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General Instructions Total marks - 100
* Reading time — 5 minutes Pages 2-5
» Working time - 3 hours
* Write using black pen 10 marks
» Board-approved calculators may + Attempt Questions 1-10
be used + Allow about 15 minutes for this section
+ A reference sllleet is provided at Section 1T ) Pages 6-14
the back of this paper
* In Questions 11-16, show 90 marks
relevant mathematical reasoning * Attempt Questions 11-16
and/or calculations + Allow about 2 hours and 45 minutes for this
section

E240

Section I

10 marks

Attempt Questions 1-10

Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

1  Forthe angle 8, sinf = A and cosf = _ -
25 25
Which diagram best shows the angle 87

(A) (B)

S ey Y ij__

©) D)

s 9

2 Inaraffle, 30 tickets are sold and there is one prize to be won.

What is the probability that someone buying 6 tickets wins the prize?

W 35
® <
© 3
® 5
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10

How many solutions does the equation |cos{2x)[=1 have for 0 <x < 2x?

GV
® 3
« 4
™ s

2
What is the value of j |x+1]dx?
CJa

@ 3
®
© 2
o '

Which expression is equivalent to 4+ log,x ?
(A) log,(2x)

(B) log,(16+x)

{C) 4log,(2x)

(D) log,(t6x)

Section IT

90 marks
Attempt Questions 11-16
Allew about 2 hours and 45 minutes for this section

Answer each question in the appropriate writing booklet. Extra wriling booklets are avaitable.

In Questions 11-16, your responses should include relevant mathematical reasoning andfor
calculations.

Question 11 (15 marks) Use the Question 11 Writing Booklet.

() Sketch the graph of (x—3)* +{y+ 2)2 =4. 2
x+2
Differentiate . 2
® ' 3x—-4
() Solve }x—2|<3. 2
1
(d) Evaluate J (2x+1) dx. 2
a
(¢) Find the points of iutersection of y=—5—drand p=3 - 2c 2% 3
() Find the gradient of the tangent to the curve y = tan x at the point where x= % 2

Give your answer correct to 3 significant figures.

() Solve sin@i) = % for 0<x< 2. 2
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Question 13 {15 marks) Use the Question 13 Writing Booklet.

(a)

()

tc)

@

Consider the finction y = dx’ —at
(i) Find the two staticnary points and determine their nature. 4
(iiy Sketch the graph of the function, clearly showing the stationary points 2

and the x and y intercepls,

Consider the parabola x> —4x =12y + 8.

(i) By completing the square, or otherwise, find the focal length of the 2
parabola. :
(ii} Find the coordinates of the focus, 1

A radioactive isotope of Curium has a half-life of 163 days. Initially there are
10 mg of Curium in a container.

The mass A(¢) in milligrams of Curium, after f days, is given by
M) = Ae®, ¢

where A and k are constants.

(i) State the value of A. 1
ity Given that after 163 days only 5 mg of Curium remain, find the value 2
of k.
The curve y = Jicos[%x} meets the ling y =x at P{1, 1), as shown in the 3
diagram.

0 . 2 X

Find the exact value of the shaded area.

—9_

Question 14 (15 marks) Use the Question 14 Writing Booldet,

{a) The diagram shows the cross-section of a tunnel and 2 proposed enlargement.

y

Proposed enlargement
Existing section

-2 o 2 x

The heights, in metres, of the existing section at 1 mefre intervals are shown in
Table A.

Table A: Existing heights
sf2]|aloe| ]2
y | 2 [238] 25 |238] 2

The heights, in metres, of the proposed enfargement are shown in Table B.
Table B: Proposed heights
x| 2] a]o |1 ]2
y | 2 |2718] 3 J2m]| 2

Use Simpson’s mule with the measurements given to calculate the approximate
increase in area.

Question 14 continues on page 11
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Question 13 {continued) 7

©

Maryam wishes to estimate the height, it metres, of a tower, ST, using a square,
ABCD, with side length 1 metre.

She places the point A on the horizontal ground and ensures that the point D lies
on the line joining A to the top of the tower T. The point F is the intersection
of the line joining B and T and the side €D, The point E is the foot of the
perpendicular from B to the ground. Let CF have length x metres and AE have
length y metres.

NOT TO
C SCALE

Copy or trace the diagram into your writing booklet.
(i) Show that AFCB and ABAT aze similar.
(i) Show that ATSA and AAEB are similar,

(i) Pind h in terms of x and .

End of Question 15

- 13-

Question 16 (15 marks) Use the Question 16'Wriling Booklet.

(&) A padicle moves in a straight line, Its velocity vm s at time 1 seconds is
given by
4

vl
t+1

- {i) TFind the initial velocity.
(iiy Find the acceleration of the particle when the particte is stationary.

(iii) By considering the behaviour of v for large 1, sketch a graph of v against
tfor 20, showing any intercepts.

(iv) Find the exact distance travelled by the particle in the first 7 seconds.

(b) Some yabbies are introduced into a small dam. The size of the population, y, of
yabbies can be modelled by the function

J._ﬂ__
14195705

where ¢ is the fime in months after the yabbies are introduced into the dam.

(i} Show that the rate of growth of the size of the population is
190001
R IICE
(1+19¢79%)
(i) Find the range of the function y, justifying your answer.

(iti) Show that the rate of growth of the size of the population can be rewritten
as

b
200-y).
400( )

(iv) Hence, find the size of the population when it is growing at its fastest
rate.

End of paper

14—
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Sectlon |
Muitipie Cholce Summary
i 2 C 3 B 4 A 5 B

6 A 7 A| 8D 5 C |10 D

Multiple Cholce Solutions

L

fage 31

B
Ifsin@> 0 and cos @ < 0 then # lies in
the second quadrant.

C

P(win) = 5%:%

B

Rearranging yp=3- (x m2)1
~oy=3= —(.\:~2)2

The parabola has a vertex at (2, 3) and
is concave down.

A

An odd function has point symmetry
about the origin.

i.e. the graph remains unchanged upon
a rotation of 180° about the origin.

B
d 4(cosx
E[IH(COSX)]= ﬁgosr )
_ —sinx
" cosx
=—tanx
A

The period of y = tanax is £,
For y=tan3x,n=3
- period =%

Note:
* indicates that the information can
be found on the Reference Sheet

A
=8 andr=5, =7

7=50 = f=1
A =179

sectr

=15/ (%)

a3
2

il

D
Method 1

Consider the graph of y= cos(?x)

ANVA

The graph of y ='cos (23:)’ differs only
in that all parts below the x-axis are

reflected in the x-axis and as illustrated
inythe following diagram,

Ox
-1

It the domain 0 < x <27, this graph at

infersects y=1 on 5 occasions namely
x=0,% 7% 27

3723

", there are 5 solutions

© MANSW 2017

Mathematics

9. C

Method 2
]cos(Zx)" =]
cos(Zx) =l
2x=0,m,2m, 37, 4%
x=0,%£,7,% 2n

.~ there are 5 solutions

y=|x+1] is illustrated in the

diagram. 10.

2
{ | x+1 ldx = area of the two
-3

shaded triangles

2
|x+1[dr=lx2x2+lx3x3
. 2 2

13

D

Since log,2=1

4+log, x = 4log, 2+ log, x
=log, 2" +log, x
=log, 16+ log, x

=log, (lﬁx)

Section 1l
Question 11

(@) (x—3)2 + (y+2)2 =4 represents a circle
with ceafre (3,72) and radius 2 units,
This is illustrated in the diagram on the right.

(b} Using the quotient ule®: Let H=x+2
du

‘ then T 1
d x+2) (3r=-4)(1)-{x+2)(3)
5’7(3-*-4} - (3x-4)
3x—4-3—6
N (33:-4)2
10
{3x—4)

(¢) Method1
l.r—2 | <3 means that the distance

between x and 2 is 3 units or less.

Junits |, 3 units
; —C 5

2 -
<0

-1 2 5
so-lExgs

© RMANSY 2017

v=3x-4
dv
dx

Method 2
le~2]<3
L-3Lx—253
~3+2<x<242
—1£x<5

Pode 32
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1

0

\i (@) [ 1(2.1'+1)3 d1-=[£2;—:4i)i}

3

.‘[ (&) Equating the two functions:
i ~S—dr=3-2x—x"
' Ll -2x-8=0
‘ (x-4)(x+2}=0
I x=4,-2
% Substituting into y=-5—4x:
|

If x=d:y=—5-4(4)=-21 = (4,-21)
I x=-2:y=-5-4(-2)=3 = (_2,3)

. (4,—21) and (—2,3) are the points of intersection

ay 2
=tanx S =8E0T
@ Y dx ¥ Note;  sec? i=

‘ Al x=%: P 2x1=11715..,
‘ & e sees 715

| . _

R < the gradient is 1.17 (3 sig, fig.)

:; {g) Forsin%:%lfﬂgrébr = 05%37!7
; L x T
PRk
‘ X_% 5m
i 266
\ n 5w
L X=, =
373
Queslion 12
@ ) B(24) and cf6,1) mﬁc:é_—;’
=3
T4
Using the point-gradient formula*:
p-d4=-1{x-2)
4y-16=-3x+6
3x+4y-22=0

Fage 33

2x
cos X

2
g4
(COS i )

D MANSY 2017

Mathematics

. +hp e *
(ii} A(LO):(J}:)H) and ax, +5)y, o= 3x+4y-22 and using d:%

AD_|3><1+4><0—22|

VP 4?

15

5

<. AD =38 units

(iii)  Using the distance formula®; BC = (45—2)2 +(1_4)2 =5
Area=1x ADx BC
=ixlxs

=85
. the area is 9.5 unit?

)

NOTTO
SCALE

A 0 D
[base angles of isosceles AABO)
[exterior angle of AARO)

()  ZBOA=x°
ZCBO=25°

fbase angles of isosceles ACOR)
[exterior angle of AAQC)

iy Z4C0O=2x°
BT =20+ x°
Lox=29

() Using the cosine mile* to find ¢
207 +152 —§*
Cosf=———— but ¢ =90°-48 :

O X 20x15 " 8em

2 2 2
L207HI5 -8 20 cm NOTTO
2x20x15 15 ¢m SCALE
90°—8=20.7718...° r
(&
6=69.28,.° « /1
. x = 69° (nearest degiee)

", cos(90“—-6)

@ @ Using the preduct rule®;

-g;(xe”) = xl4+rx3e™

=& + 3xe™
=g ( I+ 3x)

© MANSY 2017 Page 34
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(i) J &*(3+9x) dx = 3J & (143x) de
o 0
= 3[.1:33’1:
=3(2¢°-0)

3\ =686

Queslion 13
@ @ y=a-r'=x{d-x)
1 ) El d 2)’ -
a_lz.x —4x E=24x—12x1
! = 4x? (3-x) = 12x(2ﬁx)
? . : dy B 2 =
‘ Stationary points occur when i 0: 4x (3 - x) =0
x=0,3
At x=3: y=4(3)-3'=27 =(3,27)
d'y

E = 12)(3(2—3) <0 = alocal maximum

Atx=0:  y=0=(0,0)

i 2
| % =0 = a possible point of inflexion
| Checking concavity:
x 4o ]
z3
%2121'(2—3:) 36 0 | 12

.~ there is a change in concavity from concave down to concave up
(0,0) is a stationary point of inflexion and (3,27) is a local maximum,
(i)  The x-intercepts are ¢ and 4. The y-intercept is 0.

304 3,27)

Page 35 ' @ MANSYY 2017

Mathematics

B @) X —dy=12p+8
sx—dx4d4=12y+8+4
(v-2) =12y +12
(x—2)1:12(y+1)

Comparing fo the equation of a parabola*: 4¢=12 = a=3
. the focal length is 3 units

(ii}y  From part (i), the veriex is at (2,"1).

The parabola is concave up so the focus is focub
above the vertex at (2,—1+ 3) ag illustrated

in the diagram. \ 7
N\ Jnjts /

. . h
i.e. the focus is at (2,2) . N - - /// -

~ PRy

e
L
>

. . vertex
© (@) A 1s the initial amount ¥

ie.A=10

()  5=10e7¢

-163k
e =1

163k =1n{1)
163k =In2
= kin2

=4252x107  (to 3 sig. fig)

() Ax‘[:[\[icos[%x)—x}dx
ulie) ]
:%—%sm(g—]—%ﬂ{%{—gsin@)—%@)z}

42 1
PN 1

)

*, the shaded area is (i - lJ unit?
T 2

1
2

© MANSW 2017 ’ Poge 36
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Question 14
{a}  Subtracting the y-values of the two tables praduces the following table of height differences:

x -2 —t Using two applications of Simpson’s

we{ghr‘ cl’ Of rule with b%f = 0—_55*2) - % o gzé
Method 1
aa[1(0)+4(04)+2(05)+ 4(04) 11(0)]
=14
Method 2
Ad %[1(0)+4(0.4)+0.5]+§[0-5 +4(04)+0]
14

- the increase in area is approximately 1.4 m?
() @  4=100000
4,100 000{1-0.35)+5000
=100 000{0.65)+ 5000
o Ay = 4(0.65)+5000
=100 000(0.65)+5000 )(0.65)+5000
= 0.65{0.65% 100 000+5000)+5000  as required

() 4,=100000(0.65) +5000(1+0.65)
So after » days, 4, =100000(0.65)" +5000(1+0.65+...+0.65"?)
Now 1+0.65+.,.+0.65""is geometric with 7 = 1, » = 0.65 and # terms.

Using the formula for the sum to » terms of a geometric series*:

P a(1¥r")
" 1-#
_1-0.65"
0.35
(1-0.65)
noA =0.65" %100 000—-5000x——— as required
" 035
(1-0.65*)
(Ill) 1‘114 :0.65“ x 100 OC‘D +SOOOXT

=14491,70147
=14500  (nearcst 100)
<. the expected insect population will be 14500 (to the nearest 100)

Page 37 © MANSW 2017
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(i) Let y be the breadth of the enclosure. Existing boundzry

A=xy
s T20=xy
_ 720
T x

})

A 4

¥y

A

.. the side parallel to the existing boundary is 120 m
X

The 5 parallel sides have total length of 5x m
720

s =5 — Note: x>0
X
i)  I=svel0
X
=5x+720x"
2
A s 1202 AT _ 14400
dr de
720 _ 1440
=3 o

The minimum length will cecur when % =0,
X

-0
x
720
s
Il
=20
5
x’ =144
sx=12 asx >0
2
Whenx =12, % = % >0 i.e, the minimum value of ! is when x = [2
v

I =5xl2+E:120
12

=n

2. the minimurn length of wire fencing is 120 m

1 x+x* + x> +x" is geometric with g= 1, r=xand n =5,

Using the formula for the sum to # terms of a geometric series™:

n_ S_
:_a(r 1] alimE T Lim (I+x +x2+x3+x“)
n i‘“] =l X — I—¥
_x’ﬁl =1+1+14+141
57 x—1 =5

Pace 38
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) (¢) Method1 Method 2
;\ I log2+logd+log8+...+1log512 isan Using log laws: Using ¥ = ﬂjyl dx for each curve:
arithmetic series with a =1log 2, d=log
¥ 2 and # = 9 and using the formula for log2+tog4+log8-+...+log512
i the sum of an arithmetic series*: =log2+log2* +1og2’ +...+ log2’
“ 1 log2+logd+1log8+...+log512 =log2+2log2+3log2+..+9log2
. 9 =log2x(1+...+9)
B =§(10g2+10g512) 9(1+9)
! 9 = log2 X —2—'
1 =510g1024 = 4510g2
;. | 9 1o
: 1 = Elogz
9
i ==x10 IOg 2 40 3
b 2 2 the volume is —n unit
'ii =45log?2 3
‘I Question 15 ' ®m O Method 1 Note: Tn the free diagram the notation 8 is used for ‘not 8°,
{ ! (a) Meathod 1 ' "roll  2%roll 390l
‘-“ Rofating C, about the x-axis produces a hemisphere of radius 2 units as C, is a semicircle.

‘ 38
4 18
‘ The formula for the volume of a sphereis V= Em . T~
| 14 P8 38
i nV=—x—gx? ™% .
s 1=5%3 g 8 < ) '//,
‘ 16 B 8<l_ efc
L = ?7{ T
i -
f &y 2 e ‘ P(ends before the 4™ ro]l) = P(ends roll 1)+ P(ends roll 2) + P(ends roll 3)
For C,: —t==] = =l - -
| 9 4 47 9 = P(8)+ P(88)+ P(883)
: 4x* ' ‘.
¥ i }'2:4-——9— =l+le+zxle :
K _ _ 8 88 8 8 8
Rotating €, about the x-axis: 17 1 (1 1 )
o 3 =3tz §+ 3 X§ as required
2 s = .ﬂ'J y Total volume =¥, +¥,
: 0 16 Method 2
3 _-7 1
= n‘J (4 - i’ﬁ} dx T3 m+8n Probability of game ending on the 1% roll: r
0 9 _40 - Probability of game ending on 2 roll, means not winning 1 roll: 10
3 3 o
4 . 7 1
= de=2* ie. - X =
[ 27 l . the volume is %O-JT wunit’ ) &
| oot wiangl®  witoig 2™
! = (12 - 4) Probability of game ending on 3" roll, means not winning previous rolls;
= 1
8 ie. % % % X 3
Method 2 : r.«:-tii‘-ri“xgl‘ mts‘l:l\-_:"zg 2 G.‘I:Zr.lg?’
4x” 1 (7Y 1
For G2 y*=4-x" and for C;: y* =4~ 9 - P(ends before the 4* rOIl):é+%X§+[§J X3
Page 39 © MANSW 2017 B MANSY 2017 ‘Poge 40
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{ii)  Note that there are 2 factors of 7 in last term of the series that gives the probability CB CF g
. ili)  From part (i): = . [matching sides of similar triangles]
of ending before the 4™ roll. Hence there will be 1 — 2 factors of + in the last ferm of (i) part () T4 AB .';‘—f[m'a c e
the series that gives the probability of ending before the 1 roll. 1 _x
7.1 (1% 1 AR 1
P(ends before the #” roll) =2+ Sx— 4| = § x—4.. 4] | x=
‘ ( _ Feteals) tls) s A=
S This is a geometric series with a=1;r = I: and n—1 terms and using the formula for ST JTA SRR
H the sum a geometric series™; From part (ii): - T [I_n'atchii:g sides of similar triangles]
i 7l B
Wil iI:I —{ ] B oL
i J P(cnds before the n™ roll) = s—ﬁl— Soo=
b 1-3 y 1
!; _ 1 — ¥
iw —1—(%) }?—;
1 Now P(win) >3 ' .
4 Queslion 14
!‘ . a1
a)7 5 @ 0 ve2-e
'} i -1 1+ 1
I (5 <3 4
13 When r=0: y=2--———=-2
In(}) 0+1
! n—1> ™ (1)
: (i) - the initial velocity is —2 m/s
n
it nx . (i) +1 i
- ] _ ) =
i : CGD) v=2-4(rrl) a="=4(r+1)?
n>11.38.. a
1 -4
12 games are needed. : (H— 1)2 . 3 i
{c) The particle is stationary when v= 0: 2~f4: =0 e
4
NOT TO T2 ;
SCALE 44
. 4221 +1) o
-;| - e A R R AT R ) BEE LIRS E Ty A I r+1:2 ' ‘. ;
i )  In AFCBand ABAT s
: I.  ZFCB=£BAT=90° [angles of square ABCD)] When/=1, a=-——=1 :
= 2. ZCBF=/BTA [altcrnate angles, CB || Dd) (1+1)
o AFCBY| ABAT [equiangular] - the acceleration is T m/s*
| (i) In ATSd and AAER () Ast—wm,v—2 3'
i 1. LT84 = £ BEA=90° [given]
2. ZETA + £TAS+90° = 180° [angle sum ASTA] Intercepts:
o LSTA + £ TAS = 90° Whenv=0: r=1
: ZLBAE+ £ TAS +90° = 180° {SAE a straight line] Whens=0: v=-2
o LBAE+ £ TAS=90°
o ASTA=/BAE {both complements of £ TAS] A
-~ ATS. i Note: The shading in the
Al A4EB [equiangular] diagram is for part (iv). ]
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(ivy  The distance travelled is the area under the v-¢ graph,

1 4 ~7
]’(ZAMde +J [bi dt
1o t+1 . 1

:] [2-4mn(r+1)] ]+[2f—41ﬂ(f )]

D=

=| 2-41n2-(0-41n1}| +(14- 41u8) - (2— 41n2)
=4In2-2+14-41n8—2+41n2

_41:{2;(2}(10

=10-41n2
. the distance travelled is (10—41112) m

. 200
b =
) O oy

Using the chain or function of a finction rule*;

. %:-200[1“95“-”)’1x(-o.5><19e-°“]

=200{1+19¢7°%)"

~ —200><(—0.5 x19¢7°%)
(1+19e’°5’)2
_ 1900

(1+19‘:.r'”')2

(iiy Notethat L4 >0 ie. y is monotonic increasing
Atr=0, y= 200, =10
1+19
Ast— w,y——:»ﬂ":ZOO
I+0
10y <200
(i) Mefhod 1 Substitule y=-—0 _ into (200~ ):

111965 400
2 (200~ y)= e 90 290 J

400 400 | 1+19¢7%
1 200(1+19¢ '}~ 200
- 2(1419e7%) 1419705
1 200+200(19¢7%}- 200
2141967 1+19¢ o
B 1 21500¢°%
2141967 1419270
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—~05t
7 (200- ) 190" _
" 400 (1+19677}
&
dt
Method 2
200 _ 200 _
1+19 b y

dy. 1900

Substituting this into the derivative: —-=——""——3
(1419670

_100{19¢*)
(14192

mo(z@_l]
Ny ]

2
(1+@—1J
y

:J&(?@_l]

200 \ ¥
Y @_IJ
" 400

y .
=-=—{200- as required
7001200-7) &

(iv)  The graph of (b; (200 y] is a concave down parabola as illustrated.

400

]
dt
40

al 100 200 ¥

. the maximum of —?—;— 205 (200 y) oceurs at the vertex

Y _ =
Now ——(200— »)=0 when y=0,200
mev 400( y) 4

. by symmetry the vertex wiil ocour when y = 160
. the population is growing fastest when y = 100

End of soluvtions
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