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STANDARD INTEGRALS
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ln(x+x}x2—a2), x>a>0

= ln(x+\/x2 +a2)

NOTE :

Inx =log.x, x>0



Section I

10 marks .
Attempt Questions 1-10
Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1--10.

1

40 - in the form a+ib, where @ and b are real.
-3i

(A) 4-12i

Write

B) 4+12i
© -5-15i

(D) -5+15i

What is the eccentricity of the hyperbola 16x” —25)* =400?

GV
®)
©

®)

Alé‘“‘lg‘ Alw vnw

The equation y* —xy+x’ =7 implicitly defines yin térms of x.
Which of the following is an expression for %?
3yt

3yt ~1

y-3x2

3yt -x

(A)

®)

-3x2+7
© L5
3y"—x
3y —y+3x7
x

®)

4

The diagram shows the graph of y = f(x).

DIAGRAMS NOT
TO SCALE.

(A) y

B) h

D) Y




5

A circle with centre (2, 0) and radius 4 units is shown on an Argand diagram below. i -

Which of the following inequalities represent;s the shaded region?
(A) Re(2)<0 and |z-2|<4

(B) Re(2)<0 and |z-2|<16

(C) Im(z)<0 and |z-2|< 4

(D) Im(z)<0 and |z-2|<16

A particle moves in a circle of radius 40 cm with a constant angular speed of
15 revolutions per minute. What is the speed of the particle?

n -1
A —_—
(A) 5 ms
(B) 6ms’
(C) 127 ms’
(D) 207 ms”

The cube roots 0funity are 1, @ and @*. Simplify (1—0+0?)(1+o-%).
(A) 0
® 1
© 2
®) 4

10

Which integral is obtained when the substitution r = tan% is applied to j————éx—?

S+4cosx

W[5
® [y

© jl+t

21-1%)
®) J(1+t)(9 )

Given &, f and 7 are the roots of the equation x* —4x+7 =0, find the cubic equation
with roots o2, #* and 2.

(A) —4x+7=0
B) x*+16x+49=0
©) ¥ — 4y +16x—49=0
(D) x*-8x*+16x—49=0

Given z and w are non-zero complex numbers, z # +w, such that zZZz =wiw, which of the
following statements is true?




Section IT

90 marks
Attempt Questions 11-16
Allow about 2 hours and 45 minutes for this section

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

In Questions 11— 16, your responses should include relevant mathematical reasoning and/or
calculations.

Question 11 (15 marks) Use a SEPARATE writing booklet.

(a) Let z=2(cos%+isin§) and o =+/3 +i.

(i) Express o in modulus-argument form.

3

(i) Hence, or otherwise, express z°w in modulus-argument form.

9

b By completing the square, find J-———————d
®) y compieing q NI

1
(c)  Bvaluate jxe“" dx.

)]

(d (@) Find real numbers a and b such that
3x a

(—2(x-3) (x—2)

b
bt
x-2 x-3

(i) Hence, or otherwise, find j (7—_?53;(7"‘_3)_ &

Question 11 continues on page 7

Question 11 (continued)

(6)  Theregion enclosed between y=6x—x*, the x-axis and the lines x =2
and x =5 is shaded in the diagram below.

y

? 2 s XJ x
The shaded region is rotated about the y-axis.

Using the method of cylindrical shells, find the volume of the solid
generated.

End of Question 11




Question 12 (15 marks) Use a SEPARATE writing booklet, Question 12 (continued)

(a)  The diagram below is a sketch of the functiony = f(x), (¢)  Thepoints P(cp, _c_) and Q[cq, —c-] lie on the same branch of the
p q .

= 1 2
where f(x) = E(x +2)(x-1)" . rectangular hyperbola xy = ¢*. The line PQ intersects the asymptotes at 4

y and B as shown in the diagram.

(-12)

s VAN ~

= o 1 x
0 B %
Draw separate one-third page diagrams of the graphs of each of the
following.
W r= &) : ‘ 1 (i)  Show that the equation of PQ is given by x+ pgqy = c(p+q).
b v 2 (i) c(p+q) «p+a)
i »= 7 The midpoint M of PQ is | ——=2, 22| (Do NOT prove this.)
2 2pq
@) ¥ =1() 2 : Using this given information, or otherwise, show that AP = BQ.
b)  Itis given that 1+ isatoot of p(x)=x"*~2x*~7x* +18x-18. 3
® g P@) (@  The area under the curve y = Jx from x=0 to x =1 is rotated about the
Express p(x) as the product of quadratic and linear factors with real liney=2.
coefficients.

tion 12 conti 9
Question 12 confinues on page By taking slices perpendicular to the line y =2, find the volume of the

solid generated.

End of Question 12



Question 13 (15 marks) Use a SEPARATE writing booklet. Question 13 (continued)

(a)  Inthe Argand diagram below, O4BC is a rectangle. O is the origin and the 2 (d A particle P of mass 3 kg is attached by a string of length 80 cm to a point
distance OA is four times the distance 4B. The vertex 4 is represented by A. The particle moves with constant angular velocity @ in a horizontal
the complex number z = x +iy. circle with centre O which lies directly below 4. The angle the string

y makes with O4 is 6.

The forces acting on the particle are the tension, 7, in the string and the
A force due to gravity. The greatest tension that can safely be allowed in the
c (z=x+iy) string is 200 Newtons.

O x

Find an expression for the complex number that represents the vertex B.
Leave your answer in the form a+ib.

() (i) Show thatif & is a zero of multiplicity 2 of a polynomial f(x) , then 2
fle)=f"(e)=0.
(ii) The polynomial g(x)= px’ —3qx+r has a zero of multiplicity 2. 3
Show that 4¢” = pr®. ' By considering the forces acting on the particle in the horizontal direction,
find the maximum angular velocity @ of the particle. Give your answer
2 2 correct to 1 decimal place.

c The diagram shows the ellipse L+L =1 with focus S(ae, 0) and
a2 b2

origin O. P(acos®,bsinf) is any point on the ellipse. The line through §
perpendicular to the tangent at P and the line OP produced meet at M.

y
\ i

/. P End of Question 13

%i}/ﬂ =
(i) Show that the gradient of the tangent to the ellipse at P is given by 1

_beost
asing’

(i) Show that M lies on the corresponding directrix to S. 4

Question 13 continues on page 11

10 11




Question 14 (15 marks) Use a SEPARATE writing booklet,

(@ LetI, =j(1nx)'l dx, where n2 0.
1

() Showthat I, =e—nl,, for n>1. 2
(i) Hence evaluate J(ln x) . 2
1
(b)  Two circles C, and C, with centres O and N respectively infersect at 4 3

and B. P lies on C, and Q lies on C, such that ZAOP = ZANQ and
ZLAOP > ZAOB , as shown in the diagram below.
P .

Prove that the points P, B and Q are collinear,

© (@ Given 2’ —1=(z’=1)(z° +2° +1), plot the roots of z°+ 2z’ +1=0 on 2
an Argand diagram.
(ii) Show that 2

2 +2 +1=(z2 —Zzzcos~291+l)(z2 —ZZCOS%JA)(ZZ —22cos§97£+1)

(iii) Show that cosgzcos4—”+ cosz—”coss—”+ cos4—ﬂcosg—7r -3 1
9 9 9 9 9 9 4
(d)  The inequality x> In(l+x) holds for all real x>0. (Do NOT prove this.) 3

Use this result and the method of mathematical induction to prove that for
all positive integers n,

111 1

—t =ttt —>hn+1).

1 2 3 n

End of Question 14

12

Question 15 (15 marks) Use a SEPARATE writing booklet.

(@ () Show that J FG)dx= J fla—x) .

(_ii) Hence, or otherwise, find | xsin2x dx.

ok—-swla

(b)  Anobject of mass 70 kg, initially at rest, is pulled along a horizontal
surface by a constant force of 140 N. It experiences a resistance
proportional to its speed.

When the speed is 10 ms™, the acceleration is 1ms™.
Let x represent the displacement in metres from the initial position of the
object.

(i)  Show that the equation of motion is i =2 —%Ov .

(i) Find an expression for x as a function of v.

(iif) Show that the object’s speed cannot exceed 20 ms™,

(6) A nine letter arrangement consists of 3 4°s, 3 B’s and 3 C’s such that there
are:
e 10 A’s in the first three letters
* 1o B’s in the next three letters
e 1o C’s in the last three letters

(i)  Find the number of nine letter arrangements if the first three letters
are 2 B’s and 1 C in some order.

(i) Find the total number of nine letter arrangements.

End of Question 15

13



Question 16 (15 marks) Use a SEPARATE writing booklet.

(@) (i) Provethat x’+y’+2’ 2xp+yz+xz forx, y and z positive real
numbers.

(D) The inequality l+—1—+—1— 2 2
X y z x+ytz

real numbers. (Do NOT prove this).

holds for x, y and z positive

Given x, y and z are positive real numbers with x* +y* +2* =9,

prove that
1 1 1

+ +
I+xy l+yz l+xz

22,
4

(b)  The diagram below shows part of a polygonal dome. Each cross-section is
a regular n-sided polygon.

The vertex of the dome is r units directly above the centre of the polygonal
base, which is 7 units from each vertex. A circular arc joins the top of the
dome to each vertex of the base.

(i)  Show that the area of the horizontal cross-section x units from the

(2
base is given by —’Zsm(—”—)x(r2 —-xz) .
2 n
(i) Hence show that the volume of the dome is given by
[ (271’)
—sin| — |.
3 n

(iii) Show that as n —> o, the volume of the dome approaches that of a
hemisphere.

Question 16 continues on page 15

14

Question 16 (continued)

(©) (i) Show that

24 = on

1-x 1-x 1-x

2n+l .

(Note that x* =x®"),

(i) Using the result in part (i),
' & 11
1 —x 1 _ sz&l N

N
show that Z

gl T
w0 1—x

(iii) Let x be a real number with -1 <x <1.

N x2" © x2"
Given Al,lm Z e Z o
- 1-x w0 1—x
© xZ" x
show that Z =
w0 1—x 2 1-x
1

(iv) Hence find —_—
Z(; 20147 ~20147

End of Paper

15
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2014 TRIAL HIGHER SCHOOL CERTIFICATE EXAMINATION
MATHEMATICS EXTENSION 2 - MARKING GUIDELINES

Section I
10 marks

Questions 1-10 (1 mark each)
Question 1 (1 mark)

Outcomes Assessed: E3
Targeted Performance Bands: E2

Solution Answer

Mark

40 40 1+3/

-3 1-3i 1+3i
_ 40(1+34) ’ B
T 149
=4412{

Question 2 (1 mark)
Outcomes Assessed: E3
Targeted Performance Bands: E3

Solution Answer

Mark

2 2
16x% —25y* =400 =22 1
25 16
Lna=5b=4

b? =a?(e? -1)
16=25(e* ~1) C

1
DISCLAIMER

The Information contalned In this document s intended for the professional asslstance of leaching steff, It doss not constitute advics to sfudents. Further It Is not the ntention of CSSA to
provide specific marking outoomes for all possible rial HSC answers, Rather the purposa Is lo provide teachers with Information so that thay can better explors, understand and apply HSC

marking requirements, as established by the NSW Board of Studies,

No guaranlee or warranty Is made or implied with respect lo the application or use of CSSA Marking Guldetines In refation to any specific tfal exam question or answer, The CSSA assumes no

liability or responsibliity for the accuracy, comy o usefulness of any Marking provided for tha Trial HSC papers.
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Question 3 (1 mark)
Outcomes Assessed: E6
Targeted Performance Bands: E3

Solution

y3—xy+x3=7
2y (LAY 2 _
2 x oty [+3x7 =0
ey (xdx y)
ilbi(3y2—x)=y—3x2
dx

dy_y—3x2
dx 3y*-x

Question 4 (1 mark)
Outcomes Assessed: E6

Targeted Performance Bands: E3
C Solution

=y

Question 5 (1 mark)
Outcomes Assessed: E3
Targeted Performance Bands: E3

Solution

x<0=>Re(z) <0
Inside region of a citcle with centre (2,0) and radius'¢
~Re(z) <0 and |z-2|< 4 defines the shaded regic

. Question 6 (1 mark)

" Targeted Performance Bands: E3

Outcomes Assessed: ES

r=04m
:15x27r

L :
=Zradians per second
2 -

. Speed of the particle = r@ =0, X

DISCLAIMER ‘ . E

Ia this document is Intended for the professional assistance of teaching staff. It does not cory
y:vimogmpedﬁcamn m&egul%oms for all possibla Trlal HSG answers. Rather the purpose Is to provide teachers Mlh alo l
marking requirements, es esteblished by the NSW Board of Sludies. . a, s
No guarantea or warranty ks mads of Implled with respect to the application of use of CSSA Marking Guldelines n tefation 10 80y |
Wabllity or Ibility for the accuracy, comp of Iness of any Marking Guidelines provided for the Trial HSQ

F{ thit they can beler expors, iderSla
i B 2

§
\

vice 1o students. Further it Is not tha lntan!

¢ el axam question of answ




Question 7 (1 mark)
Outcomes Assessed: E3
Targeted Performance Bands: E3

Solution Answer Mark

1, @ and @* are the roots of the equation z° —1=0.
Lo’ =1and l+w+0? =0,

-0+ +o-o?) D 1
= (-20)(-20%)
=40’
4

Question 9 (1 mark)

Outcomes Assessed: E4

Targeted Performance Bands: E3
Solution

Question 8 (1 mark)
Outcomes Assessed: E8
Targeted Performance Bands: E2

€ —4x+7=(x—a)x—B)x—y)=0 hasroots o, f and 7.
. the polynomial equation with roots a?, p2 and »* is given by

()5 =)o
(Vx) -4(+x)+7=0 D 1
Jx(x—4)=-7

x(x»—"-i)2 =49

x* —8x> +16x—49=0

Solution Answer Mark

J‘ dx 1 2
= X dr
5+4cosx 1-2) -+
S+4 1
1+¢

2
_J5(1+r2)+4(1-12) a@

2
= | —=dt
j9+ﬂ

Question 10 (1 mark)
Outcomes Assessed: E3
Targeted Performance Bands: E4

Answer Mark

Solution

3
DISCLAIMER )
The Information conlained In this document is Intended for the profassional assistance of teaching staff, It doss not constitule advice to students. Further it is not the Intention of CSSA lo
provide speclfic marking olicomes for all possible Triat HSC answers. Rather the purposs Is to provide leachers with Information so that they can better explore, understand and apply HSC
marking requirements, as established by the NSW Board of Studiss.
No guarantes or wamanty Is made or Implied with respect to the application or use of CSSA Marking Guldelines In relation to any specific taf exam question or answer. The CSSA assumes no

Jabllity o for the accuracy, comp o of any Marking Guldelines provided for the Trial HSC papers.

7= W= |z|2 = |w|2 = |z =|w|

Let O be the origin, Z be the point representing the complex number z, R
W be the point representing ‘the complex number w and ¥ be the point Sk :
representing z+w. Then OZYW is a thombus, with diagonals OY and
WZ meeting at right angles.:

|

Re(?)
A T z4w)_ 7
Hence arg(z+w)—arg(z—w)=i5- Le. arg(‘z’_—w")-iz .

DISCLAIMER TR it
T:\e \nformalion contalned In this document ls lntanded for the professlonal assistance of teaching stefl, It does not constitute advice o students. Fudhe ‘l
provide spedific marking outcomes for all possible Trial HSC answers. Rather the purpose Is lo provide teachers with Information so that they can bella:‘ o
ulrements, as eslablished by tha NSW Board of Studies. Sl A b . Y
ngiédunrﬁamalur warranty s made of lm);)Hed with respect to the applicalion of use of CSSA Marking Guldellnes I relation to any specific tdal exam question
Hiabillty or tesponsluiity for the accuracy, completeness of usefulness of any Marking Guldelines provided for the Teial HSC papers.
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Section II
90 marks

Question 11 (15 marks)

(=) (ii) (2 Marks) ,

Sample answer:

3
Zo=2|cosZ+isinZ | x2 cos£+isin£)
3 3 6 6

(@) () (1 Mark)
Sample answer;
o=B+i=2 cos£+isin£)
6 6

|
‘=8(cosn'+isinn)xZ(cos%-#isin%J

=16(cos]—7£+isinkr—)

6 6

(b) (2 Marks) (©) 3 Marks) |

Sample answer;
Applying the method of integration by parts:

Sample answer:

9 9
dr= dx i
jx2+4x_+l3 * f(x+2)2+9 '
1, 4x+2 \

1

1
4 4
fxe"’” dx =[x><f-~ —jfidx
4 b 4
0

0

=9x§‘tan ——3—-+C

= 3tan“‘-x;—2+C

@ () 2 Marks) 16

Sample ansyer.

—x a4 b 9
L G- (x-3) ooy 2753

~3xs a(x-3)+b(x—2)(x~3)+9(x-—2)2

Substituting x =2 = b=—a=>g=_g
Comparing the coefficient of x* = g = p +9=

Sa=-6,p=-9
(d) (if) (2 Marks)

Sample answer:
3x

-6 -9 9
%dx: b .
(x=2)*(x-3) f(x—z)2 +(x—2)+(x—3) e

6 .
x_2~91nlx——2]'+91nlx—3]+c

Question 11 (continued)

(e) (3 Marks)
Sample answer:
Let AV represent the volume of a cylindrical shell.
CAV =2mxyAx
Vo~ Z 27wxy Ax
V= Alig]o Z 27xy Ax
5
= jch((ix—xz) dx

2
5

=27 f 6x% —x* dx
2
4P
=27 25 -2
4 2
_32x
2 ‘
.. The volume of the solid is 327m units®,
Question 12 (15 marks)
(@) (i) (1 Mark)

Sample answer;

(a) (iii) (2 Marks)
Sample answer:
y

(1.5)

=Y

f\
_ZU 1

(-1-+2

(@ @) @ Marks)

Sample answer:

—_

—2

]



Question 12 (continued)
(b) (3 Marks)

Sample answer:
Since the coefficients of P(x) are real complex roots occur in conjugate pairs.

Hence, if 1+ isaroot, 1-i is also’ aroot

(x—(1+i))(x—(1—i))=x —2x+2 is a factor

By long division,

plx) =x —2x° —7x? +18x-18
=(x" ~2x+2)(x* =9)
=(x* =2x+2)(x-3)(x+3)

(c) (i) (2 Marks)
S&mple answer;
e_c |
mpp=-L P __-0) _-1 l
cg~cp  pgxc(g-p) pq
’ equation of PQ is
Yo—=—(x-cp
- P pg ( )

Pgy—cq=—x+cp
x+pgy=c(p+q)

(©) (if) (2 Marks) /

Sample answer:

4 is the y-intercept of the tangent, .. coordinates of 4 are ( ), 2o

B is the x-intercept of the tangent, .-, coordinates of Bar

. e . fe(p+ + e '
. the midpoint of 4B is (M, g(p_@) which is the same as the given midpoint of PQ.

2pq

Since M is the midpoint of 4B and of PO, AM = BM
~AM ~ PM = BM - QM
= AP =BQ asrequired.

M=OM.

Question 12 (continued) |
@3 Marks)
Sample answer:

At a point x, where 0 <x <1, take a slice of thickness Ax.
Let AV represent the volume of the Across—sectional slice.
AV w7 (2 ~(2-3)" ) Ax = (4y— " ) Ax = (445 —x) A
V= Z i (4\/; - x) Ax
V=lim 3 w4y ~x) Ax

1

=Jﬂ(4«/;—x)dx

Ao

.. The volume of the solid is’ }—%—75 units®,

Question 13 (15 marks)

(a) (2 Marks)
Sample answer:
OC is % of the length of O4 and rotated = (counter—clock\mse)

ol ~—-_1(x+xy)

%ixOA— 2

OB =04+0C

=x+iy+1—(x—1—2]2

{il) y

-. the complex number that represents the vertex B is (x - Z) +i ( y+

x)_



(®) () (2 Marks) |

Sample answer:

Given « is a zero of multiplicity 2, f (x) (x - a)z q(x) for some polynomial g(x).:

f(x) =(x——a) @) +2(x-a)q(x) .
=(x—a)((x—a)q’(x)+2q(x)) ’

S f@)=(a —q)z g(@)=0xq(a) =0

and f'(@)=(a~a)((@-a)g'(@)+29()) = 0x(0+2g(cx)) = 0

Hence if « is a zero of multiplicity 2 of a polynomial f(x), then f(a) = f'(a)=0.
() (ii) (3 Marks) |

Sample answer;
g(x)=p¥’ “3qp+r=g'(x) =3px’ -3¢

Let a be the root of multiplicity 2.
Then g(@)= pe® —3ga+r =0 and g'(a)=3pa’ -3¢=0

3pa’-3g=0=a? =4
p

P’ ~3ga+r=0=r =a(3g- pa?t)
== a*(3q - par®)?

=ZL6g-pLy
b p
=L 2gy
R4
=>Lq3 l
- 4q3 =pr2 ’ )
@0 Mar) |

Sample answer:

x =acos¢9:>iix—=——asin0
deé

y=bsin93gy—=bcos9
deo

dx bcosﬁ
LoD E  beosOrasing =
dc dg ag oOrTasing=————0

Question 13 (conﬁnued)

(e) (i) (3 Marks)

Sample answer:

The line through § perpendlcular to the tangent at P has gradient Z312¢ b and passes through
cos

S(ae, 0). . Equation of the line SM is y= (x ae) (Eqn1)

bsing

Equation of the line OP is y =207 (Equ2)
acosd

Solving Eqn 1 and Eq ‘“{:o‘usly for the point of intersection M, {

bsin9 asma(
acos@ bcos@
Bx=a*(x~ ae)

a(l-e*)x=a*(x— ae) smcebz—a (1 ‘e)

-—ex— —ae

x=—
(-4

. M lies on the corresponding directrix to S, x= a
e .

(d) (3 Marks)

Sample answer:
Resolving the forces on P horizontally: T'sin@ = ma’r , where m=3 , ¥=0.8s5in8d

~ T'sinf =3w? x0.8sin6
:>T=2.4xm2

Since T <200, and taking o to be positive, @? S 200 J :> @ <9.1287...

. the maximum angular velocity @ of the particle is 9. 1 radians per second, correct to 1 decimal
place



i Questiop 14 (15 marks) k
(2) () (2 Marks) /

Sample answer:
e

I, = [1x(inx)" dx
1

e

= (e—O)—-n:[(]nx)"—l dx

=e—-nl,_,

(b) (3 marks)

Sample answer:

=|:xx(1nx)"]: —jxxn(lnx)"_lxldx

X

(=) (i) (2 Marks) ;
Sample answer:

,10=j1dx F=e-1

]1—6‘[0=g—(e——-1)=1
12=€—2]l::e—2
Iy=e-3I,=¢—3(c~ 2)=6-2

j(hlx)3dx 6-2e.

Let ZAOP = ZANQ =x.

AABQ:%xLANQ}z—

Reflex LAOP 360°¥x )
ZABP = %x reﬂex AAOP 180"!——5

.. LABP+/ABQ'= +§ =180°

Since a straight angle

" (the angle at the circumference is half the angle at the

centre when subtended by the same arc)
(angles in a revolution add to 360°)
(the angle at the circumference is half the angle at the

centre when subtended by the same arc)

80 'thé. points P, B and Q lie on a straight line, i.e. are collinear,

Question 14 (continuede
(c) (i) (2 Marks)

Sample answer
The roots z° +z° +1= 0 are the roots of z° =1 less the roots of z* =1.

Im(z) cog——-+18in i
,, A \cosz—”+issiy.\277r
87 8/ Ar |f2x A
03 +isin - hryll [ kY
9 99 v 4, A
{ il !
— 5 1 Re(z)
—87 -8\ 47T\ 22 {
cos—-9 +isi.n————9 Y -5 7 o or
“ ) cos——+ism—9
...... ¢ —Ar
"""""" cosiﬂsm 9

(¢) (ii) (2 Marks) /

Sample answer:
—27

. -2 . 2%, . 27w .. 4,
Since cos———+isin—— = cos———7sin>~— and similarly for cos— -+ isin
9 9 9 9 9
-8 -8z
cos——+zsm————
9 9

PRI Py I cos—2—+zsm2-7£) (cos&r——zsmz—”)
9 9 9 9
dz .. 4 ) dr 47r)
x| z—| cos—+isin— | |} z—| cos 2 —isin—-
-9 9 9 9
87 .. 8 87 87
x| z~| cos ==+ isin—— c0S—~jsin—
o M 9 g

nz8 47 +1=(z2 ~22005£97£+1)[z —22cosﬂ§—+l)[z2 —ZZcos%rH)

(c) (iii) (1 Mark)

‘Sample answer:

Equating the coefficient of z% on the left- and right- hand side of the expression in part (ii),

2r 4 2 8 4 8
= P os—2 22 cog—2=. 22 cos=2=
0=1+1+1+4cos 5 cos 5 +4cos 5 cos 5 +4cos 5 5

2 8 4z 8x@ 3
coszgzcosli—-+cos?”cos?+cos—§—cos—9——~ —-—

g

=97 nd
9



_ Question 14 (conthuegiLl
(d) (3 Marks) ]‘

Sample answer.

Let P(n) be the given proposition, 114-214-l bl >In(m +1)
3 n '

- Question 15(a) (ii) (continued) i

Sample answer:
Resolving forces:

T0x % =140—ky —>140N

Given v=10 when ¥=1
70x1=140-%kx10

oy .1 70 =140 ~ 10k
(l)lsmesmce?ln(“l) (Note: ¢>2=Ine>In2=15In2) 10k =170
Assume P(k)is true for some positive integer‘k. =7 ...
o110 ; v 70% =140 —7v
Le. —+——+——+~--+i>ln(k+l) b N 1
123 k N F=2-"oy’
Prove P(k+1)is true: 8 . T
11 1 (b) (i) (3 Marks):
T+ "+"+“>hl(k+1)+ﬁ (using th ; '
1 ; g the assumption
23 kokelT k+1 prion) Sample answer:
ST Y e . ! " 1
i (| LU =g
dv 20-v
Y=
dx 10
jdx= 10v &
20-v
x=f-10(20—v) 200
(8) (if) (3 Marks) 20-v  20-v
(_a) @ (2 Marks) Sample answer: = f —10+2?)00 dv
x x -y
Sample answer; 7 (r _ =-10v-2001n(20-v)+C
Let x=qg-y, fxsiandx =f(5*x)8in[2(z—x))dx
2 — —_— — —_— =
Then d = -1 di 2 . x=0,y=0=0=0-2001n20+C= C=2001n20
X=0=ymg f,, v % =—-10v~2001n(20 - )+ 20011 20
h - = | >8in(7 - 2x) —xsin (7 -2x) dy
X=a=y=( 2 ( ) ( ) 20

jf(x)dx:}f(a-—u)x—-l du

=.?f(a—u)du
; 2
=[fa-x)a

& S |34 i

OR‘N]N o

2
xsin2x dx =j—72—r—sin2x dx

xsin2x dy =—

o

-V

Sox=200{In
: [ (20

%sin2x—xsin2xdx

x

0 1a] vélébity of the object, the object’s speed cannot exéééci 20 ms™.

- .

~costT
2 4
—cos 7 _—cosOJ
2 2.

s

n

il

Therefore, as £ —» bvb‘,‘ v O Hence ﬂle object’s speed cannot exteed 20 ms.



Question 15 (¢ :

Sample answer;

The first three letters are 2B’
three letters and no B’s in mi
2C’s and 14 in some order.

The number of arrangements of (2B’

31 31 31
X

— —

2020 21

Hence there are 27 nine letter arrangements if the first three letters are 25°

(¢) (i) (2 Marks)

" Sample answer:

s and 1C) followed by 2¢°

€.

s and I.C'in_‘éome order, Therefore, since there are no C’s in the last
ddle three letters, the middle three letters must contain

i the remaining
Hence the last three Ietters are 24°s and 1B in some ord

T,

s and 14) followed by (24’s and 1B)

sand 1C in some order,

There are 4 possible cases for the nine letter arrangements outlined in the table below

First 3 letters (no 4’s) Middle 3 letters (no B’s) | Last 3 letters (mo C’s) # arrangements
BBB cce Ad4 1
BBC CC4 A4B 27
BCC CdA ABB 27
cce AA44 BBB 1
Total | 56
Hence, there are a total of 56 nine letter arrangements.
Question 16 (15 marks)
(a) (i) (2 Marks)

Sample answer;

(x=p)20= x? 45?2 >2xy
(-2 20= y? 4 2 =2yz
(x~2)*20= x2+ 2% 2 2z

Therefore,
2% +2y +27° 22xy+2yz+2xz
Y2yt yrtaz

S e e

Clrxy

Question 16 (continued)

Sample answer:

1 1 1
+ —_ 9 N .
I+xy 1+yz l+xz I+xy+1+yz 414z (usmgtheglvenmequahty)

9 .
_3+xy+yz+xz

Zm (since xp + yz+xz < oty from part (i))

9
T349
3

4
L +L+L2§.
I+yz 14xz 4

(b) () (2 Marks)

Sample answer:
Lety be the ‘radius’ of the polygonal cross-section x units from the base,

v

Regular n-gon

y=vr'—=x* since circular arcs join the top of the dome to each vertex of the bise.

The horizontal cross section x units from the base is a regular n-gon which consists of 7 isosceles

\ 2
triangles (two side lengths y and included angle —nl).

' . 1 . (27
Area of horizontal cross-section = n x[—z—x ¥ xsin [—;—)J



(b) (i) (1 Marky]

©) () (2 Marks) |

Sample answer:
| S o e U
1-x7 152" (1—x2")(1—x2"")

" n i
¥2 22 !

(o) (i) (1 Meirk) l

Sample answer:

a
N x2

—_—
gnH

n=01—x

x x* 52
= S = e 2
(l—xzj (1—x22]+ +[1—x2wJ
(1 1 ) ( 1 1 1
= e—— | —— can 1
(1~x 1-x* ) \1-x 1—-x22)+ +(l— 2 hl—x’"”)

X
. 1 ( 1 1 ) 1
ety DL ' DR SUNRT S P 1 1 1
B Ll (1~x” =) T 1

(©) (i) (1 Mark)

@ x2"
s 1 _ x2n+l
§
-
(¢) (iv) (2 Marks),

Sample answer:

2,

o

1

(from part (ii))

© —0since —1<x<1)
|

l

n=0

2014 =20147%

5 o)

= 1_[2014-2" ]
20147
o (2014‘2")

n+l
1-(2014)
-1
=20 (since ~1<20147 <1)
1-2014
L
2013

I
i
i
1
|

t
i
)
'
i

‘
|



