution ¥ =9- x2 to find j 6xV9 - x2dx.
0

Marks




QUESTION 2. Use a separate Writing Booklet. Marks

@ Let f(x)=x+5x*+17x~10. The equation f(x)=0 has only one real root. 4
(i) Show that the root lies between 0 and 2.
(il) Use one application of the ‘halving the interval’ method to find a smaller

interval containing the root.
(ili) Which end of the smaller interval found in part (ii) is closer to the root?
Briefly justify your answer.
(b) 4
The shaded area is bounded by the curve xy = 3, the linesx = 1 and y = 6, and
the two axes. A solid is formed by rotating the shaded area about the y axis.
Find the volume of this solid by considering separately the regions above and
below y = 3.
(c) Consider the equation 4

X +6x2-x-30=0.
One of the roots of this equation is equal to the sum of the other two roots.

Find the values of the three roots.




QUESTION 3. Use a separate Writing Booklet.

€]

A B C D E F G H

A security lock has 8 buttons labelled as shown. Each person using the lock is
given a 3-letter code.

(i) How many different codes are possible if letters can be repeated and their
order is important?

(ii) How many different codes are possible if letters cannot be repeated and
their order is important?

(i) Now suppose that the lock operates by holding 3 buttons down together,
so that order is NOT important. How many different codes are possible?

(b) Find the value of the term that does not depend on x in the expansion of

6
(xz +§) i
X




QUESTION 3. (Continued)

©

S, 1)

Let P(2aq, az) be a point on the parabola

X2

y':T’

and let § be the point (0, 1). The tangent to the parabola at P makes an angle of
B with the x axis. The angle between SP and the tangent is 8. Assume that
a > 0, as indicated.

@
(i)
(1)
(iv)
v)

Show that tan S =a.

Show that the gradient of SP is -%(a —;11-).
Show that tan8 = ;11-.

Hence find the value of 6 + .

Find the coordinates of P if 6= .

Marks




QUESTION 4. Use a separate Writing Booklet. Marks

ez

3+¢*
Note that e* is always positive, and that f(x) is defined for all real x.

Consider the function f(x)=

(@ Show that f(x) has no stationary points. 2
) . P 3¢*(3- &%)
(b) Find the coordinates of the point of inflexion, given that f"(x) = ———*. 1
(3 +e* )
(c) Show that 0< f(x)<1 for all x. 2
(d) Describe the behaviour of f(x) for very large positive and very large negative 2
values of x, i.e. as x —> o0 and x — —oo.

(e) Sketch the curve y = f(x). 2
(f) Explain why f(x) has an inverse function. 1

2

(g) Find the inverse function y= f~(x).




QUESTION 5. Use a separate Writing Booklet.

(a

(b)

(i) Solve the equation sin2x = 2sin?x for 0< x < 7.

@ii)) Show that if 0<x< %, then sin2x > 2sin?x.

(iii) Find the area enclosed between the curves y =sin2x and y= 2sin’x for
n
0<x<—.
4

In a Jackpot Lottery, 1500 numbers are drawn from a barrel containing the
100 000 ticket numbers available.

After all the 1500 prize-winning numbers are drawn, they are returned to the
barrel and a jackpot number is drawn. If the jackpot number is the same as one
of the 1500 numbers that have already been selected, then the additional jackpot
prize is won.

The probability that the jackpot prize is won in a given game is thus

1500
p=

= =0-015.
100 000

(i) Calculate the probability that the jackpot prize will be won exactly once in
10 independent lottery games.

(ii) Calculate the probability that the jackpot prize will be won at least once in
10 independent lottery games.

(iii) The jackpot prize is initially $8000, and it increases by $8000 each time
the prize is NOT won.

Calculate the probability that the jackpot prize will exceed $200 000
when it is finally won.

Marks




QUESTION 6. Use a separate Writing Booklet.

(@ P

Q

PT is a tangent to the circle PRQ, and OR is a secant intersecting the circle in Q
and R. The line OR intersects PT at T.

Copy or trace the diagram into your Writing Booklet.

(i) Prove that the triangles PRT and QPT are similar.

(i) Hence prove that PT> = QT x RT.

Marks
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QUESTION 6. (Continued)

(b)

cable

clip

wheel

A long cable is wrapped over a wheel of radius 3 metres and one end is attached
to a clip at . The centre of the wheel is at O, and QR is a diameter. The point T
lies on the line OR at a distance x metres from O.

The cable is tangential to the wheel at P and Q as shown. Let ZPOR =8 (in
radians).

The length of cable in contact with the wheel is £ metres; that is, the length of the
arc between P and Q is £ metres.

®

(ii)

(i)

(iv)

)

Explain why cos@ = %

Show that £ = 3{7: —cos ™! (%)]

al -9
Show that — = —=——.
dr  x\x*-9

What is the significance of the fact that g—x{ is negative?

Let s=£+PT.
Using part (a), or otherwise, express s in terms of x.

The clip at T is moved away from O along the line OR at a constant speed
of 2 metres per second.

Find the rate at which s changes when x = 10.

Marks
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QUESTION 7. Use a separate Writing Booklet. Marks

A cap C is lying outside a softball field, r metres from the fence F, which is & metres
high. The fence is R metres from the point O, and the point P is h metres above O.
Axes are based at O, as shown.

Attime ¢ =0, a ball is hit from P at a speed V metres per second and at an angle o to
the horizontal, towards the cap.

(a) The equations of motion of the ball are 4
i=0, y=-g
Using calculus, show that the position of the ball at time ¢ is given by

x = Vitcosc

y = Vesina—Lgt* +h.

(b) Hence show that the trajectory of the ball is given by 1

2 g

y=h+xtano —-x° —s—a—.
2V2cost o

(¢) The ball clears the fence. Show that 2

L
2sinacosa

(d) After clearing the fence, the ball hits the cap C. Show that 3

tano = Rh .
(R+nr)r

(e) Suppose that the ball clears the fence, and that V <50, g=10, R=80, and 2
h=1. What is the closest point to the fence where the ball can land?
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SOLUTIONS -

3 UNIT (ADDITIONAL) AND
3/4 UNIT (COMMON) MATHEMATICS

8
STION 1 1
QUESTIO I=j 6x.u2.(~—d—u—J
() 9 2zx
N 8 1
\\*\\\\, = —3J u? du
T ;\\\\T\\ 9
D 9 1
Y:\ﬁ\f/\’:/\i‘ <4 —3J u?.du
RO S 8
:} /\’ f\} ,«\’%”y - - 9
SRR -3
N2 \/\'J} \/ > L 8
= 3 3
3
f - 2(27 -16y2 ).
QUESTION 2
(a) 0 f@=x3+522+17x-10
© 1 sinx _ 1 1 sinx f(0)=-10 ,
© Bz a5z £(2)=8+20+34~10
_ 1y, sinx =52.
5250 x Since the function is continuous,
! and changes sign between 0 and 2,
=X the root lies between 0 and 2.
1
=5 G) f(H=1+5+17-10 _
= 13.
(@ 21li2n=2™2+1) . The root lies between 0 and 1.
=3x2" —@
1001, o 1000 1000 1 1 5 17
From ®@: 2 ;2 = 3X23 (i) f(§)=§+z 5
— 91000 o1
8
1
e) I =f 6x.9-x2 dx Thus, the root is
0 R between -;— and 1, so
Put ’ﬁ; 9-x the end closer to the
_&% =-2x root is 1 (not 0).
a’x=—-d—u When x2=0, =9

2x

and x=1, z=8.
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The lower region is a circular cylinder,
radius 1 unit, height 3 units.

Volume = nrh
=nx1%x3
= 37 units3.

Volume of the upper region is

6 6/ o2
3
fﬂ'x2 dy=7zJ (—-} dy
3 3 Yy

=9,{_.;_+.;}
_sx
T 6
____32_7z units®
3z
Volume = 371:+—2—
=== units®.

() x%+6x2-x-30=0
Let the rootsbe o, 5, 7, where a = B+, then
a+f+ ———b———G ‘
y=-_=

20=-6, a=-3,

and aﬂy=——f—f—=30 '
By =-10,
and f+7y=-3.

By inspection, f=-5, 7y =2 (or =2, y =-5).
.. The three roots are -5, -3, 2.

QUESTION 3

(a) (i) The first code letter can be chosen
eight ways. The second and third
can also be chosen in each of eight

ways.
.. The number of different codes is

8x8x8 =512

(i1) The first code letter can be chosen
eight ways, the second only seven
ways, and the third only 6 ways.
.. The number of codes is

8x7x6= 2336

The number of ways of choosing 3

from 8 is;
80, = 8x7x6

3 7 1x2x3
= 56.

(iif)

n
(b) The general term is °C, (x%“"‘(%) .

If this is independent of x,
2(6-n) - _ 0
12-3n=0
n=4.

then x

.. The term is 604 X,

(c)

@ =

=-—at P(2a,a2)

2
=a.
But the gradient of the tangent at P
is given by tan f, since the tangent
cuts the x—axis with angle B.
- tanf=a.
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Ay —
Gradient of SP = 22701
Xa— X3

_ a?-1

" 2a-0
a?-1
2a

-3(a-2)

9is the angle between two lines with
gradients mq=tanf=a for the

(i)

(i)

tangent and m; =%(a - :zl—] for SP.

3 Uni (aDDmonAL AND 3/4 Unir (commoN) MATHEMATICS

QUESTION 4
X
@ fl)=—
3+e*
£ = (3+e%).e*—e*(e¥)
' (3+e%)?
_ 3eF+ % — 2%
(3+e*)?
_ 3e* y
(3+e%)?% y=o*
Since e 0 J
then §'(z)#0 - x

tang = 2 M1 - there are no stationary points.
1+m1 mo
- 3e* (3-¢%)
_if g1 b ”"(x) = ——————
- _ a 2((1 a) ( ) f (x) (3+ex)3
1+%(a—i) a =0 when 3-¢*=0
¢ that is, e*=3
B 2a-a+- ie., x=1In3.
2+a”-1 When =1n3 y=—t
a+l 3+e*
a 3 )
1+a? T3+3
_ @%+) _1
a(1+a?) 2 1
1 i.e., possible point of inflexion at (ln.'s‘, E)
T e Now, to test sign change at x=1In3.
When x<In3
. tanf + tanﬁ s
(iv) tan(6+p) = 1-tand tanp say x=1, then 3-el>0.
1 When x>1In3,
=+a 2
= “1 say x=2, then 3-e“<0.
1-2xa That is, f”(x) will change sign.
1
28 Hence the inflexion is (1n3,%).
0
That is, tan(d + B) is undefined, OR
hence 8+ f = 90°. Since the question states there is a point of
) Method I: inflexion, it must be where f”(x)=0.
If 9=p=45°, .. The inflexion is at (ln3, -%)
then a=tanf=tan45°=1,
P(2a,a%) = P(2,D. (¢) Sincee™>0, 3+e*>e”
X
Method 2: flx) = ® _<1forallx.
If 6 = B, then from the diagram, 3+e*
SP“x—axis. Butsince ¢e*>0 and 3+e*>0
P(2a,a®)=(x,D then e’ > 0 for all x.
- a=1 3+e*
S0 P2, 1. x=2 ie, 0< f(x) <1 forallx.
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e* 1
d flo)= =
3+e*  3eT*+1
- 1
oo x * ———
As x—ee, 750 - f(x)—)o_*‘1

& f(x) > 1but is always less than 1.

0
— x * ———
As x> -0, e 5 0 - f(x)—>3+0

s f(x) = 0 but is always above zero.

(e)

Asymptotesat y=0 and y=1.

(f)  f(x) has an inverse function because it is
an increasing function. Graphically, any
horizontal line cuts it in one point only, so
the inverse function (reflection in y=x)
will satisfy the vertical line test.

e e
(g f= ie. y= —
3+e* 3+e*
.. The inverse will be x =
3+eY
3x+xet =¢”
e¥(1-x) = 3=x
3x
y. 9%
€ 1-x

QUESTION 5
(a) 6))

sin2x = 2sinx

.. 2sinx cos x~ 2sin?

x=0

(ii)

(iii)

Method I:
y
4
1- y=sinx
Lo\
¢ 2
+ »X
0 z \y=cosx
4

.4
From @, when 0 <x < T
sinx >0, and cosx > sinx
ie., 2sinx(cosx-sinx) >0
2sinx cosx—2sin?x > 0
sin2x > 2sin®x.

Method 2:
For 0<x< %, sin2zx = 2sin®x

only when x=0, -g

. sin2x > 2sin’x or

sin2x < 2sin?x for 0 < x < —Z—

V.4
Let ==
sin% ~0-87 and 2sin2% =05

ie., sinZ(g] > 2sin? [%]
v 4

- sin2x > 2sin’x for O<x<-Z.

say:

Since sin2x > 2sin’x

sin2x~-2sinx > 0 for 0< x<-Z—.
.. Area between the curves

=f4sin2x—2'sin2x dx
0

=f4sin2x dx+J4(c052x—1) dx
0 0
[Since cos2x = 1-25in2xJ

ie., ~2sin%x = cos2x- 1.

n

1 R Yot
—[ 5 cos2x}0+ [2 sm2x] [x]o

2sinx(cosx—sinx) =0 —@
sinx=0 or sinx=cosx 0
ie. sinx=0 or tanx=1 1 1 1 .=«
- = 2c052+2c050+2sm2
x=0,7m, or x=—. 1 s
x 4 —-—2—sin0——4—+0
So x=— isthe orly solution 1 1 x
4 =0+-+=-0-=
for O<x<r. 2 2 4
= 1—% units 2.
1995 Page 7
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3 UN!T (ADDmONAL) AND 3/4 Unr (COMMON) MATHEMATICS

We are considering ten trials, so the terms
of (g+ p) 10 will be considered, where

p=0-015, g=0-985.
6)

(b)

For exactly one win:

Probability = °C; ¢° p*
=10x0-9857x0-015
=0-130923--- = 0-1309.

For at least one win, we want
1- P{(no wins)

= 1-19¢, g9 p°

= 1-0-8597

=0-140269 ---

(i)

= 0-1403.

$200-000 would need the initial
$8000 plus 24 no-wins, so for more
than $200 000 we need 25 no-wins.

Now, probability that it is not won is
0-985. So if not won for 25 times in
sequence, it willhave a probability of
(0-985)%% = 0-685339 -
= 0-6853.

(1)

QUESTION 6 P
(a)

Q

In APRT, AQPT
Z/PTR = £/PTQ (same angle)
ZTPR = £PQR (angle between tangent
and chord equals angle
in the alternate segment)
- The triangles are equiangular,
hence similar.
PT _ RT (corresponding sides
QT PT in similar triangles)

2. QT xRT.

wheel

(i) Radius OP L tangent PT
-. AOPT is right angled

(ii) arcf=r(LPOQ)
=3(r—-0) since QORisa

straight line

xjx*=9

The significance of the negative
value is that £ is decreasing as x
increases. That is, the length of
cable in contact with the wheel
decreases as x increases.

s=4{+PT
Now, from (a),

PT==1/QT><RT
=4/(x+3)(x—3)
=1/x2—9

Gv)

OR
Since ZOPT = 90° (from (i)),
PT2+32= xZ
x%-9

L os= [z €os 13 +,/x2—9.
x

100K

PN

Drma R




1995 HiGHER ScHooL CERTIFICATE

ds

(v) We want 7 when x = 10, given
dx ds

ds dx
that 71?_2' Now, el il

it
—
©
(=]
[0.a]
%
®
(2]

QUESTION 7

(a) At t=0:
Vsin

Veosar
=0
.‘i=Cl
and whent=0, x=Vcosa
x=Vecosa
x=Vicosa+cy
when t=0,x=0, ..
x=Vtcosa.

62=0

y=-&
y=-gt+k;

and whent=0, y=Vsina
Vsina = &y
y=—gt+Vsina

y=-—§1gt2+Vtsina+k2
when t=0,y=h, - ke=h
y=—§1gt2+Vtsina+h.

(b) Since x=Vtcosx

- t.. x

"7 Veosa

. y=—i z* +Vsina +h
- Y= 2g'V2c:osza "Veosa
y=k+xtana—x2. £ —@

2V2 cos?a

(c) Since the ball just clears the fence, we have
when x=R, y2h

. h+Rtanog-R:—Ff — >1

2V2cos?a

V2tang -

2cos‘x
Rg
B 2tana.cos’a

ie. V2 2 ___I_i_g_
2sin@ coso

VZ

vV

(d) When x=r+R, y=0. Substituting in @:

5 0=h+R+rtane - (B+r)2—f—
2V cos“a
2
e. B8 _ 4 (Rirtana
2V 2cos?a
£ -1 _(h+@®+ntana)
2V2cos?a (R+r)?
But VZ2tana> (from (c))
2cos“
g <tanoz
2V2cosa R
———1—2—(h+(R+r)tana)s tana
(R+7) R

R(h+(R+r)tana) < (R+r)%tana
Rh+R(R+r)tanea < (R+7r)%tana

Rh < tana((R+r)2—R(R+r))
Rh
(R+r)(R+r-R)

RA
r(R+r)’

tana 2

ie. tang >

‘ (e)r When Vs 50, g =10, R =80, and h=1

ves_ &R
T 2sinocosa
gR

sin2a 2 —?,
v

Then, since

10x80 _ 8
502 25

and when V < 50, sin2a 2

1995 & Page?




>
tane = (R+r)r

o (R+r)rz

80

- r2+80r >
tana

80 >0
(o4

ie. r2+80r-

-80+ {6400+-3—29-
tano

2
at extreme values.

LoTr=

For least r, we want tana to be a max.

Method 1: 3
We also know sin2a 2 —.
25
u E
y=tana.” :
. §
~~J_|.y=sin2a
L3 A SR L |8
25 ' *» ! 25
. : : .
0| % 45 % 9|o

. 8
Now, sin2a 2 55 for a1< a < .

From the diagram, tana is a max for
a = 09, that is, for

. 8
sin2a = —23'

where 2a is ‘obtuse’,
20 = 160-3375°
o = 80-6685°.

3 UNIT (ADDMONAL) AND 3/4 UNT (COMMON) MATHEMATICS

tan 80-67°

Hence, r

-80tJ§400+—”i—
= 2

s —80+80-3279
- 2
0-3279
2

=0-16398

Distance = 0-16 m.

Method 2:
Put t=tana, tan2a=—zﬂg—
l1-tan“«a
. 2t 2t
. sin2a = 3 = 5
1+¢ 1-¢
2t 8
1462 25
50t > 8+8¢2
. 8t2-50t+8<0 2¢
[
1-¢2

Now 8t2-50t+8=0

_ 50+ 25004 x 64

when t= .
16
_ 50+47-37 -
- 16
=6-0856--- or 0-16%
- 8t2-50t+8<0 for 0-16--- <t <6-08 .-
s, max tana = 6-0856--
. As before,

( 320
= 2
=0-16398 m

Distance = 0-16 m.

1995
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