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= Write using black pen
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= A reference sheet is provided at
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* In Questions 1116, show
relevant mathematical reasoning
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Total marks - 100

Poges 2-6

10 marks
» Attempt Questions 1--190
+ Allow about 15 minutes for this section

Pages 7-13

90 marks
+ Attempt Questions 11-16

+ Allow about 2 hours and 45 minutes for this
section

Section I

10 marks
Attempt Questions 1-10
Allow ahbout 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

1

Which equation best represents the following graph?

y

Ay y=x
® [yl=Jx
© y=m
® pl=Jl

Which polynomial has a multiple root at x= 1?7
(A F-x-F+1

® K -xt-x-1

C) ©-¥-2+1 -

™ S-L-x+1




N . .. 3 1—i
‘The sum of the eccentricities of two different conics is 7 5  Muliiplying a non-zero complex number by f results in a rotation about the origin
i

Which pair of conics could this be? on an Argand diagram.

(A) Circle and ellipse VWhat is the rotation?
Ellipse and parabola

®) bllip parhe (A) Clockwise by =

(C) Parabola and hyperbola 4

(D} Hyperbola and circle ®) Clockwise by g

The Argand diagram shows the complex numbers z and w, where z lies in the first {C) Aanticlockwise by%

quadrant and w Hes in the second quadrant.
(D) Anticlockwise by g

“"0\.\‘\\ 6 Let p(x)=I14+x+2+257+ - +x2

o
What Is the coefficient of x® in the expansion of p{x+ 1)?

A 1
@) 495

. o © 715
‘Which complex number could lie in the 3rd quadrant? .
(D) 1287

(A) —w
(B} 2iz 7 The hyperbola with cquation xy =8 is the hyperbola x* — y*= k referred to different

<) 7z axes,

Dy w—z What is the value of k7
Ay 2
{B) 4
) 8
o 16




9 The diagram shows the dimensions of a polyhedron with paraliel base and top. A slice

A small object of mass m kg sits on a fotating conical surface at C, r metres from the I
taken at height A parallel to the base is a rectangle.

axis OA and with Z0CE =8, as shown in the diagram.

The surface is rotating about its axis with angufar velocity e. The forces acting on the
object are gravity, a nonmal reaction force N and a frictional force F, which prevents the
object from sliding down the surface.

Tyt Q)

-]

. ——

=

@

Which pair of statements is correct?

(A) Fcos@+ Nsinf = mre?®

Fsin@ + Ncos@=mg

(B} Fcos@+ Nsing = miw®

Fsin@ — Ncos@=myg

(C) Fcosf— Nsinf=mra®

Fsing + Ncos@=mg

(D) Fcos@—Nsind = mrw®

Fsinf— Ncosf=mg

What is a correct expression for the volume of the polyhedron?

4
34
(A) j(h+3) —+2 | dh
o (2 )

4
5h 3h
®) j (I+3)(—2—+2)dh

0

4
© J (s 3)[ﬁ+ 2) dh
o 4

© [(%es)(%er)a
o

10 Suppose that x +§~ =-1.
’ 1
: 2016
What is the value of x + x—ﬁfg 7
A 1
B 2
2
C -
) 3
4
(D) EY




Section IX

90 marks

Attempt Questions 11-16

Allow about 2 hours and 45 minutes for this section

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

In Questions 11-16, your responses should include relevant mathematical reasoning and/or
calcuiations.

Question 11 (15 marks) Use a SEPARATE writing hooklet.

(a) TLetz=y3—i.

(1) Express zin modulus—argument form. 2

(i) Show ihat z° is real. 1

(iii} Find a positive integer n such that z” is purely imaginary. 1

(b} Find fx 2% dx. 3

(c) Find -:fi{- for the curve given by £ ¥® =2xy, leaving your answer in terms of 2
xandy.

Question 11 eontinues on page 8

Question 11 (continued)

(d) The diagram shows the giaph of y=7£(x).

¥

R e e e ——

Draw a separate half-page diagram for each of the following functions, showing
all asymptotes and intercepts.

O y=F@

. 1
(ii) y:m

(e) State'the domain and range of the function S(x)=zxsin™? [-;4)

End of Question 11




Question 12 (15 marks) Use a SEPARATE writing booklet.

(a) The diagram shows an ellipse.

,"

-3

/g
o
-2

(i) Write an equation for the ellipse.
(i) Find the eccentricity of the ellipse.
(ifi) Write the coordinates of the foci of the ellipse.

(iv) Write the equations of the directrices of the ellipse.

® (iy Differentiate x f(x)—J‘x JAxYdx.

(ii) - Hence, or otherwise, find j tan~x dy.

Question 12 eomtinues on page 10

Question 12 {continued)

(c) Let z=cosf+ising.

&y

(i

@ ©

(i)

By considering the real part of 7*, show that cos4# is

cos*9 - 6cos@ sin’8 + sine.

Hence, or otherwise, find an expression for cos4f involving only
powers of cosé,

Show that the equation of the normal o the hyperbola xy = ¢%, ¢ #0,

at P(cp, %J is given by p. "%:C(pz _iz] .
P

[+

The normal at P meets the hyperbola again at Q(r:q, )
. q

Show that g = "is .
4

End of Question 12

—10-




Question 13 (15 marks) Use a SEPARATE writing booklet. Question 13 (continued)

The ends of a string are attached to points A and B, with A directly sbove B. The

{2) The function £(x)=x" is defined and positive forall x> 0. 3 ©
points A and B are 0.4 m apart.

By differentiating tn(#(x)), find the value of x at which #(x) has a minimum, .
An object of mass Mkg is fixed to the string at C. The object moves in a

horizontal circle with centre B and radius 0.3 m, as shown in the diagram,

(b) The circle centred at O has diameter AB. A point P on AR produced is chosen so 4
that PC is a tangeat fo the circle at C and BP = BC. The tangents to the circle
at A and C meet at 0,

A
) NOT TO
SCALE
B
The tensions in the string from the object to poinis A and B are 7) and T,
P 0 respectively. The object rotates with constant angular velocity @. You may
c assume that the acceleration due to gravity is g =10 ms™>,
Caopy or trace the diagram into your writing booklet. i) Show that T, =0.3 M(roz —7 5)_

Prove that OF = 0Q.
(i) For whatrange of values of @ is T, > 7}?

Question 13 continues on page 12
(@ Suppose p{x)=ax® +bx*+cx +4d witha, b, c and d real, a= 0.

(i) Deduce thatif b* - 3ac <@ then p(x) cuts the r-axis only once.

ity If B*—3ac=0-and p(—%) =0, what is the multiplicily of the root
b
3a

End of Question 13

— 11— ~ 12—




Question 14 (15 marks) Use a SEPARATE writing booklet,

(a) (i) Show that jsilﬁxdx = %(:033.1: —~cosx+C,

(ify Using a graphical approach, or otherwise, explain why

¥
f cos”™xdx = 0, for all positive integers n.
0

(i) The diagram shows the region R enclosed by y=sin®x and the x-axis
for 0sx<om.

>t
<>
1

Using the method of cylindrical shells and the results in parts (i} and (i),
find the exact volume of the solid formed when R is rotated about the
y-axis,

Question 14 continues on page 14

—13-

Question 14 (continued)

1
N
® Let JR=I — X dx, for n=0,1,2, ...
o x?"fl

() Using a suitable substitution, show that I, =

(i) Show that I +1, = %.

Gii) Find I,.

() Show that xJx +12x+Jx, for x=0.

End of (aestion 14

— 14—

g 4




Question 15 {continued)
Question 15 (15 marks) Use a SEPARATE writing booklet,
{c) () Use partial fractions to show that
(@) Theequation x —3x+1 =0 has roots a, Bandy. 2 ) 1 , \ 1

- %k = .+ .
Find a cubic equation with integer coefficients that has roots &2, g2 and 7. (x+D(x+2)(x+3) x x+1 x+2 x+3

ia inits . sk ii) Suppose that for n a positive integer
(&) A particle is initially at rest at the point B which is b metres to the right of O. (ii} Supp po &
The particle then moves in a straight line towards 6. ol A, &
e (etn) x x4l x+k x+n

.t
For x0, the acceleration of the particle is given by —%, where x is the
X

n
distance from ¢ and u is a positive constant, Show that a, =(-1)* ( k]'

{) Prove that ax -2 box (iii) Hence, or otherwise, find the limiting sum of
dt bx
2 \ 1[!1J+ 1[1!}; 1[1:J+ - -5y
C2l1)7 3t2) 443 nel’
(i) Using the substitation x= bcos*@, show that the time taken to reach a 3
distance 4 metres to the tight of O is given by
st \F
) [ R ) 052040 End of Question 15
=— cos .
H o)y

Tican be shown that ¢ = %Jg(\!bd —d% +beos™t \fg) (Do NOT prove this.)

(iii} What is the limiting time taken for the particle to reach O7 1

Queestion 15 continues on page 16

~16—
~ 15—




Question 16 (15 marks) Use 2 SEPARATE writing booklet,

(a) (Y The complex numbers z=cos@+isin# and w = coser + isina, where

@D

G 6)]

(ii)

~r<B<mpand w<a<n, satisfy
l+z4+w=0.
By considering the real and imaginary parts of 1+ z+w, or otherwise,

show that 1, z and w form the vertices of an equilateral trangle in the
Argand diagram.

H_ence, or otherwise, show that if the three non-zero complex numbers
2i, z; and z, satisfy

[2[=lal=lo] AND 2i4g+44,=0
then they form the vertices of an equilateral triangle in the Argand

diagram,

The complex numbers 0, # and v form the vertices of an equilateral
trizngle in the Argand diagram.

Show that 12 + 12 = gy,

Give an example of non-zero complex numbers 1 and v, 80 that 0, i and

v form the vertices of an equilateral triangle in the Argand diagram,

Question 16 continues on page 18

— 17~

Question 16 (continued)

{©

I a group of # people, each has one hat, giving a total of » different hats, They
Pplace their hats on a table. Later, each person picks up a bat, not necessarily their

own,

A sitation in which none of the » people picks up their own hat is called
a derangement,

Let D(32) be the number of possible derangements,

{iy Tom is one of the n people. In some derangements Tom finds that he

(i)

(it

{iv)

{v)

and one other person have each other’s hat.

Show that, for n>2, the number of such derangements is
(n—l)D(n—Z).

By also considering the remaining possible derangements, show that,
for n>2,

D(n)=(n-1)[D(n—1)+ D(n-2)].

Hence, show that D(n)—nD(r—-1) = -] D(n—1)~{n-1)D(n- 2],
forn>2. :

Given D(1}=0 and D(2)=1, deduce that D(n)—uD(n-1) = (~1),
for n>1.

Prove by mathematical induction, or otherwise, that for all integers

5 {0\
n=1, D(rz)=n!2£r—? .
r=0 °°

Eud of paper

—18-




Mathematics Extension 2

2016 Higher School Certificate
Solutions
Mathematics Extension 2

Section |
Multiple Choice Summary

6

2 C 3 A 4 D 5 B
c| 7D g8 C 9 A |10 B

Mulliple Cholce Solutions

1. C
Mefhod 1 Method 2
Only y= 1x| will have positive and The gr'aph is ali/ive.zn functlon., constructed by
negative values of x and allow only reflecting y=+/x in the y-axis. Hence B or D.
positive values for y. But the transformation | y, =, dxl would also
reflect in the x-axis. Hence it cannot be D.
2. C
Method 1 Method 2
For a multipte root at x =1 both C has the only one with the right patiern of
_p(l) =0 and p'(l) = indices to.factorise:
P(1)=0 only for A, C and D I (xz ) (ﬁ —1)
ie. allhave x=1 asaroot. ,
For A: P"(r)=5,1 —4x* - 2x :(x 1)(3‘ ”I)
P(1)#0 =>not A = (x4 1)(x* #x+1)(x~ -1y
For C: P’(x) =52 -3x" - 2x
P’(l) 0 = C s cormect
3. A
A circle has e = 0; an ellipse 0 < ¢ < 1; a parabola has e =1 and & hyperbola hase> 1
For the sum of two eccentricities to be a proper fraction the conics must both be ellipses ora
circle and an ellipse.
4. D
—w lies in quadrant 4 as it is the reflection of w in both axes.
F4
2iz lies in quadrant 2 as multiplication by 27 rotates the
vector £ radians anticlockwise about the origin. /
w
Z lies in quadrant 4 as it is the reflection of z in the real
axis.
w—z is illustrated in the diagram. wez
© MANSW 2017 Page 70
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5.

-iPoge 7

B

Method 1 Method 2

i 1-i 1-i 1-i_2is(-1)

14+i 14§ 1-1 1+r
1-2i-1 ‘/_c‘s( )
= cis(3)
=~i = clockwise rotation of %

C

p(1+3.'):1+(1+x)+(1+x)2+...+(1+x)s+(1+x)9+...+(1+x)u

Terms in x* only arise from the expansions of (1+.r)s,(1+.r)g s ...,(1+.r)]24

", the coefficient of x* = 8 + 9 + 10 + 1 + 12
8 8 8 8 8
=1+9+45+165+495
=715

D

xy=c’ is equivalent to * — y* =a’ by rotation where ¢* =2
But =8 = a*=2'=16

sok=16

C
Resolve both N and F into vertical and horizontal
components as illustrated in the diagram.

Vertically the object is in equilibrium and so the Fsing F
sum of the vertical components of forces is zero. P
s Fsnf@+ Ncosf—mg=0
FsinB+ Ncosf=mg
Horizontally there is a net centripetal force directed
towards the centre, 8.
- Feos@— Nsind = mra?

= ,1'237]1 A .‘.AA=(2x+_2)(2y+3)
[3711+2J(h+3)

© MANSV 2017
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Mathematics Extension 2

10. B

Method 1 Method 2
1
1 X+—==
x+—=-1 x
* 2H+r+1=0
+x+1=0
e (x-1)(x" +x+1)=0,x %1
14 1213 )
= 2 = 2 L x=1=0
a_
x= c1s(ir7"] =1 !
i.e. xisanon-real cubg root of 1
6712 {
Now x¥%= I:cls(i ) } =1 Now ¥™¢=(")" =1 | ;
2018 1 xm‘s . !
e, 1 . 06 1 _ i i
LT g T - (I ‘
Section il
Question 11
&) (@) |z | = {\/g)lJrl =2 Let argz=0, noting that z lies in quadrant 4.

ianﬂzéi,for 7<9<0 ie. G:fE
NES 6

efel 2]
o el Beul )]

cniﬁ

El

=64 cos( — +tsm —7{])
—64 which is real as requized

HIT
To be purely imaginary then 2° cos(——6~]

..‘ﬂzgkﬂtg-, keZ

6
nr=12kr+3n

n=12kt3 -
. n=>3 isone such integer.

@ MANSW 1T

{cos[—~x6}+ tsm(—%xﬁn [de Moivre's Thm] .

0 ie. cos [—H]

Page 72 l“
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-2r —2x
e e € _ L !
b) J X ‘e_‘;_l dx X 4 3 Lx 3 dx
bl 4 ¥ ‘—v—‘v -4 —
,':e—lx " e—Zr
=-— + )
2 2
re—z: e—h
= ——t
2 4

() x+y’=21p
Differentiating with respect to x:

dy

g (3y 2x)
dy  2y-3%
dx_3y2~2x

@ y:.\[f—(;) is only defined for £(x)>0

+ the domain of y=[f(x) is 3<x<3.

When f (r) =1 then \W < f (1)

If /(0] =0, where f(t)20, then there

is a stationary point at y= ,,'f(a) .

(i) When taking a reciprocal, the domain is not
altered.
For y=f (r) the domain is x s +3.

The equation of the asymptote changes,

The minimum stationary point becomes a

maximum stationary point,
4

The gradient finction of

1
) )]
to f (r)

Note: Because y:f(x) is even then both y:,[f(x) and y=

Page 73

dy _ dy
3432 P 0
Y =2 )

de
2y-3x"

¥

-3

I !
& for y=—— the domainis x #+3, .
f(x) 3o

1
/()

. Fx
Is —— ——7 and hence has the opposite sign

will he even.

© MANSW 2017




Mathematics Extension 2

f(x)=xsin™ [%]

X
Domain: —15551
ie. —2<x<2

The product of two odd funetions is even.

For 0<x <2, then x=@ and sin“[%]zo and 80 f(x)ZO.

~ f(x)20 for 2£x<2.

. x . . . .
Now y=x and y=smn ! (5] are increasing functions and hence the maximun value

of f (x) will occur when x=2.

Fid
Range: OSf(x)SZXE

ie. g<ysm

This is itlustrated in the diagram below:

Questlon 12

(w)
@ a=3.b=2 £+ y: = (ii))  The foci are at (iae, 0}
’ CI:!
i (£5, 0).
2 ) |
o 2 1-] = I
W {a] (v) The directricos are x = ig- |
4 |
FFE ie. x=i,9—=ir9—\li '
5 50005 i
"9 |
Js . 4
a= ? ase> 0 J
‘ Pnne 74

2014 High School Certificate

by (@  Method] Method 2
%[I f(x)—'[xf’(x} dr:, Judv:uv—J vdu where u=f(x),v=x

= o (3) "%UI () dr] xf(x)—JIf’(x) dx’=[ f(x)-1ax

s -4 ;(x)—jx 1) -1t

(i) From (i), J f (r) de=x f(x) —Jx f ’(x) dv and let £ (x)= tanTx:

Jtan"x dx—:xtan“x—jx( ! 1) ax
I+x

- " x
= xtan ’x-—J
[+x

dx

2

:xian"‘x—%]u(l+xl)+c

{© @ Let ¢=cosf and s=sind
zt= (c + is)4
=¢t +t%c’(i.r)+6r:2 (is)z + 4::(.‘?5)1 +(1‘r)4
=¢' —6c%s? +5" + i(4c3374m3)
But by de Moivre’s theorem: z* = cos48+ isin4f
Re(z‘) =cos48 = cos* f—6cos’ Osin’ B +sint 6

(i} Prom part (©): cos4d=cos’ @ —6cos? Psin®6+sin‘0
. cos48 =cos* 0 - 6cos? 9(I~c0526)+(1 —cos? 9)2
=cos' 0~ 6cos’§+6cos'B+1-2cos G +cos’ @
=8cos*0—8cos’O+1

@ w=c" = y=cx?t
LA 2

dx :c2

- gradient of the normal at P is p?

Page 75 © MANSW 2017




Mathematics Extension 2

Equation of normal:
< 2
yo—=pxoop
£ (smap)

y

¢ 2
- =px—ep
P pr

) ¢
p.1'+i=cp’ —

2 4

prtl= c(pl - %J as required
14 P

(i) Method 1

2
Solving y= £ and pr+ 2o c[p2 - %J simultaneously:
x 2

¥
! ., 1
p+—=c p -
pPx p

I .
»x’ —cpx(p24—1}+cz =0
P

The roots of this equation are the x-values of the points P and 0: cp and cq

Using the product of ths reots: OR  Using the sum of the roots:
;1
2 Pelp ——
< P
cpeg =——5 epteg=——7""=
P
1 1
g=-"3 prg=p-—
P P
1
F= —F
Method 2

2
¢ .
Because the normal meets the hyperbola, y= ? , again at Q[cq, g} , the

coardinates of 0 must satisfy the equation of the normal.

P(fq)(%)q[ pz_Lz]

P

c ;
cpg——=c| P —=5
Pq 14

Pa P
11
pa-p'=—-—3
pq p
2
7 -pq
pg—pt=t—
P
© MANSYY 2017 Poge 78
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o pe-g)
p(a-p) yon
1
=
Pq
q= —Jg as required
2
Method 3
£ _<
i
__¢{a-»)
cpalp—q)
b
pa
But the gradient of the normal = p*
el
Pq
-
q P}
Question 13
@ f(a)=r _
Then In f(x}=In(x*)
=xlnx
d d a 1
Zo o/ (x))=—{xtnx) and EF(m I())=+

= x[l)-l- Inx
X

=I+Inx
Now Inx is a strietly increasing function and so the the minimum value of In f (x) will

occur at the same value of x of the minimuni of f (r) . Hence, to find the vaiue of x that

produces the minimum value of f (r) = x* we need to find the stationary point of In £ (,1) .

Stationary points of 1nf(x) occur when %(mf(x)) =9
Sltlnx=0

e o i
Substituting into the second derivative: —>0
€

-, there is a minimum of f(x] atx= ¢,

Page 77 © MANSW 2017
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; ®) g The net centripetal force is towards 5.
; { Resolving horizontally: T,5inf+7T, = Mo’ x0.3
!
o A 125M%0.6+T, =03Me’
. 7.5M +7, =03 M’
‘ 7, =03Ma* ~15M
oI = 0.31\'[((02 —25) as required
P
Gy TL>T
Join OC and OQ . A2 ‘
04 =0B=0C {radii of same circle] 2 03M(w? - 25)>12.5M
PB=BC (given] 03{w?-25)>125
. ABCP and AOBCis isosceles  [two equal sides) 125
Let ZBPC= ] o @25 :
s LBCP=« [angles opposite equal sides in isosceles ABCP] 3
. LOBC=72a [exterior angle of ABPC] P 200
s L0CB=2a [angles opposite equal sides in isosceles AOBC] 3
Now £0OCP =90° {angle between tangent and radius] . 00
But LOCP=AL0CB+ £LBCP {adjacent angles] A \‘T as ¢ >0
f??“ @ >8.164..
s 3=90° w>82 (2 sig. fig.)
o=30° )
Note: g =10 ms™ and so an exact answer is unreasonable.
: Now AQ=CQ [tangents from external point]
L And 04 = 0C %radu] o Cadacent sid " @  plx)=a’+b’rox+d
i is a kit two pairs of adjacent sides equa . : o ‘
2 0AQC s a kite b ()  p(x) is odd and so it will cut the x-axis at least once.
But LACC=4da [exterior angle AQBC] p’(x) =3+ 2bx+ ¢
: n £CO0=2004=2a [OQ diagonal efkite]
. . N 2 _ “
Now £0QC+ £COQ+ Z0CO=180°  [angle sum AOCQ] For stationary points p(x)=0 = Y +2bi+e=0 b
s 2O0QC+ 2a+90° = 180° A=4p~12ac
£0QC=q :4(52—306) Al
But £ZBPC= [from @ above] .
o L0QC=2LBPC ) s .
L OoP=00 [sides apposite equal angles in AOPL] If b*-3ac <0 then A <0 and so there would be no real solutions to p’(_r) =0. .
(c} () Let £ BAC=6. A i.e. the cubic has no stationary points and is always increasing or decreasing for all x.
) . p(x) will cut the x-axis only once. &
AC=05m [Pythagorean triad]
. sing= g% =06 and Gi)  Method 1
' ~2b+
04 . ] 3' Ty cos 8 IfA=0, then p’(x) =0 has a double root at 3::215—“'/a = —_b_,
cosf =—=08 3 6a 3a
3.5 ; B c . b 5
Resolving vertically: T cos8 =103 T, -~ But given that p| —— {= 0, then x=—~—— is a triple zero for y= p(x).
g Y e (T 2z 3a 3a P y=#
o T =g x0M T Mg ;
T,=12.5M Le. Y=-1 has multiplicity 3.
a

Page 78 Page 79 @ MANSW 2017
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. Method 2 _ i) ¥
i B e <>
’ IfA=0then b =3ac => c=— and p(x):ar’+bx2+—x+d 1
lr, ' 3 2a
it ’ : o e _
#t Given p _L =0: g _b +b . +—b— _L +d=0 i
i 3a 3a 3a) 3al 3a <
4 3 3 1 L < S
‘ __”b3+b_1__b_l+d:0 - o) E— A I %
‘ 27a 9a° 9a 2
: ﬂ d= b The fllustrated shell has =¥ and A= f(x)=sin'x.
X 32
Bt ¥ 27a SV = 2mrh.6x
- p(x) =ar’+bhet+ 32t Yo | ) =2mxsin’x. 8x
27at p(x)= 27a*e +27a2bx* + 9abie + b = (dax-+ b’ .V =lim sz sin’x 8x
. b ®
p(x} has a triple root at x=—a | =J resin’x e
: ]
Question 14 Todll 5 ]
@ @ Method1 Method 2 V=1n L -fg;[gc‘“ x-cosx e from ()
3 d 1 R T
X Hl lcostr—
jsm T dx (3 cos st CJ =27 [x(-%cosﬁ—cos \]] - ZﬁJ. [%cos3 x—cos x} dc by parts
- 2 ot : 1] 0
J sinvsinx di =—cos’ xsinx +sinx 1
= sinx(l—cosl x) = Qg{n[gcosln:ucosnjf0]—2:1'(0) from (if)
. Jsmr 1 cos’ r a! ‘ =sinxsin’x ‘ 4
=sin’x 5
i 2
i J sinx ~sinx cos ‘) de . 1 - the volume is . unit’
i : lsin’xdr:—cos’xﬁcostrC 3
Li: :Acost+ cos’x+C ) L
4 3 1
; OO :J Y dx Let x=tanf
i (i) y=cosx for 0 £x <7 has point symmetry about x = % Multiples of edd functions 0 (-" + 1) ~ dv=sec?0d0
i will result in a function that is also odd. Hence y =cos™ 'x for 0Sx <7 also has S 2 o0 Ifx=0, =1
! point symmeiry about x = Z. This is illustrated in the diagram. = (tanz 6+ 1)’ se¢ fx=1,0=
{ Jy
{ 3 * = 1 sec” 8df
i . J cos” ' x de= —J cos™ x de : T el
3 0 3 -0
,, .
i 188 Er T =1 cos’Odl
E I8 o | cosT xdet s x dy =0 . Jo
atry n ki
41 ? H i
i x =1J {1+ c0520) d8 [200326: 1+c0526]
} “ J cos™ T x dr =0 2/,
0 1 | £
=| @+ —sin28
| 2 2 Ll
i
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: 1
1 1+x*
‘ = 5 edx
i 0(.\‘2+1)
: "
| =J 11 vy
o X +1
=|:tan"xll)
3 T .
; = as required
4 4
i
S|
4 2
Giy I=|-—gdc but x*=(x’ +1) —2x -1
! (r +1)
I v
) ) ,
, _J[(‘r +1)27 2x - L |
; ? 2410 {x?+1)
ICEE
: i
: Jldr 201,
0
i = _2[%#1,,}—10 from (i)
| ,
_1~E+ID
T w1
i B P
2 8 4
3 3
4 8
(¢ Te prove: X\/;+12x+x/; for x20

Consider x\[;+1—x*\f;=x(\[;—l)f(\f;—l)
:(\[;—-l)(x—l)

KA ARNSW VT
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Meithod 1

itx=1: (Vx -1){(x—1)=0

x> 1 x =10 and x-1>0 . (Ve -1)(x-1)>0
(Ve-1)z-1)>0

o (Vx=1)(x-1)20 foratix 20

ie. xr+l-x—vr20 forallx20
soavrizxvr forally20

Ifo<xy<l: x=0 and x—1<0 .~

Method 2
Consider the graphs of y= \/; -1 5
and y=x-lasilinstrated for x20; 3

By inspection, the preduct graph of
y={Vx=1){x—1) will exist only if x20 1

and then will always be positive.

{&—1)(.\'—1)20 forallx=0 "

ie. x x+1—x—\[;20 forallx 20
n xw/::+12.r+\/.1_' foralfx>0Q

Method 3

Consider xx +1-x—x :(x+1)(\[§ -1]
=(r=1)(Vx+1)(¥x 1)
=(\/§~1)2(J;+1)

(\fﬁl)zzo and Vx +120

s —p =V )[fﬂ)zo

/_ 1>r+\r foraltx=>0
Method 4
(a—l)ZEO forallac R
noat—2a+120
a’—a+lza

o (a+1)(a*~a+1)zaf{a+1) if a+120

For x20:

ie. @+iza’+a
Now if a=+x then a+121. Substifuting this into the line above:
o I+12I+\/J—f forallx=0
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Question 15

(a) Method 1 Method 2
¥—-3x+1=0 It P(.\’)ZO has roots o, fi,7
. 1 g\
" .r(x 73)_“1 then o, B*,¥? are roots of P(J;):O

oox? (.wc2 -3)2 =1

e (\/-;)3—3\[.;+1:O
Let yp=a? ) \[;(x_3)=_1
y(y—?a)2 =1 has roots &, 8%, ¥. x(x—3)2 .

. . - P62 +9y—1=90

ie. asuitable equafion is
3 4 Oe (e

¥ —6x" +9x—1=0 ie. asuitable equation is

X -6x24+9x—1=0

G @  =0,x=b(>0)v=0,u>0

d L i
_ai e o B
1rﬁcivc(%v) =0
Ay M =0
fgl)=a o
; ‘
%vz:% C
pl ﬂl
Substitute x=5b,v=0: .'.0:—b—+C = C:ﬁ—b—
.'.-va:EiH!i
2 x b

vi=2 box
bx

2
At x=b,v=0 but ¥= 'li <0 forallx and hence the motion is always in the
X

negative direction.
The patticle will never stop again as v=_0only atx =5 i.c. v<0.

b—x

sv=— 20
! # ( by J
%:ﬁu\ﬁ“% as required

(i)  Let?be the time taken for the particle to reachx =d (< b)

dt box a1 [
BN i S
N 7w AT

o

bx

o
1
o dtm—— |
Jo uxfz—Jb b-x

@ RAANSW 2017 Page 84
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, bx # bleos’o
b—x Vb-bcos’s

Ifx=b: g=0 P costd

Let x=bcos’ 0
dy=-2bcosfsinfdo

[fx=d: d=bcos’8 T p(l—cos’®)
cos’f= % _ |bcos’8
sin’@
cosf = % _ Vbeos@
sin@
9= cos"l[\/g}
b

. The positive square root ensures that & = cos“[\/% ] < g .

Note: Ifx=0, §=2=

2
1 m.{%) Jbcoss

[=—

,L!\E 0 sind

_26Vb J”‘[%)
-

05

J7i

x—2bcos@sind0

cos’ 6 do

0

cos’ 8 48
)

(i)  Given 1= L {E Vbd ~d® + beos™ \/E
a\2 b

Asx—=0,d-0

lim!:]im}-\/—g-[\v‘bd—dz+bcos'1\/g]
d— dao'u_[ 2 b

LI LI 9L
uvz 2
_L[pfbm
aVz2l 2
ﬂ'b\/ﬁ

4p

v, the limiting time is sec

er\/_Z‘b-
4

. 3l 4 R C D
@O ) e e s
.‘.3!:A(.r+1 (x 2)(x+3)+Bx(x+2](x+3)+C.!:(x+1)(x+3)+Dx(x+I)(_r+2)
(

+
Efx=0: 31= A(6) = A=1
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fx=n1: 3= B(-1){1)(2) =» B=-3 Questlon 14
Ire=-2: 3t=c(-2)(-1)(1) = €=3 @ 0
Ifx=-3: 31=D(-3)(-2){-1) = D=-1

1

3 .
W < ;i"" Tr2 43 as required

z=cosO+isind and w=cosg +ising
|z | :|w| =1 and so z, w and 1 are located on the unit circle.

A OT

G

Now Re(1+z+w)=ll+cosﬂ+cosa and Im(1+z+w)=sin€+ siner

But z+w+1=0
= Re(z+w+1)=0 and Im(z-+w+1)=0

13

2
E { (i) R L L. TR S
% .t(x+£)...(x+n) x x+l x+k X+n Hence 1+cosf+cose=0 ®
é 3 n!=ao(x+1)..(:c+n)+...+akx(x+1)..(x+k4 1)(x+k+1)..(x+n)+...+an.1'..(:c+rr—l) and sind+sing =0 6]
g ol _ - 1 — —k ]
= Ix=—k: "'“a‘(—k)( k+l)"‘( krk 1)( k+k+1)"'( k) From @: sinfl =—sing but -z <6<x and -#w < Sw
a = nl = 0= Q@
F k) (e (e k= 1) (<R 1)k )
i Hence z and w are conjugates as illustrated.
(—k)(—k+ 1)'"(71)(1)(2)"'(_]( * H) Note that z and w can be interchanged. B 1
kterms p V Re
B nl Now substituting @ into ©:
e - 1+cos8+cos(-6)=0 <
(1) (k)& =1)...0)x (1)(2). {2 ) cosf+cos(—8)
al I1+cos@+cos8=0
= s cos@=-1
(ﬁl)k k!(n - k)! 05 E
@=2
= (—l)k(;j as required oa=—2iF
Hence 1, z and w are equalty spaced around the unit circle, with O as the centroid.
i) nl 7504“ a o a, . a,
(i x(:c+ l) (x+ n) Tx x4l x4k T x4m o 1,z and w are the vertices of an equilateral triangle.
nlt {»#y 1 REAN! Jdul ol .. R . .
:{OJ;—[JQ*--“'('I) [kJmem*(*l) (n] . (i) Now |2z1:|z,|:|zz|:2 s0 21, z, and z, are located on a circle of radius 2,
Also 2i+z+z,=0
z Z
| n AR —1 + —2 =0
Tt ST B 4 I £ LSRRI L B S E) y ) R 20 2i
1(2)...;1(n+1) 0 1/2 k) k+1 i+l 2 . . 2
‘ Let z=-L and w=-%, then [zjzlwl:! and so —-, -2 and | are the vertices of an
1 n nii AN W ny 1 i 21 2i 28 2
n+1 = ol U1 E+‘“+(_1) rlE+l oot (_ ) nln+l f equilateral iriangle from part (i).
1n ntl fn) 1 SN ; . , .
. I IR T i | (-1 — = Now 2i=1x2i, z, =2z and z, = 2iw
(OJ {1)24- +( ) [kjk+1 ( ) [n)n-ﬂ-l n+l ) ! z
i.e. In each case, 24, z, and z, are located by stretching the vectors I, z and w on the
T I l+‘__+(u1)* n)_1 +'_.+(_1)” n) 1 : Argand diagram by a factor of 2 and then rotating each 90° anti-clockwise,
=0 12 kJk+1 njntl ‘
| In effect this has enlarged the triangle formed by 1, z and w by a scale factor of 2 and
=lim v rofating the result anti-cleckwise about O through 90°.
n-= 14
=0 Since 1, z and w are the vertices of an equilateral triangle then so are 24, z, and z,.
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(c)

(i)

()

(i

Method 2
v:(cos%ﬂ‘sin%)u

Method 1
Since 0, # and v form the
vertices of an equilateral

triangle then v= ucis({.})
without loss of generalisation. = (éos;'r+ fsi.n:rr)u’
vt =utcis (—231) NI
ety =t +uleis(%)
= (1+cis(%"))
=1 [1 +(-ﬂ%+ 1-‘%)]
=1 (-2L + rm‘g)
=HX u(§+ 13'25)

=y xucis(%)

3 o ieinal,?
Vo= cos;+tsm;) s

{by de Moivre]

Ve =0

(v+u)(1'2 —vu+ uz)= 0
Butve—u = vV —wut+it=0

SV ut =y

= Uy

Take v =1, then #= cis(%)zé-ﬂ%.
Note: [ is a complex number that is purely real.

There are (n— 1) different people with whom Tom could directly exchange hats.
If Tom and his friend, Mot, have their own hats, there are (1:— 2) hats remaining
for derangement, This can be done in D(nfz) ways.

Now if Tom and Mot exchange hats then everyone has a different hat.
- the number of derangements = (n —1)D(nﬁ 2) as required.

Note: The situations in part (i) and part (i) are mutually exclusive and together
account for afl possible derangements of » hats.

Melhod 1
If we remove the situation in part (i) from ali possible derangements then the

remaining possible derangements are D(n) —(n— 1) D(n; 2) .
i.e. Tom does not make a direct exchange of hats with anyone in the group.

Let everyone else derange their hats first. This produces D(n—l) derangernents and
no one will have their own hat except for Tom.

If Tom now chooses a hat, the person with whom he exchanges hats will not give
him their own hat and so there wilk not be a direct exchange of hats.

Tom has (n—l) different hats to choose from.
.. this situation results in (n—- I)D(n# 1) derangements.
D(n)~(n— 1) D()172) = (n— I)D(n - 1)
D(n) = (n- I)D H— 1)+(n— 1)D(n#2)
D(il) = (nél)[D(n— 1)+D(n~ 2)] as required

Page 38
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(iii)

(v

(v}

Method 2
Ignoring Tom, there are D(n— 1) derangements of the remaining hats. If Tom now

exchanges his hat with any of the ( n— 1) others, we have a suitable derangement.
. this situation results in (n— l)D(n— 1) derangements.

Tom either exchap ges his hat with one person, which is the situation in part (i)
or he doesn’t, which is the situation just calculated.

o D(n)=(n-1}D(n~1)+(n~1) D(n—2)

= (HHI)[D(rk })+D(u— 2)]

D(n):(nfl)[D(nﬁ2)+D(n I)]
v D(n}=(n—1)D(n-2)+nD(n-1)-D(n~1)
D(r;)—r;'D(;z—l):(n 1) (n 2) D(n )
:—D(n 1) (n 1) (n 2)
=—|:D(n——1)—(n IJD(7172)]

[D(n 1 (nul)D(nf2)] for n>1

2

D(n)—nD(n—1)=
n=2: D(z)uw([]—pzxoulf(-l)
D(2) :-[D ]
Applying the rccuraive formula:
D() nD(n 1 [D - 1 (n—I]D(nf2):|
—lx—[D rr 2 (rz—Z)D(nu?;)]
[D n— 2 (n Z)D(n 3)]
::(~1)2>< [ (n 3) (n 3)D(n 4)]
= ([ D(n—3)~(n-3}D(n—4)]

[D(Jzu(néil))if(nm(n—2))D(n—(n—2)— I)]

-{1-0)=-i=(-

n=3: -

i

-

X

= (_1) as required

Using the recurrence relation D(n)— nD (n— I) = (—1)” , strong induction is not
needed.
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Mathemeotics Extension 2

To prove: D(n)zk!x 3 (“1)
r=0 1‘!

Test n=1:  LHS=D(1)=0 from par( (iv)

RHS = uxi 1)

= !

= 1><[(L){J +(;~1£J
0! 1!

1x(1-1)
=0

i

=LHS o otrue forn=1

Let n=1F be a value for which the result is true.

Le. D(k) =klx i (:1|) is a tnue statement.
=0 :

Need to prove the result tre for n=%+1.

i.e. To prove D(k+1) :(k+1)1 xiiu(_r_l')r.

From {iv): D(n)— nD(n— 1) = (—1)"
e Dlk+1) = (k+1) (k)= (1)
D(k+1)=(

Z
=}
=
=
b
+
[
1l
|
-
£
+
bl
+
P
-
—_—
-
—

z(Jlf+1)!)(15.?‘(—."—1')r

= D{k+1) is true if D{k) is true.

.. by the principle of mathematical induction the formula is true for all integers »

where n21.

Note: If the recurrence relation in part (ii) had been used and not that in part (iv), then

strong induction would be required.

End of solutions
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