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HIGHER SCHOOL CERTIFICATE EXAMINATION
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MATHEMATICS

3 UNIT (ADDITIONAL) Q
AND
3/4 UNIT (COMMON)

Time allowed—Two hours
(Plus 5 minutes reading time)

¥

DIRECTIONS TO CANDIDATES
e Attempt ALL questions.
e ALL questions are of equal value.

e All necessary working should be shown in every question. Marks ‘may be deducted for
careless or badly arranged work.

e Standard integrals are printed on page‘ 8.
e Board-approved calculators may be used.
e Answer each question in a SEPARATE Writing Booklet.

e You may ask for extra Writing Booklets if you need them.
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QUESTION 1 Use a SEPARATE Writing Booklet.

(2)

(b)

©)

(d)

(e)

®

Bk

Evaluate f )
0 ~4-x?

Differentiate sin’x.

The interval AB has end points A(-2, 7) and B(8, -8).

Find the coordinates of the point P which divides the interval AB internally in
the ratio 2 : 3.

4x
(x=3)

Write down the equation of the vertical asymptote of y =

Find the remainder when the polynominal P(x) = x> — 4x is divided by x + 3.

-~

T

3
Use the substitution u = tan x to evaluate J tan? x sec? x dx )
0

QUESTION 2 Use a SEPARATE Writing Booklet.

. @

(b)

(©)

The staff in an office consists of 4 males and 7 females.

How many committees of 5 staff can be choseh which contain exactly
3 females?

Find all values of 6 in the range 0 < 6 < 21 for which cos6++/3sinf =1.

Let f(x) = x +log,x. .’
(i) Write down the natural domain for f(x).
(i) Show that, for all values of x in the natural domain, y = f(x) is increasing.
(iii) Show that thé curve y = f(x) cuts the x axis between x = 0-5 and x = 1.

(iv) Use Newton’s method with a first approximation of x = 0-5 to find a
second approximation to the root of x +log,x = 0.

Marks
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QUESTION 3 Use a SEPARATE Writing Booklet. Marks

@ B 71 y=3sinx

<>
=Y

)
POy

The shaded region bounded by y = 3 sin x, the x axis and the line x=Z is rotated
about the x axis to form a solid. Calculate the volume of the solid.

(b) A fair, six-sided die is thrown seven times. What is the probability that a ‘6’ 2 -
occurs on exactly 2 of the 7 throws?
(©) P 2
A
C
B Q
Two circles intersect at two points A and B as shown in the diagram. The
wdiameter of one circle is CA and this line intersects the other circle at A and P.
The line CB intersects the second circle at B and Q.
Copy or trace the diagram into your Writing Booklet.
Prove that ZCPQ is a right angle.
(d) (i) By equating the coefficients of sinx and cosx, or otherwise, find 4

constants A and B satisfying the identity

A(2sinx +cosx)+ B(2cosx —sinx) = sinx + 8cosx.

sinx +8cosx
——dx .

(i) Hence evaluate -
2sinx +cosx




QUESTION 4 Use @ SEPARATE Writing Booklet. Marks
2 k
(a) Evaluate Z(—l) k. 1
k=2
(b) 6
I
The diagram shows the graph of the parabola x2= 4y. The tangent to the
parabola at P(2p, p?), p>0, cuts the x axis at A. The normal to the parabola at
P cuts the y axis at B.
(i) Derive the equation of the tangent AP.
(i) Show that B has coordinates (0, p* + 2).
(it)) Let C be the midpoint of AB. Find the cartesian equation of the locus
of C. ) &
2 g0 ,
©) (1) Evaluate j =. 5
1 * "
. (2
(i) Use Simpson’s rule with 3 function values to approximate f =
1
(iii) Use your results to parts (i) and (ii) to obtain an approximation for e.

Give your answer correct to 3 decimal places.




QUESTION 5 Use a SEPARATE Writing Booklet.

(a)  Prove by induction that, for all integers n > 1,

(n+1)(n+2)---(2n-1)2n = 2"[I1x3x--x(2n-1)] .

(b)  Consider the function f(x)=e*—1—x.

®
(i)
(iif)
@iv)
)
(vi)

¥

Show that the minimum of f(x) occurs at x = 0.
Deduce that f(x) >0 .for all x.

On the same set of axes, sketch j= ¢ —1and y=x.
Find the inverse functiojl of g(x) =€ - 1.

State the domain of g"l(x).

For what values of x is log (1 +x) < x? Justify your answer.

Please turn over

Marks




QUESTION 6 Use a SEPARATE Writing Booklet. Marks
(a) A particle moves in a straight line and its displacement x metres from the origin 6
after ¢ seconds is given by

X = cos? 3t, t>0.

) . 3
(i) When is the particle first at x = 1 ?
(i) In what direction is the particle travelling when it is first at x = % ?
(iii) Express the acceleration of the particle in terms of x.

(iv) Hence, or otherwise, show that the particle is undergoing simple
harmonic motion.

(v) State the period of the motion.

(b) ! 6

The diagram shows a hanging basket in the shape of a hemisphere with radius
10 cm. Let O be the centre of the sphere and let OA be the central axis. Two
vertical wire supports, AB and AC, are shown on the diagram. The length of the
arc BC is 4 cm.

A horizontal wire support is placed around the surface of the basket. This wire
meets AB at D and AC at E. The plane through DE parallel to the plane OBC
cuts OA at F. The length OF is 6 cm. Note that ZBOC = ZDFE.

(i) Show that the length of FD is § cm.

(ii) Find ZDFE in radians.

(iii) Find the size of the angle ZDOE in radians, correct to 3 decimal places.




QUESTION 7 Use a SEPARATE Writing Booklet. Marks
(@) YA 8
50
v .
0 30 ms! *
=2
) Y

A cricket ball leaves the bowler’s hand 2 metres above the ground with a
velocity of 30ms! at an angle of 5° below the horizontal. The equations of
motion for the ball are

i=0 and y=-10.
Take the origin to be the pointﬁivhere the ball leaves the bowler’s hand.

AR

(i) Using calculus, prove that the coordinates of the ball at time ¢ are
given by

x = 307 cos(5°), and
y = —30¢sin(5°) - 5%

(ii) Find the time at which the ball strikes the ground.

(iii) Calculate the angle at which the ball strikes the ground.

n
(b) By considering (1 - x)”(l + 315) , or otherwise, express 4

. " . @(g)_(’g[’l’}+(—l)m(nf2)

in simplest form.

End of paper
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STANDARD INTEGRALS

Jx”dx =—Lx”+1, nz-1; x#0,ifn<0

f‘l )
~dx =lnx, x>0
J N
([ 1
e* dx =—e**, a#0
_) a
ad 1 -
cosaxdx =Esinax, az0
o
. 1
sinaxdx =—-Ecosax, a#0
( 1
secZax dx =Etanax, az0
o
"

1
secax tanaxdx =—secax, az0

r1 1 _1x
—dx ==tan"'=, a#0
J a +x a a
( 1
dx =sin'Z, a>0, —a<x<a
J Na® -x?

1
J———dx =1n(x+ x2~a2), x>a>0
1 5 5
J——————dx =ln(x+ x2+a2)
Nx2 +d?

NOTE : Inx=log,x, x>0

© Board of Studies NSW 1999



1999 HicHEr ScHooL CERTIFICATE
SoLuTioNs

3 UNIT (ADDITIONAL) AND
3/4 UNIT (COMMON) MATHEMATICS

QUESTION 1

B dx
(a) Jo J—Z_——?=[51n 5

= sin‘l—g—sin'lo
=7 _
= 3 0
=T
3
d s a2, d
(b) dxsm x = 3sin x.dxsmx
= 3sin? xcosx.
() A(-2,7), B(8,-8)
' Ratio2: 3
_ 2x8+3x(-2)
ForP, x=——pg——
= 10
5
=2,
2x(-8)+3x7
and  y= T 2+3
=5
. 5
=1,
~ Pis(2,1).

(d) Asymptote when denominator is zero,
thatis, x—3=0 or x=3.

(e) P(x) = x3-4x
P(-8) = —27+12
= —15 is the remainder.

uU=tanx
du _ sec’x = du = sec?x dx.

dx
Whenx=0, u=0.

Whenx=Z, u=+/3.

3

z NE)

., f tan®x sec?x dx=j u? du
0 0

3 [u_é]ﬁ
3 (

= /3.

£) If

3
-1 _’.C.}u (standard integral)

1999

QUESTION 2
(a) Number of ways of choosing 3 females
from 7is 'Cz. The other two must be male,
The number of ways of choosing 2 from 4
- 4
is *Cy.
. Number of committees = 'Cy x “C,
= 210.

(b) Method &
cosf++/3sind = 1
Now Rcos(6-«a) = Rcosfcosa+ Rsinfsina

Rcosax =1
Rsina = /3.
. Rz(sin2a+cos2 a) =38+1=4.
R=2
Rsino _ 43
and Rcosax = 1°
tanoc=«/§
-
o= 3"

g-X - _Z % 57
3 3'3'73
=0 2zx
6=0, 3,2:1
Method 2:

If0=r, cosm++/3sinm = —1+0 = 1,
.. =7 is not a solution.

Ife=n, Iett=tan—g-.
2
~. sinf = 2t2 and cos@ = 1-—t2.
1+¢ 1+¢
1-¢2 2t
e+ X == =1
1+¢2 V8 1+¢2
1-£2+243¢ = 1+¢2
26223t =0
Zt(t—ﬁ) = 0.
. t=0, 3.

Page 47




1999 HicHEr ScrooL CERTIFICATE

Thatis, tan-ézZ =0, V3.
(0 <6< 2n)

(© f(x)=x+log,x

(i) The natural domain is x> 0 since log,,._x
is defined only forx > 0.

(i) y = f(x) is increasing if f'(x) > 0.
L f(x) = 1+—;- >0, sincex>0.
i) f(05) = 05+1og, 05
+-0193<0.
f() =1+log, 1
=1>0.

The curve cuts the x axis between x = 0-5
and x = 1, since the sign of f(x) changes
and f(x) is continuous.
(iv) Let f(x) = x+log, x
f(x) = 1+;1.

Let 2, be a second approximation to the
root of x+log, x = 0.

f(0-5)
= .5 - ot N ’
X9 05 f’(0~5)’ by Newton s method,
. 1 o .
1 0'5
= 0-564 ...

N.B. You need to use Newton’s method
again to see how many of these digits are
significant, but this is not required by
the question.

QUESTION 3
@) V=d7@mmfﬁ
0

p:4
z .

= 97rf sin? x dx
0

i3
2

=92£J (1-cos2x) dx
___71[ sm2x]
T2

_9_75 z_
_2[2 0)- ]
_ 9n

=

. _ 9n® R
. Volume = T cubic units.

B P(6) =3, P(8)= =3

Probablhty of ‘6’ on exactly 2 of 7 throws

(38

7x6 _1_5°
= 1x2 X676
_ 21875
= 93312
2 0-2344.

()

Data: AC is a diameter.

Construction: Join AB, PQ.

Proof: £ABC =90° (angle in semicircle,
given AC is diameter)

£CPQ = ZABC (exterior angle of cyclic
quadrilateral equals

interior opposite angle)
~2CPQ is a right angle.

(d) (1) A(2sinx+cosx)+ B(2cosx—sinx)
= sinx+8cosx
- (2A-B)sinx+(A+2B)cosx
= sinx+ 8cosx.
Equating coefficients of sinx and cosx,

2A-B=1 —@
A+2B =38 —®
®x2 —» 4A-2B=2 —B
@+@®@ - 5A=10
A=2
Substitute A = 2 in @:
2B =6
B =3.
s A=2, B=3.

.- in x +
(i) | SRXTOCSX 8cosx dx
2sinx+cosx
B 2(2sin x + cos x) + 3(2cos x — sin x) de
- 2sinx+cosx

from (i)

szx+3j2c05x sin x dx
2sinx+cosx

= 2x+3In(2sinx+cosx)+C.

{Note: -ad: (2sinx+cosx) = 2cosx—sin x]

1999 & Paged48




QUESTION 4

(a) Z(—l) k= (—-1) x2+(—1) x3
=2 +(-)*x4+(-1)°x5

) =-2,

(b)\ ' y

dy _
dx

When x=2p, % = _2_,2B = p.

Equation of tangent AP is
y=y1=m{x—x)
2 _
y~p*=p(x-2p)
y = px-p° —0
(i) Equation of normal BP is
—p2= Lo
y=p 5 (x—2p)
Blieson BPatx=0.
When x =0, =p2—%(—2p)
= p?+2.
. Bis (0, p2+ 2).

(iii) Substitutey=0in @: 0= px- p?

x=p.
= Ais(p, 0).
~If C(x, y) is the midpoint of A(p, 0) and
2o9) xe B30 g, o 007 42)
B(O,p +2).,x— 5 and y = 5 .
x= g- —@
0 )
_ pc+2 .
From ®, p=2x.
s 4x2+2 2
Substitutein @: y = 5= 2x°+1.
But p>0, ~ox>0.

.. Cartesian equation of locus of C
isy=2x2+1, x>0.

3 UNIT (ADDITIONAL) AND 3/4 Unir (ComMON) MATHEMATICS

© G f-‘-‘} = [Inz].
=1In2-Inl
= In2,

1 X

@ [ —g—‘-’-[f(a)+4f(-"—;j—)+f(b)],
a

() In2=

e (raising both sides to power %g')
e 27132 ...

= 2.713 (3 dec. places).

QUESTION 5
(a) Prove (n+1)(n+2)---(2n-1)2n

= 2"[1x8x - x(2n-1)]
Ifn=1 LHS=1+1=2
RHS=2!x1=2.
~. The statement is true for n = 1.
Assume statement is true for n = k; that is,
assume (k+1)(k+2)---(2k-1)2k
= 2*[1x8x - x(2k-1)]. —@

Hence prove statement is true for n=%+1,
that is, prove

(B+2)(k+3)--(2k+ 1)(2k+2)
= 2k*1[1x3x---x(2k+ 1)]. —Q@
Now LHS
= (k+2)(k+3) - (2k+ 1)(2k+2)
_ (k+1)(k+2)(k+3)-- (2k- 1)2k(2k + 1)(2k +2)
k+1
x(2k-1)|(2k+ 1)(2k+2), from @

=;2—}—[1x3x

=k“ii[1x3x-ux(2k— 1)](2k+ 1) 24e+T)
= 28 [1x8x - x(2k - 1)(2k+ 1))

= RHS.

. If the statement is true for n = &, it is also
true forn = k+1. Butitistrueforn=1.
-, Itis-trueforn = 1+1=2 and so on,
that is, it is true for all integersn 2 1.

1999 & Page 49
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(b) f(x)=e*~1-x
@) flx) =e*-1
= 0 only whenx = 0.
.. There is only one stationary point
(atx=0).
"(x) = e* > 0 for all x.

= The graph of f(x) is concave up for all x.
Since f(x) is continuous for all x (being

made up of the sum and difference of
continuous functions), the stationary
point at x = 0 is both a local and
absolute minimum.

(i) Whenx=0, f(x) = e’~1-0= 0.
- The least value of f(z) = 0.
= f(x) = O forallx.

(ii1) \ .‘)"r
X -
N
[} / %
' & v
i - Y 3
! ),
! NS v
D14 ey = dogdd
i ="
' .
]
I . ] 1 T p
1_~7 1
v
1 ',’
1
1 _
1
I

N.B. The gradient ofy = e*~1atx=0is 1,
soy=xis a tangent at (0, 0).

This is also implied by (ii).

(iv) Inverse relation ofy = e* - 1lisx = e’ — 1.
Thatis, e’=x+1
y=log,(x+1)
g7Y(z) = log, (x+12).
(v) Domain ofg“l(x) isx+1>0,
thatis, x> -1.
(vi) glx)=e*-1
£7Y(x) = log,(1+2).
The graphs of a pair of inverse functions

are symmetrical about the liney = x.
The graph of y = g(x) is above the graph

of y = x except at x = 0 where they coincide.

*. The graph of y = g7}(x) is below
the graph of y = x except at x =0
where they coincide.

~ log,(1+x) < xforall x> -1.

1999 <
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QUESTION 6
(@) x=cos?3:, t>0. —@
(i) Substitutex = % in @:
% = cos? 3¢
cos3t = i-—\[—'?r—
2
=z
3¢t = L
4=
“7 18
Particle is first at x = % after -]% seconds.
() =2 = 2c0s3t.~3sin3s
= —-3sin 6¢.
=2 = —3si T
Whent-ls, v 3sm(6x18)
= -3sin-§-
-2

Since v <0, the particle is travelling
in the negative direction.

dv

({ii) a = i -3 x6cos 6t
= ~18cos 6¢.
cos6t = 2cos?8t -1
(using cos2x = 2cosx ~ 1
= 2x-1, from @.
a=-18(2x-1).
(iv) a=-18(2x-1)
= -36[r-1
= -36(x-3)
=-g2f,_1
=6 (x 2)'

which is of the form Z = —n?(x-b),
indicating simple harmonic motion

with centre of oscillation at x = -%-

(v) Period = _Znﬁ seconds

=2z seconds

6
= —735- seconds
(b) (i) 9
\Z
§ 3
F D

OD =10 cm (radius)
FD=8cm (Pythagoras’ theorem).
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(ii) OBC is a sector

of a circle, o) 10 cm B
centre O,
radius 10 cm.
l=1ro 4 cm
. 4 =10x ZBOC.
. £BOC = 04 radians
ZDFE = £/BOC C
. £DFE = 0-4 radians.
(i1i) 8 cm D
0-4°
Cpe
%
E

ED? = FD?+ FE*- 2x FD x FE cos 0-4
(by cosine rule)

=8%2+82-2x8x8cos04
= 128(1-cos0-4).
{ Alternatively:
8cm D
< P

8 sin 0.2
£

ED =2x8sin0-2
16sin0-2.}

OE?+ OD?- ED?*
2xOE xOD
_ 102+ 10%-128(1- cos04)
2x10x 10
ZDOE = 03192 ...

= 0-319 radians (3 dec. places).

cos ZEQD =

QUESTION 7
(a) Initial conditions for velocity:
o i > .
2 N |y
30 T
When t=0,
% =30cos(5°), y = -30sin(5°). —@
@ =0
. %= C; (constant).
z = 30cos(5°) from @. —@
1999

3 Unir (Aoomo&it) AND 3/4 Unit (Common) MATHEMATICS

»;
x= J30 cos(5°) dt

= 30¢cos(5°) + Cs.
Whent:(),‘ x=0, - Cy=0.
x = 30¢ cos(5°).

5= -10
5=[-10a
= —10t+D1.

Whent=0, y = -30cos(5°) from @.
D, = -30sin(5°)

» = —10¢ - 30sin (5°). —0
y =f—-10t—305in(5°) dt
= —5¢%-30¢sin (5°) + D.
Whent=0, y=0, .. Dy=0.
y = ~30¢sin(5°) - 5¢2 —®

(ii) Ball strikes the ground wheny = -2.
Substitutey = -2 in @:

-2 = -30tsin 5° - 5¢2
5t2 +30tsin5°—2 = 0

—~30sin5°£+/(-30sin 5%~ 4 x 5% (~2)
B 2x5

_ —30sin5°++v900sin25° + 40
- 10

(other answer negative

and therefore irrelevant)

= (04229 ...

. The ball strikes the ground after
0-42 seconds (2 dec. places).

(iii) When ¢ = 04229,
x = 80cos(5°) from @,
¥ = —4-229-30sin(5°), from O.

L

| %]
_ 4229+ 30sin5°
tang = 30cos5°
= 0-22899 ...
g = 12.9°.

Angle at which the ball strikes
the ground is 13° (nearest degree).
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() (1-2)"= (g)-(;)x1+(g)xz e (2
(o= )R GG

w+( )3

The terni in x2 in (1- x)"(1+ —i—)n is

Ak -GIE 6 ()ak
e
<. The coefficient of x? in (1~ x)"( 1+ }-)n is

o)L (2)ams),

and this is the expression given
in the question. :

Now (1- 21+ ;)n _ [(1—x)(1+21)]u

(-4

n_n
X

3

|

The general term of (—% - x)n is

(IR oy = (oo

The term inx2 has 2r—n = 2

n ns2
_{In+2(-1)7 ifniseven,

if n is odd.

END OF 3 UNIT (ADDITIONAL) AND 3/4 UNIT (COMMON) MATHEMATICS SOLUTIONS
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