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Section I

10 marks
Attempt Questions 1~10
Allow aboutf 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

1 Which conie has eccentricity @ 7
(A) -131 + );i =1
B) g—j— + ;—2 =1
@ g

2 What value of 7 satisfies 22 =7 - 247

(A) 4-3i
B) -4-3i
(C) 3—4i
) —3-4i

3

Which graph best rlepresents the curve y=(x—1)*(x+3)°?

(A) Y ®) Y

_Ig o '1 x _=1 o 'j X
© ¥ )] J

73 o1 X 40 3

“What is the value of a?

A -

@ -1

(C 1

Wl

@}

- ‘The polynomial x*+x*— 5x+3 has a double root at x = a.




Given that z =1 -, which expression is equal to 27

o o)
o {2 (5)
o fuf)ml)
o o l)m()

2

" Which expression is equal to Jx sinxdx?

{A) —x2cosx— [2xcosxdx

(C) —x?cosx+ | 2xcosxdx

(D) -2xcosx— | x*cosxdx

(B) -Z2xcosx+ J.‘L cosxdx

‘The numbers 1, 2, ... n, for n z 4, are randomly arranged in a row.

What is the probability that the number 1 is somewhere to the left of the number 27

A)

= N~

(B)
b

_t
2(n-1)!

(€

D)

8

The graph of the function y= (x} is shown.

¥

O a\/b

A second graph is obtained from the function y+= f(x).

“

y

Which equation best represents the second graph?

(8) ¥ =|sx)
®) ¥ =s
© y=yrx
D) y=r(x)




10

The complex number z satisfies jz—1|=1.

What is the greatest distance that z can be from the point { on the Argand diagram?

Aa) 1

(B V5

©) 242
o V2+1

Consider the expansion of
(1+x+x2+---+x")(l+2x+3x2+---+(n+1)x").
What is the.eoefficient of x" when n = 1007

(A) 4950
B) 5050
(©) 5151
(D) 5253

Section I

99 marks

Aftempt Questions 11-16
Allow about 2 hours and 45 minutes for this section

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

In Questions 11-16, your responses should include relevant mathematical reasoning and/or
calculations,

Question 11 (15 marks) Use a SEPARATE writing booklet.

(a) Express %Tﬁ “in the form x + iy, where x and y are real. 2
—i

-

(b) Consider the complex numbers z = —J3+i and w= 3((:03% +i sing) .

‘(@) Fvaluate {z. : ‘ 1

(ii) Evaluate arg(z). : ) 1

(iit) Find the argument of ‘% . 1

() FindA, Band Csuchthat —— =2 4 B‘;‘ tC 2

. .t(x2 4 2) x  x"+2
2y ]
(d) Sketch 55 + T 1 indicating the coordinates of the foci. 2
(e) Find the value of i(?- at the point (2, —1) on the curvé xexhi = 3
X
. ' g '

3] (i) Show that cot@+ cosecf =cot 5 ) ) 2
(i) Hence, or otherwise, find J‘(cow +cosec #)den. ] 1

T




Question 12 (15 marks) Use a SEPARATE writing booklet.

(a) The complex number z is such that |z| =2 and arg(z) :%

Plat each of the following complex numbers on the same half-page Argand

diagram.
i z
() u=z

i)y v=22-%

(b) The polynomial P(x)=x* —4x>+11x% ~14x+10 has roots a+ib and-

a -+ 2ib where a and b are real and b # 0.
() By evaluating @ and b, find all the roots of P{x).

(i) Hence, or otherwise, find one quadratic pelynomial with real coefficients
that is a factor of P(x).

© @ Bywriting (1-:})():7—5)
o

intheform mx+b+ LI , find the equation
x— .
of the obligue asympfote of y= —(L(ll’ﬁs) .
X—

(x=2){(x-5)

xX—

(ii) Hence sketch the graph y= , clearly indicating aft

* intercepts and asymptotes.

Question 12 continues on page 9

Question 12 (continued)

(d) The diagram shows the graph y=+x+1 for 0 <x<3. The shaded region is
- rolated about the line x =3 to form a solid.

¥

_ Use the method of cylindrical shells to find the volume of the solid.

End.of Question 12




Question 13 (13 marks) Use a SEPARATE writing booklet.

S 2 .2
(a) The hyperbolas H,: ——=>=1 and H,: —~ P —1 are shown in the
. a -

X
2 aZ 2

Lol
o

diagram,
Let Plasec, btan@) Jie on H, as shown on the diagram.

Let (2 be the point (2 tand, bsecd).

=Y

(iy Verify that the coordinates of O(atand, bsech) satisfy the equation
for H,.

(i) Show that the equation of the line PQ is bx + ay = ab{tand + sec8).

(iif) Prove that the area of AOPQ is indepecdent of 6.

Question 13 continues on page 11

—10-

Question 13 (continued)

(b) Two quarter cylinders, each of radius a, intersect at right angles to form the
shaded solid. :

A horizontal slice ABCD of the solid is taken at height  from the base. You may
assume that ABCD is a square, and is parallel to the base.

(i) Show that AB= Ja* - K%, 1

Gi) Find the volume of the solid. 2

Question 13 continues on page 12

11—



Question 13 (continued) ’ ' Question 14 (15 marks) Use a SEPARATE writing booklet.

(¢) A small spherical balloon is released and rises into the air. At time f seconds, (@ (i) Differenticte sin® 8cos B, expressing the result in terms of sin & only.

- . . 4
it has radius r cm, surface area §=47r% and volume V= gmﬂ.

o n

As the balloon rises it expands, causing its surface area fo increase at a rate forn> 1.
1 .

of [%IJ ¢m? 571 A the balloon expands it maintains a spherical shape. x .
(i) Fmd J sin 9d9
1 0

dr 1 (4 V3
i) By considering the surface area, show that — = *(*J‘L’] . 2
@ By & dt Bar\3
i 1
(i) Show that av_ 1‘V3 . : o 2 4
dat 2 () The cubic equation x° —px+g=0 has reots a, fand 7.
q | 7
: . 2, 2 3, .3
(it} When the balloon is refedsed its volume is 8000 cm®. When the volume 2 It is given that &® + £° 4 7* = 16 and o+ Py =-

of the balloon reaches 64 000 cm it will burst. .
(i) Show thdat p=28.

How long after it is released will the balloon burst? .

(i) Find the value of ¢.

(i) Find the value of &*+ f* + 9%
End of Question 13 )

Qnestimi 14 continues on page 14

~-12 - . . = 13-

T T "
: o2 ’ -2

(ii) Hence, or otherwise, deducethatJ sin"Ba‘B:MJ sin™ 2044,
5

2



Question 14 (continued)

{e)

A car of mass #1 is driven at speed v around a circular track of radius r. The

T
track is banked at a constant angle 6 to the horizontal, where 0 < 8< ~2ﬁ A_t )

the speed v there is a tendency for the car to slide up the track. This is opposed
by a frictional force uN, where N is the normal reaction between the car and the

track, and gt > 0. The acceleration due to gravity is g

(i) Show that V2= rg[

tanf + gt
1—pt1and )’

(ii) At the pacticular speed V, where V2 = rg, there is still a tendency for the
car to slide up the track, i

Using the result from part (i), or otherwise, show that z <1,

End of Question 14

_ 14—

Question 15 (15 marks) Use a SEPARATE writing booklet.

(@)

A particle A of unit mass travels horizontally through a viscous medivm. When
=0, the particle is at point O with initial speed . The resistance on parlicle A
due to the medium is kv%, where v is the velocily of the particle at time ¢ and %
is a positive constant.

When t =0, a second particle B of equal mass is projected vertically upwards
from € with the same initial speed « through the same mediura. It éxperiences
both a gravitational force and a resistance due to the medium. The resistance
on particie B is kw?, where w is the veloeity of the particle B at time . The

aceeleration due to gravity is g.

{i) Show that the velocity v of particle A is given by 1 =kt+ 1 .
: : v u

i

~ (ii) By considering the velocity w of particle B, show that
= L tan"l[u\/f_—]— tan ! [W\/—k'] .
N3 4 g

(iii) Show that the velocity V of particle A when particle B is at rest is given

by
l = l% Jgtalfl [I:JEJ .
V u Vg £

(iv) Hence, if u is very large, explain why V= 2 % .
x

Questioli 15 continues on page 16

~ 15—




Queslion 15 {continued)

(t)  Suppose that x = 0 and n is a positive integer.

(i) Showthat 1-x=< 7

e
+x

(i) Hence, or otherwise, show that 1— ,2!_ < nln(l + l) <1.
: n n

n
(iii) MHence, explain why lim (1 + l) =e.
. Ao n

X+ .
(c) Yor positive real numbers x and y, JE < % . {Do NOT prove this.)

(iy Prove xy <

I ) '
(i) Prove Yabed <, ‘ﬂ%i , for positive real numbers a, b, ¢

and d.

x‘l

+y

2

5 for positive real numbers x and y.

End of Question 15

—~ 16—

Question 16 (15 marks) Use a SEPARATE writing booklet.

(@)

@

(ii)

(iii)

.. 81
- column is ———

A table has 3 rows and 5 columns, creating 15 cells as shown.

Counters are to be placed randomly on the table so that there is one
counter in each cell. There are 5 identical black counters and 10 identical
white counters.

Show that the probability that there is exactly one black counter in each

10017

The table is extended to have n rows and ¢ columns. There are
ng counters, where g are identical black counters and the remainder are
identical white counters. The counters are pldced randomly on the table
with one counter in each cell, ’ .
Let P be the probability that each column contains exactly one black
counter.

n?

)

Show that P, =

Find lim P,.

Ao

Quiestion 16 continucs on page 18
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Question 16 (continued)
(b} Let n be a positive integer.

(i) By considering (cosor+isine)™, show that

! 2n iy 2n .
cos(Znor) = cos™ar — ( ) cos? 2 gsin?e + 4 cos? A asinter — -

iy 2n '
4ot (-1 (2 2](:03205 sin®™ 2o 4 (1) sin o,
n—

Let 15,(x)= cos(‘Zuces‘lx), for -1=x=<1,

(iiy Show that

(iify By considering the roots of T, (x}, find the value of

( T J (3117} [(4r1 - 1)7.‘:]
cos| - cos| =— i - cog| ——|.
4n 4nt- 4n -

(iv) Prove that

() () () meo2).

End of paper
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5 e r l | For n=4, consider the probability of
. g Cnoo € cale the 2, then consider the probability of 10 (C) Thetermsin x'®
SOI utlons a favourable position for the 1: 121010 410057 + 22 x990 .4 2 =1
, . 2 _ I%0=0 The coeflicients of cach term’
Mathematics Extension 2 S22l 1 pdeh with 2 ares 1424344101
; Loe2 ] a=1, £=101, n=101
-2 *i=¢ 101
f 2 ixi=4 S =— (1+101)
1pl
SECTIONT 3 (A) y=(x~ 1) (x+3)’ Total probablllty TR RN =5 15 I
Summary A double root at x=1. =} .
1D 3 A 5B T Al 9D A quintuple root at x=-3, o §
' 2 ald4cl 6clsgBl|iocC ~ (A Similarly, \\f;th n numbers, the _ SECTIONII
: probability is:
SECTION I ' 4 © [F(x)=x+x'—5743 il = +% dptbake i Questlon 11
b - Y 22 _ 5 -
jT ’————:l—(D)e_V"_B ST — - Ao (x)=38+2x-5 — [ -—(0:1-1-!"21:---—"!'—(1;;1)) _ 4 .3:";_*4‘—1éii?2+;'"*""""' .
3 =(3x+5)(x-1) : 1 @ 2-0  2-i 240
g = hyperbola thus it is {C).or.(ID). - Try x=1l: = tx_“”" 1) -—-‘—--—---————8+4i—+654'—3(=1) —
> 3 af2 oa—12 PO L W
B =a (e 1) FO)=() +({1f -5(1)+3=0 RERETA a1l
¥ 2 + = i——e—( - K
; g £1(x)=301) +2(1)-5=0 nn-l2 L 8-3+i(446)
i a 2. Double root at x=1, = 1 4+1
i P . 2 : 54100
: e=zt 5 B) z=l-i =5
% 2 v 8 (B) Thenew function exists {19
£ [EJ :P-1-+1 =‘/§Cis(_%) for x=a and x2>b. 1+2i.
(. 3 (12 ] — . i
, L Thus itds y =/ (x). @ =]
1§71 B E_H : = cis B But within this domain, it also -
: ERES exists for negative y. o= (\5) +1 -
4_b" 6 (C) Integration by parls, where: woy=f (x) =2 '
2 9 o n=xt ¥=—COSX =
3 : : y'=f(x). ..
< - _ . thod 1:
2l f =2, a=3 ' du=2xdc  dv=sinxdx (i) Me ”;r (2)=a
Yy . | °* o E |
& F 9 xtsinx dr=2x(~cosx)— | x*.—cosx dx where tanc =L
i D) v - .-\
- =2 2 dx. and z is in'the second quadrant.
il 2 (A) Let z=a+ib "°°3"+J" o X !
.“ ) e ) . : .
2 2? =a® b ¥ 2iab _ ' arg(2) = tan [ﬁ]
B3l But 2> =7—24i 4 (AY Method 1:
& I S T - Once the 2 is in place, the 1 can be either en
: 24 =%ab to the left or to the right of the 2. Because 6
By inspection: a=14, b=73 the 2 can be placed anywhcre the problem sk -
g 43 is symmetrical. =%
' .. P(left of 2) = P(right 0f2) =03.
. OR

2015 & Page63
: 2015 4 Page 64
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Method 2
Letr=tan—6—;
’ 2
td+ cé ! + !
cot@+cosecl=——+——
tand sing
2 2
=1-t +1+1‘
2t 2
-2
2t
!
4
=cotg.
2

(ii) J(cot0+ coseod) 48 =J’cotg 46

-2 -1 qa 1 2 T

(p (i) The oots will be in conjugate pairs,

2015 & Page65

OR

o ]
t -1 : ]“ -8 =3 3 s ¢
o t:amﬁ*L
B
_z -
6 :
: T {e) x+x y’ =-3
¥ arg(Z) b ﬁ-6_ 3, 24,29
2 Ay ==
=_5£ 14+2xy° +x" 3y o 0
6 2,28 3
3y X2
Y xy
A dy —1-2x°
(i) g(wj 6 7 i 322yt
e : 2977 : - — AT(Z,IJ e S e e
_ 42 ,,,,,, dy _-1-2zy
© AR a5y
I(x2 +2) x 242 1-2(2)(-1)
: IR WY I
1= A(#* +2)+(Bx+C)x 3 (-
=(A+B)x +Cx+24 =%
By equating coefficients: N
- 24=1 -4
A=t
2 (O () Methodl
g o0 cot8+cosecﬂ--cfs—9 L
A+B=0 sing ' s
B=-4 _cosf+1
:ﬁ_l_ sing
{ 2. 1 200522
nA==, B=—=, C=0 u_az?
2 2 2sin-—-cos—
2 2
(®) B =a*(l-¢&") cos ]
2 169 =3 -2
25 25° 5 sin?
The foci (tae,0) are (43,0): 2
a
=cot—.
2

o . The roots are a X ib and a+2ib.
I oefusp)sloe)s far28)slo- )
J sing 4=da
2 a=1
- Fud 1 9 e e m e 0
5 58y 4 apys ={a+ib)(a—ib)(a+2b){a—2k)
sm.;l - 10=(a* + 8%)(a* +48%)
: =145 (12 + 457
=2ln[sing]+(,‘. ( )( )
2 =1+5% +4b% +4p*
=1+55% +4p*
Question 12 0=45* 4552 -9
=(6* —1)(4p7 +9
)] z=2cis~ =2 +/2i ( )E )
4 b=+, +3i
2
= sdeis = 4i But b is reat,
H=z 40[872 i na=l, botl

=4f—(J5—J5i)
=—-J§+(4+x/§)i

2015

= Theroots are 1+ {and 1424

(i) Method I:
P(x) ::(xé(lvfi))(xé(l —g;))x
V(e (20))(x-(1-20)) -
= (x2 ~2.r+2)(x2 —Zx+5)
. $—2x+2 or ¥ —2x+5isa
quadratic factor of P (r) .

OR’

Page 66
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(atan 9)1 (bsecﬁ)z
P
=tan? §—-sec’ @

(iii) Use PQ as the base of the iriangle:
PQ = f{asecd—atan0) +(btand—bseco)
= \/az (seco—tanB) +{-b) (secd—tan6Y

=fsect—tanda’ +£7
Let Jt be the perpendicular

distance from O to PO.
A =lb(0)+a(0)—ab(tan0+sec9)[
\/a2 B -
ab{tand +secd)

Jat +p
Avorg = %x[sece— tan 8]va’ +5°

ab(tanﬂ+sec 9)

Ja® + 5

x

1 Y 1, S —tannlgl
i = =tan 9—(i—+ta-. 8}
=-1

RN

Method 2: _
i Letthe rootsbe @ =1+iand-f=1-i.
5'7 a+pf=2
E aff =2
3 L X' —2x+2 is a quadratic
§ factor of P(x}.
or
Method 3:
i Let the roots be ez =1+2iand #=1-2i.
i a+f=2
u : ap =3 . @ 8V = 2rrhéx
4 s, x*~2x+35 is a quadratic
¥ factor of P(x). wherer =3—x,i=y, y=+x+1
, 3V =2x(3-x)ydx
x—2)(x-5 ~Tx+10
@ @ ( )( )7=_i__v _1_’1 =25 (B—x)\/xﬂ 5x
5. Tttt Cad s N T o 3
, _ x-6 V=27r[ (3-x)vx+l dx
z x—l)f —7x+10 Jo
x-x Ww=x+1 =>x=n"-1
—6x +10 - Jox=4-g
—6x +6 Let 2udu=dx
{‘ 4 whenx=3, u=4
=0, u=l
j (x=2}(x-5) £ -7x+10 when x=<0,
-1 x-1 v=2r| (3-x)¥rel
g G v e
& x-1 . r2
: Equation of the oblique asymptote =97 (4 —u’)u 2w du

is y=x-6, 41

r2
(ii) Vertical asymptote: x=1 =4z (4_1‘2)"2 du
; J1
: Oblique asymptote: y=x—-6 -
I A z_ 4
. x-intercepts: x=2, 5 =4r 1 (4" U ) du
. o/
; y-intercept: y=-10 |: PR ]2
! Ay
i 2_2_(3_1)
3 05 135
2015 4 Page 67

=RHS -
sQlieson H,.

e bsec@—blanfd
atand—asecd
_ bsecf—tand)
" a(tand-secH)
_ —b(tan@—sec6)
 a(tanf—sech)
b

a

(i)

y=yn=m(x-x)
y—bsec£?=4£(x—atan0)
a

ay—absecf =—bx+abtan @
bx+ay=abtan 8+ absecd
bx+ay =ab(tan 0+sec8).

e O

=%ﬁb?ﬁ'”*-" -

_ab
2
This area {s independent of #.

The view from the side where
A and B are situated is:

® @

2015 4 Page 68




Mathematics Extension 2

2015 +

& 2 .1.
@ v=| (JeF) @ Gy ol
. d 2
1
‘ 28V =Via
= j (a - 1) dh N
o 2V 3dV =14t
2, H - :
[ h— 3] JZV’dV:J dt
0
: 2 L
: =a3h? dr=|2V 3 gv
28 . o
5 uTumts. =30
H ; When £=0, V=8000:
B o dS (dr ¥y z
; @. @ ——=[— i t=3V3+C
_: = 3 (given) ,
; o 0=3(8000)3 +C
: = ———;g =47 —— e (F D11 B BEEEEEESe.
— E =8nr C ==1200
ds _ds_dr F=3V7 1200
: di drdt When V =64 000
Am
1 (-?ﬂ-] —_-SJZ’I’X% f*3V] —1200
R =3(64000)3 1200
;=Q(T) =3(40)" -1200
: =3600 seconds
(ll) =2 =1 hour.
4av —dr? Question 14
- dr
x v dv d (@ (@ P{F)=sin""Fcost
L i
p N a P (8)=(n-1)sin"" f.cosf.cosd

—sin® fsing
=(n—1)sin"* fcos’ F—sin" 4 .
=(n~L)sin*” 8(1 - sin* §)—sin"
=(r—1)sin*? &~ (n—1)sin" §—sin" 4
={n—1)sin*? §—sin* §((n-1)+1)

=(n--1)sin"" § - nsin* &

Page 69

2015 Higher School Cerificate

()

(i) Frompart(D): G (a+ﬂ+}')2 =T +2()3aﬁ)
If y=sin""'Hcosd, then
; 0=16+2(-p)
d—i;~=(n~1)sin"20—nsin“9 2p=16
=((n—1)sin"* 6-nsin® ) d6 p=38
Integrate both sides: () ' -px+g=0
: £ £ Lei the roots be @, 8,7
;a2 _ -4 )
L dy=L (n—1D)sin* & d& J. nsin® 8 46 o —pa+g=0 -
= x z I pBaa=0
[y]zz(nél)J‘zsfn“’B dB“nJ- Y8 do B-phtq
* 2 & }’3 —-py+q= 0
. . Combining these:
Substitute y =sin™ Gcos:?: Voot - p(Ea)+3q -0
[sine ecose‘f:(n—l)J '8 dp -9-p(0)+34=0
‘ 3g=9
, (3 =3.
—n 2siﬁ""t? a8 _4=-.
o i Gi)  #=pr-
The LHS is O: . P px —gx
NEN 7 _ 1
0=(n71)stin“"29 dewrsinﬂe do ra'=p(2a’)-q(za)
¢ ¢ =8(16)—-3(0)
Rearranging: =128.
nJ. sin" @ df={n—1) J sin“?g dé © O
9 L]

'[ 5in® & ao=71) I)J sin"28 d6.
L]

Z
(i) " Let [, = J sin* ¢ df’
a
Using the result fiom part (ii}:

Ii=—1,

2015 & Page 70

Resolving the forces:
Vertical: Ncosf—puNsin@=mg ©

2
Horizontal: Nsind+ uN costh= o o
v r

@+
ﬂliH _ Nsinf+puNcosd
r Ncos#—puNsinsf

v sinf+ preosd

rg cosf-—usinf




v tanf+p

E—I—yianﬂ
Vv =rg tan &+ g K
I-ptand
(iiy IfV?=rg then
3 tan 8+
Y _rg[iﬂptangj
ooy tan &+ u
. 818 1-—ytan @
1= fand+ 4
l—-gtand
I-utand=tand+u

p+ptand =1—tand
p{l+tang)=1—tan8

2015 Higher School Certiflcate

(iiy For particle B:

L tan WJEJ =—+C
Jek &

T i-tand@
g=—
1+tané

1
(iv) When u —> o, ;“’0

.and 1an"’uJE—>£
. Vg 2
1 k m
A= =%

v g 2
VzJExz

k

1:h1(1+-1~)=l

n

ln[1+l] =lne
n

'(l+l] =g,
n

() Method I:

For 0<6<5r24 then tanf > 0:

1-tand

—«l

1+tané
x<l

Question 15

(a) (i) For particle A:
kW
-

When B is at rest, w=0:

' t j
| A
t=0
v=1u
é'_:hkvz
dr
o kadr

2

—VvT=—ft+C

When t=0,v=a ~C=-u"

v =—kt—u"

-—l‘zkf+l‘.
¥

s U

Use part () with v=V:

= kx—l_—tan"
k

' v
1
J—; dv= ‘—‘kJ dr k £
Ad ~ - )
Ftan“[zaJ—E .
£ 4

2
2 lg (x=y) 20
AL ¥ -2xy+ ¥ 20
2, 2
Xy 22
(i} Por x>0: ¥ :y .
-2 <1 DY ;y ®
1-x}I+x}s1
G-est. e
I-x= sincel+x >0 2
o 1+; ) orR -
i
: Also [ =1 Method 2:
since the denominator > numerator. Given x>0 and y>0G:———
X 2
Combining the two parts: x+y=af(x+y)
1-xs—x<I. ~JFryizy
I+x

) s 1
Gi) J”l—x avs | deJ‘ dx
[}

o o 1+x
]

[x—i;—}is[im(nx)]is[x]j

Lotanfii el
n 2n n) n
Multiply by 1 (>0}
I-—i-Snln[Hl) <l
2n n

1
iiiy #n-—yw, ——=0
(iii) o

From part (ii):

ISnIn(1+lJSI
n

nln[l-i‘l]—él
n
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' S\fx1+y2

+

2

gy

g0
2

(it Method 1:

From ® above:
a+b

2, 72
and cdsii




it IR

Mathsmatics Extenslon 2

a+b +c2 +d?

' b
P(black in each column) ="

2015 Higher School Cerlificate

() (i) ByDe Moivre's theorem:
(cmaﬂsina)z" =cos 2na+isin 2ne

By expanding:
(cosc:ﬂsma) =cos™
2
+( :J a(lslna)
+(2;) a1 xsma‘
+(2:] 2 a(isma}

i 2n foi oyt
7 +[2n_Jccs a(isina)
+({tsinz)”

Cousider the real parts (allowing for
sven powers of {, i =-1, #=1)

(iiy

This then becomes:

L, (-r)=x"~[22") 2 (1-2)
J{QIJ (] x )1
: :(—1)"(1-:?)“.

Lot cos(2ncos ™t x)=0
x I (QQk-Nr

2nees x= 5- 2, " 2 , ¥=1,23.2n
% 3% [2k—l)n'
=, k=12,3.2n
' 4n =

Fms[i] m[&) ms[.("_"‘;l)i)
4n) dn 4n

These are the roots of Ty, ().

The product of the roots;

L ab+od < 2
H 5
I <al+b2+c2+d2 @ _ 243
% - 2 3003
: 81
i 3 Jabed = (ab)+(cd)r ‘ “Toor”
i :
ab+cd — .
: : < (hy given incquality) (i) Using similar logic to part (i):
2, 42, 2, 42 There are n ways of ptacing a black
¥ < ﬁFfL from @ - counter in & column, and then there
- are g columns giving n? ways,
Teking 5,‘1“31':’ m";S: s The total number of ways of placing
+b e+ black counters and rnq-g white
Yabed < JE T2 2ETE q black 1ng-q
e 4 counters in ng cells is:
OR HCXTC,, =",
q
P(black in each column) = ;
Method 2: c,
- " ¥rom part (i) DR B
2 2 = .
Jab s [ 420 - ( nq}
q
\[Cvt? < 62 +d2 ' nt
< ’ i P =
9 (iiiy £, ——[an
‘ [ Ja’-i-b’]l ( qum J !
+ . nq
G 2 2 [ A
; Nabed < 3 (ng)}
' 7.1 2,72 A (ng—q)lq!
a +b L £ +d
<yl 2 2 \
2 _Mng-a)lq!
2,124 A2 23 (nq)!
4 a' +bivet4d”
: Vabed < T . n'gl(ng—q)!
Quesion 16 (ng)(ng~1)..{nq—q+D(ng—g)!
g uestion i
:; : = " ql
it (@) () Thereis one black counter in each (ng}ng—1..(ng—q+1)
. column so there are 3 ways of placing N rigl
a black counter in a calumn, and then = 1 > T
there are 5 columns giving 3° ways, n [Q[f] “;)[Q —;J[Q ﬁT,
The total number of ways of placing © gl
5 black counters is: 1 2 -1
“CSXNCM =¥, q q—;}(r] ) p
b=y
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COS ZREE = COS & B

n .
o ___:[_ cos™ asin’ &

[:r]w (35] (4n DrY o
cos cos ..COS
4n 4n 4n

2)

: 20 ,
1{ 4 )cos"“‘l asint e

(4 )H( L Jcos’asin’“"a

+{~1)"sin™ a.

T, {x)=cos(2ncos™ x)
Soa=cosx
and x=cosax
Also sin@=1—cos* ez

=1-2"
cos2n(cos™ x) = cos™ {cos'5)
'*(2211}(‘&5 (Dﬂs II)SIH o
3 F:}m““ (cos" z)sin‘ o

+H{-1) sin" a.
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From part (i), setting T, {x)=0:
U=x"—[2;]x?“’(l—x’)+(2 ) ser(1-)
et {-1)" (1=

The constant term will be;

=0y -y
coefficient of x™* - 2n N 2n ot n
2 4 ) " o
To find the value of the denominator:

. 2 2 2
(1+x) nl+[ In)x{-[ ;Jx’ +...+(2:]x“

For x=1:




Mathematics Extension 2

Adding the 2 previous results:
2 ol 14 2n N 2n - 2n
2 4 ) 7 2
Divide by 2: '
2 2 2
P B T Il I Rl Y i
2 4 2n
Combining @, @, @:

[ﬂ] 3z (4n-)x
cos| —— feos| — |...cos| *——"—
4n 4n 4n

- -
2n 2n 2n
1+ + +..+
()

&Y

N 22&»1 ‘

(iv) From part (ii);

cos 2n (cosfl .r) =3 —(2;] x? (1 - xz:

+(2:)x2“_“ (1-2¥

) (1-2)

1
For ¥ =—= and vsing part (ii):
7z sing part (ii)

)

Multiply by 2*:

_._I_(22"},[2:}+...+(—1)'[§:}=2"m(%)

End of Mathematics Extension 2 solutions
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