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General Instrictions Total marks — 70

* Reading time - 5 minutes Section 1 Pages 2-5

+ Working time — 2 hours

« Write using black pen 10 marks
« Board-approved calculators may » Attempt Questions 1-10
be used « Allow abouf 15 minutes for this section

+ A table of standard integrals is  (Section 1) Pages 6-13

provided at the back of this paper

* In Questions 11-14, show 60 marks
relevant mathematical reasoning * Atfempt Questions 11-14
and/or caloulations ' + Allow about 1 hour and 45 minutes for this section
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STANDARD INTEEGRALS
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xXdx =——x" pg-l; x#0,ifn<0
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e dx =—g%, azl
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cosaxdx =—singx, a*0
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[ 1
sinaxdr =—_cosax, a +0
wf
[ 1
sec”axdx :Ztanax, a#f

~

1
secax tanaxdr = o secax, az0
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Ja2-x2
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Section 1
' 10 marks
Attempt Questions 1-10
Aliow about 15 minutes for this section

-. Use the multiple-choice answer sheet for Questions 1-10.

1 Whatjs the remainder when x° - 6x is divided by x +3?

(A) -9

® 9

C) -2
O P-3x+3

2 Given that N= 100 + 802", which expression is equal to %Ai?
[
(A} k(100-N)
) k(180 -N)
©  k(N-100)
@ k(N-180)

3 Two secants from the point P intersect a circle as shown in the diagram.

NOT TO
SCALE

What is the value of x?

Ty 2
®) 5
© 7
o 8

A rowing team consists of 8 rowers and a coxswain.
The rowers are selected from 12 students in Year 10.
The coxswain is selected from 4 students in Year 9.

Tn how many ways could the team be selected? E
(A o+

®) "pg+iP

© Zcx*c .

D pyxtpy

What are the asymptotes of y = ﬁ;’g ?
@) y=0, x=-1, ¥=-2
®) »y=0, x=1, x=2
© y=3, x=-1, x=-2
® y=3 x=1, x=2

What is the domain of the function f(x) = sin1{2x)7

(A) —wsxsn

B) —2sx=<2
T T
_.A.S‘ S_

© -ysrsg
1 1
__S_ S__.

(D) S =¥y



What is the value of k such that f dx = Tq
o vd-- x? 3

(Ay 1

®) V3

Cy 2

D) 23

‘What is the value of Hm _sin{x—3)
=3 (x=D(x+2)

Ay 0

1
(B) 5
€ 5
(D) Undefined

Two particles oscillate horizontally, The displacement of the first is given by x=3sinds
and the displacement of the second is given by x = asinaf. Inone oscillation, the second
particle covers twice the distance of the first parficle, but in half the time.

What are the values of @ and n?
(A) a=15, n=2
B) a=15 n=8
C) a=6, n=2
D) a=6, n=§

10  The graph of the function y = cos(Zt - %] is shown below.

¥

What are the coordinates of the point P?

~¥



Section 1T

60 marks

Attempt Questions 11-14

Allow about I hour and 45 minutes for this section

Answer each question in a SEPARATE writing booklet, Extra writing booklets are available.

" In Questions 11-14, your responses should include relevant mathematical reasoning and/or
calculations.

Question 11 (15 marks) Use a SEPARATE writing booklet.

(a) Find fsinzx dx, 2

(b) Calculate the size of the acute angle betweenthelines y=2x+5 and y= 4 -3x. 2

{c) Solve the inequality A 21, 3
x+3
{(d) Express 5cosx ~ 12sinx in the form Acos (x+a), where O0sas -;E 2
2
(&) Use the substitution w=2x—1 to evaluate j u—{—zdx. 3
 (2x-1)
(f) Consider the polynomials P{x) ="k +5x+12 and A(x}=x-3.
(i) Given that P(x) is divisible by A(x), show that k = 6. 1
-2

(i) Tind all the zeros of P(x) when k = 6.

Question 12 (15 marks) Use a SEPARATE writing booklet.

(2)

In the diagram, the points 4, B, C and D are on the circumference of a circle,
whose centre O lies on BD. The chord AC intersects the diameter BD at Y. The

tangent at D passes through the point X,

Ttis given that ZCYBE = 100° and £DCY =30

B

Copy or trace the diagram info your writing booklet.

(i) What is the size of ZACB? 1
(iiy What s the size of ZADX? 1
2

(iii) Find, giving reasons, the size of ZCAB.

Question 12 continues on page 8



Question 12 (continued) Question 12 (continued}

{b) * The points P (QGP: ‘TPZ) and Q(Q ag,aq’ ) lic on the parabola ° = 4ay. (d) A Xkitchen bench is in the shape of a segment of a circle, The segment is bounded
) o by an arc of length 200 cm and & chord of length 160 cm. The radius of e
The equation of the chord PQ is given by (p + g)x - 2y - 2apq = 0. (Do NOT circle is r cm and the chord subtends an angle 4 at the centre O of the circle.
prove this.)
200 cm
(i) Show that if PQ is a focal chord then pg=-1. 1
(i) If PQ is a focal chord and P has coordinates (8a, 16a), what are the 2 NOTTO
coordinates of  in terms of a7 SCALE
) A pe[soﬁ walks 2000 metres due north along a road from point A to point 8.

The point A is due east of a mountain O, where A{ is the top of the mountain.

The point O is directly below point Af and is on the same horizontal plane as the

road. The height of the mountain above point O is  metres. () Show that 1602 = 272(1 - cos 8).

From point 4, the angle of elevation to the top of the mountain is 15°, (i) Hence, or otherwise, show that 80% +25c0s8—25 = 0.

From point B, the angle of elevation to the top of the mountain is 13°. (iii) Taking 6, = as a first approximation to the value of 6, use one
application of Newton’s method to find a second approximation to the
value of 6. Give your answer correct to two decimal places.

End of Question 12
(i) Show that OA = hcot15°. 1
(ii) Hence, find the value of A. 2
Question 12 continues on page 9
9.



Question 13 (15 marks) Use a SEPARATE writing booklet.

(@) A particle is moving along the v-axis in simple harmonic motion. The
displacement of the particle is x metres and its velocity is y ms™. The parabola
below shows v2 as a function of x.

2
11+

(i) For what value(s) of x is the particle at rest?
(i) What is the maximum speed of the particle?
(iii) The velocity v of the particle is given by the equation
2 = p? (a2 —(x— C)z)
where a, ¢ and k are positive constants.

What are the values of a, ¢ and n?

Question 13 continues on page 11

~ 10—

Question 13 (continued)

(b)  Consider the binomial expansion
1y*® .
(2x+§;) = aﬂ.rls + al.rm + ale"' + -

where ag, 44, a,, - - are constants.
(i) Find an expression for a,.

(i) Find an expression for the term independent of x.

(¢) Prove by mathematical induction that for all integers nx 1,

[ R H =] = 1
4 (n+1) (n+1)1"

1 2
—+=+
2t 3

(@) Let £(x)=cos ™ {x) + cos™ (), where -1 <xx< L
(i) By considering the derivative of f{x}, prove that £(x) is constant,

(i) Hence deduce that cos™! (—x) =7 — cos™ (x).

End of Question 13

—i1—



Question 14 (15 marks) Use a SEPARATE writing booklet.

(2) A projectile is fired from the origin O with initial velocity V'm 571 at an angle 0
to the horizontal. The equations of motion are given by

x=Vtcos#, y=Vtsingd-— %grz. (Do NOT prove this.}

v

.. Vsin26
(it Show that the horizontal range of the projectile is ——-

A pariicular projectile is fired so that 8= g
(ii) TFind the angle that this projectile makes with the horzontal when
i
Vg

(iii} State whether this projectile is travelling upwards or downwards when

2V .
t = ~—. Tastify your answer.

3z

Question 14 continues on page 13

—12 -

Question 14 (continued)
(b} A particle is moving horizontally. Initially the particle is at the origin O moving
with velocity .1 m s7L

The acceleration of the particle is given by ¥ = x — 1, where x is its displacement
at time 1, '

(i) Show that the velocity of the particle is given by ¥ =1-x.
(ii) Find an expression for x as a function of

(ili) Find the limiting position of the particle.

(¢) Two players A and B play a series of games against each other to -get a prize. In
any game, either of the players is equally likely to win.

To begin with, the fitst player who wins a total of 5 games gets the prize.

(i) Explain why the probability of player A getting the prize in exactly
7 games is [6)[—1—)7
8 af\z) "

(ii) Write an expression for the probability of player A getting the prize in
at most 7 games. '

(iii) Suppose now that the prize is given to the first player to win a total
of (n+ 1) games, where # is a positive integer.

By considering the probability that 4 gets the prize, prove that

(’IJZ" R [u + l]zn—l . (n + 2]2n_2 R [Zn] o,
i " n n

End of paper

13 -~



. Mathematics Extenslon 1

2015 Higher School Certificate
Solutions
Mathematics Extension 1

6 (D) Using the standard integrals with a=2:

4 (C) Select8 from 12 in C; ways.
Select 1 from 4 in °C, ways.
Thus the answer is “Cyx *C,.

5 (A) _y—a»cmisuc_)—l*and:c—-yn—zt
x> 0fasy =0
sox=-=1 x=-2, y=0.

YM1E & Pasae &0

SECTION I
: Summary -1<2x<]
1A[]3B|]5A|7B|9D RS
2C|4cCc| 6D} 8B |10C 2 Yy :
- k
E
SECTIONT ’ ® j Jl—z dx:[sm.lﬁ]
e (A)F () =P . S 0-
F3)=(3)-6(-3) %:sln"'ﬁ
B X 25 S —2 -
—9 kB
' 2 2
2 () N=100+80¢" k=43,
dN
E“SOI‘E i sin(x-3) m sin(x— 3) 1
=k (30¢%) 8O BEe) S ) @),
: 1
= k(N -100). =lar g
1
3 ® x(x+3)=4 4+5) =3
#+3x-40=0 9 (D) a=2x3=6
For (x—-5)(x+8)=0 1‘=%><27ﬂ-—2;rr n=%
x=5 - . a=6, n=8
x=5 (since x>0).
( ) 0 (© cos[?_tug =0 .

T S

rsemiast

L el ke

ey

2015 Higher School Certificate

SECTION II

Question 11

(@) Jsin’ x d.tr-J-l(l—-cost) dx

x sin2x .,
+C.

{e) w=2x-1 du=2dx

1
=—(u+l
L)
when x=1, w=l
x=2, u=3

. _l (u+l) l
t(zxul i 2 u? 2

iy -r,"‘:Cmemwﬂ%‘#n?ii;ﬁkﬁmam“ﬂl P

G, e i L

and e =tan™ [%Jﬁl.l?é

N 2
Scosx—12sinx=13 cos[x+ tan™ 15—]

=13cos(x+1.176).

2015 4 Pagesl

=
i
M m =2, m,=-3 zl l+idx
2-(-3) 4), 4 u?
fana = 3
1+2x(-3) 1
.1 =Z[lnu———:l o
g
a =45° . i
| =:11-[1n3—§— 1 1.-1)}
© LI 4
ST st
4(x+3)2(x+3)" 4 3
o A(rd)=(x+3) 20 .__2% (ing%}, :
x+3){4-{x+3))20 : :
(++3)-(r+3) s
‘ (x+3)(1ﬁx)20 - 12
-3<xsl, _
@® G Plx)=r-k+5x412
(d) Acos(x+a)= Acos,rcosa.—Asinxsina ?(3) =(3)! ﬁk(S)z +5(3)+12
..ZAC(;srx:S2 ‘ar;d As;majl?. ) 02279k 115412
Afcos” 1+ A% sin o:=5 +12 0k =54
A’ =169 k=6,
A=13 .
c:osat.':i and sino:=13 @iy P(x)=x-62"+5x+12
13 13

,—;(x_g)(f —3x- 4)
=(x-3){x~4)(x+1)

x=3 4, -1
. the zeros are 4,3, ~1. )

EEESVUL NCa




Mathematics Extenslon 1 2015 Higher School Certificats
Question 12 0 In AMOA:’ (i) f(6)=86"+25c0s6-25 ® O For (ZH- 1 ]’*.
@ tan15° = —— £1(6)=166-255in@ D
M _ fl 91 =i Tn = ISC (Zx)lB—r [l x—l)r
" tanls? g, g BT H2SCOST =25 3
= heot15°. ; : 167 —25sinz = AX*TRT
- . g _ _y Ba-25-25 = Ax'*
(il) Similarly OB =hcot13 g Tler—0 =
Using Pythagoras’ Theorem: : __ 82’50 14=18-2r
OB =0A* + AB? k: . 162 r=2
AB2=OB2_0A1 ‘- ) :2,56551:.. - - ‘!C (zx)ls[l _1)2 .é
g LT = =x
iy /BCD=90° (angle in a semicircle) (2{}00)2 =(k cot13°)1 ~(hcotl 50)2 ; =257 (2dp.). b 2 3 :
ZACB =90°-30" T P - 1? :
— 60°. . 2000° =i cot“13°— A" cot 15)? _ : Question 13 ) .=, x 2 x§ o
: =k ((iot2 13°—cot®15°} " . : " ©
(i) ZADX =ZACD (Al Seg. Theorem) (@ @) From the graph when v=<0: S
_300 20007 i x=3mor7m. 3
: j2‘:(:012 132==cotHso=— : - - : R 't
- — - - 1 - T - T — :i v . 2 _’ . T » (‘2 bl M
(i) /BYC= AYCD +ZCDB (ext angle 2000 3 (i) Maximum when v* =11: 3?
_of triangle) ) th—zT—i_g & - v=+1l1ms™, o - .
I 1000 300+ ZCDB e [ e e ot 13 ~eot*15§% - T_c!: - - o o (11) X _xlt—ir . -
ZCDB =70° =909,7038... ';‘- (iif) Amplitude: 2a=7-3 0=18-2r
ZCAB = /CDB (angles in the same =909.7m (1d.p) ; a=2 r=9
segment) . f 13 of T . ’
100, (d} - (i) By the cosine rule: g Centre of motion: c=—3+7 o= TG (23) (gx‘ ]
160% = r* +72—2%rxrxcosd i ) 2 N
by " (i) IfPQisa focal chord then (O,a) =9 _ 22 cosd ﬁ =5 g, Y xl o
should satisfy the equation: =2*(1-cosd). b When x=5,v% =11: l 3
(p+q)x—2y-2apg=0 ¥ . 2 o2
: : ¥ v =n’(a1—(xar:) ) e
{p+q)(0)-2(a)-2apg=0 (i) The arc length is: : _ . g
~2a—2apg=0 200=r0 4 1= (21 -(5-15) ) The term independent of x is ;: .
200 ®
—2apg=2a re—— 11=4x
. . g 5
oopg=—l. 7 _u : © Let P(n} bethe propositiﬂn that
' 160" =27 (1 ﬁcosé?) T4 1,23, 1
. : 2y . — =t
(i) Pis (2ap,ap"}=(84,16a) . p=4 (20 o3 : 20 31 4 (n+1)l (n +1)1
pg=-1 ' e %(1-cos8) 2 for all integers n2 1,
-1 Vit
g=2 2%200" na=2,0=5n=" .
7 = L0 (1-cos®) i} sashesin=-, (1)
1 , _ i 0 +1)1
T4 ] LHS=i=l= ——l:l— L
' 2002 2 (1+1)!
1 1Y 2 .
= ., ) 84" =25(1—cos @ & . i
Qis (Zaq,aq )“[2 ( 4),1{ 4] J 2 {1-cos 3 v s P(1) is true.
- 88° =25-25¢c0s il
a a ’ P !
:[_E’E} o 86 +25¢c088—25=0. li ‘ :
il
2015 & Pana 52 ﬁ‘ 2015 4 Page 53




Mathematlcs Extension 1

Assume P (k) is true for integer k 2 1.

ie l+.g.+_3_+ +_k_="1___1._
Tartar 40T (k) (k)
Pk +1): '
1.2.3 k+1 1

— =1-
TRETAT +(k+2 (k+2)l

Question 14

(a) (i) When y=0:
1

Vising——gt* =0
sinf-—g

1 .
t| Vsn@-—gt |=0
(vsi 23J

Vsinﬂa%gt=0 or (=0

ey e T A e T e

vttt

2015 Higher Schoal Cerificate

I B,V
x 6 2
g3 o2
=——X—

6 1
¥
3
tan @ =—~——
3
g=-LZ,
6

(iify From part (ii}, the negative sign

on the angle indicates ihat the particle

is travelling downwards.

{c) .

lt=—ln(1ﬁx)+C

When t=0,x=0 ..C=0
t=—1n{l-x)

-t:]n(l—x)

el =1-x
x=1-e".

(i) When >, e’ 50

x=l—e’

s x=1 is the limiting position.

(i) P(5wins)=P(4 wins in 6 games}x
P{win in last gams)

1 2.3 k41
LHS = — ot oribre——
TRETARTA (k+2)t lg::\s/sima
s " wsins
(k+1)! (k+2)! LA
k+2 k2 k+1 £
(k+2)} (k+2) Substitute this in x=Vrcosd:
:l_w =V(M]tcosﬂ )
(k+2)1 g
1 . 2V2sinfcosd
(k2! g
S RHS . I ,,._.,;Visi:ﬂﬂ__ L
P(k+1) is trae assuming P(k) g
is true.

2, P(n) is true by Mathematical
Induction,

(@) f{x)=cos"(x}+cos” {—x)

' _'__:1_ -——L X -
A ey

=0
The derivative is 0.
. f{x) is a constant.

(i)~ Since f(x) is a constant. It must be
constant for any value. Let x=0:.

F(0)=cos™ (0)+cos™ (0)

s
=—34—
2 2
=7
5 cos” {x)+ cos' (—x)=n

. eos (—x)=m—cos™ (x). -

(i) x=Vrcosd
x=Vcosfd

T
=Vcos— -

1 .
=Viging——gf’
Y 28
y=Vsin8-gt

:Vsinf-—gﬂ-
-3 C\3g
Wl
P

NG
{2

il

2 3

%)

6

I

=Ly
6

ACIE & Daran A

NI i el R § A £ b, iy i e T b Lo

s et

s

0 ¥=x-1 {6} 1)“ Y, (1
(b) 1Jr(;vzi_z 3 ;rz[j’@ [2]
 lelewe | "Laj[ij‘ |

\Vhé-nx 0, x=1:

207 =2(0p-(0)+c
o=l

2

1, ¥,

JF =g ~xby
SR = - 2x+1
-y,
i=x(x-1)
When x=0, x=1:
d=1(x~1)
1=+(0-1)
.‘.i=—(.ral)

=l-x

(i) #=l-x

—(1_1) 7 i’rom p;& (i)

P(5wins}=P(5 wing in 5)
+ P(5 wins in 6)
+ P(S wins fn 7)

(G0 -(6)-
iy P{n+1wins)= U . {?l+1 [% m
*("IQJ@M
(e

ROREA CRSe ORe

215“ .

b

Multipty throughout by

'["}2“+(H+IJ2"‘+."+[2nJ=2”H
n n n

End of Mathematics Extension 1 solutions
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