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CRANBROOK
MATHEMATICS EXTENSION 2

2007

HIGHER SCHOOL CERTIFICATE
TRIAL EXAMINATION

General Instructions

Reading time — 5 minutes

Writing time ~ 3 hours

All eight questions should be attempted

Total marks available - 120

All questions are worth 15 marks

An approved calculator may be used

All relevant working should be shown for each question
Answer each question in a separate 8 page booklet.

Question 1 (15 marks) Marked by SKB
2

@  Find [3Jx-1dx
1

(b)  Using the substitution u = e ~1or otherwise,

©

@

©

2e*

find J-ezx —2e* +1

z

4
Use integration by parts to evaluate f xcosdxdx
0

siné
1+cosé

a6

Use the substitution ¢ = tang to find

(i)  Find the real numbers g, b and ¢ such that
X +5x"+x+2 _x+a  bx+e

xz(x2+D s +x2+1

2 +5x% +x+2

i Find dx
@ m x2(x? +1)

Marks




Question 2 (15 marks) Marked by SKB

z 3
cos’x
(&  Evalate |? —5————dr.
0
sin’x +cos’x

(b)  Evaluate Jj Vi+x® dr

3x-4

©  Find | V4+5x-32 =

(@ L= f cos™x sin’x dx for n > 0,show that

I,= n—_;In_z for n 2 2. Hence or otherwise

* on+

L2
evaluate J? cos’x sin®x dx.

Marks

Question 3 (15 marks) Marked by CJIL

@ Let z=3—4i and @=2-1

® Find 1 in the form x+ yi
z
@G  Showthat Inz+@ +z@=-10i

(b)  Ifaiis a solution to the equation
22 +{1-i)z+(2-2i)=0

find the real value of a.

(¢ Letu=1-i

() Pind | andargu

(i)  Hence find #". BExpress your answer in the form x+ yi.
(d)  Sketch the region on an Argand diagram where the inequalities

lz—2+4 <[z +2~1 and Enz2 0 both hold.

(e) A)i B

A

Marks

The point 4 on the Argand diagram above corresponds to the complex number

z.
Triangle ABO is a right-angled triangle where OB = 204.

] Show that point B corresponds to the complex number 2iz.

1

(ii)  The point C corresponds to the complex number v and C'is situated so’

that OACB is a rectangle. .
Given that z=x+yi, x,yeR, find ¥ interms of x and y.

2




Question 4 (15 marks) Marked by SKB Marks

(a)  Thebase of a certain solid S lies on the eflipse Question 5 (15 marks)  Marked by CTL Marks
2 2
X +2_—1. The cross-section of this solid by planes perpendicular
16 9 (@ Let flx)=cos?x for—1<x<1 and glx)=sin?x for-1<x<1.
to the x~ axis are equilateral triangles. By including appropriate views
of slices to this solid calculate its volume in exact form. 5 @ Sketch £(x)and g(x) on the same set of axes. 1
®
y (i) By differentiating, evaluate f(x)+ g(x) 1
A :
9t 1
(iii) Hence evaluate j( Fx)+ glx))dx 1
-1
2
(b))  The ellipse E has the equation x* +2—=1.
y N 4
/ 12 s
@ Find the eccentricity and the foci of E. 2
The shaded area shown in the diagram above is the area between the graph (i)  Find the length of the major and minor axes of E. 1
of y=4x+1 and the graph of y = 2x* +1. This shaded area is rotated about (i) Write down the equations of the directrices of 1
the y axis to form a solid. q .
Use the method of cylindrical shells to find the volume of the solid. 4 (iv) SketchE 1
© b )
3
’ (c) @ The polynomial equation p(x) =0 has aroot & of multiplicity 3. 2
8r Show that ¢ is aroot of p'(x) =0 and is of multiplicity 2.
41 (i)  The polynomial g(x)=x®+ax’ +bx* —x* ~2x~1 hasa 2
- quadratic factor of x* +2x+1. Find a and b.
> > - . X
-1 1 2 3 4 (i)  Consider the polynomial 3
2 n
r(x)=1+ x+2—+ ..+ 2 where r(0)=1.
2 nl

Th ded is bounded by the li =—4,x=-2,y=8,b
© shaded area js bounded by the lines x ¥ 7 y the curve Show that »(x) has no double roots.

= =8 and by the x-axis.
x+2

The region is rotated about the line x = 3 until it reaches its original position

thus forming a solid. The horizontal line segment PQ forms an annulus as

a result of this rotation.
6] Show that the area of this annulus at height y wherey > 4, is equal to
lsﬂ(i7+£) 2
yy

(ii)  Hence find the volume of the solid. 4




Question 6 (15 marks) Marked by CJL Marks

@

The point P(secd,tan @) lies on the hyperbola H with equation -yt =1.

A vertical line through P intersects with an asymptote at S and with
the x-axis at T as shown. A normal to H at P intersects the x-axis at R. The
point Fis a foci of H.

@) Show that the equation of the normal to H at the point P is 2
y=—sinfx+2tan 8.
(i)  Show that RS =+/2RT. 3

(iii)  Find the coordinates of the point U which lies on SR such that 2
TU is parallel to the asymptote on which S lies.

(iv)  For what values of @ will FU be the perpendicular bisector of SR? 2
(b) Let a)=cos-75£+isin15z—.
@ Wiite down in terms of @, and the positive integer k, all the 2
solutions of the equation z* —1 = 0.

() Provethat @+a&* +@’ +..+ @’ =0. 2

@ii)  The quadratic equation x° + bx+c =0, where b and ¢ are 2
real, has the root @+ @* . Find the other root in terms of @.
Question 7 (15 marks) Marked by CJL Marks

@

@

()

(i)

In the diagram, £ is a circle with exterior point P. Tangents from P are
drawn to meet £ at points 4 and E. The point C is the centre of £. The
line BP passes through C. The line AD passes through B. The line CF
passes through E. AP is parallel to DF.

Show that ACEP is a cyclic quadrilateral.

DF(EP* - CE?)

Use a double angle formula to show that DE = P

Use the sine rule to show that ;A—E— = —A—E
BD DP




®

@i

(i)

)

™

2y

Draw the graph of y =In{x+1)

Hence explain why
[l (x+1)dx <nln(n+1), n=123...
0

Use integration by parts to show that
[m(x+1)dc=Tn(p+1)" -n
0

Hence deduce that In{n +1)<n
21 1

Show that " ~In(k+1) = ~In(z+ D!
=2 2

Use the results from parts (iti) and (v) together with your graph

2n
to deduce that n!< (@j (n+1)
e

Marks

Question 8 (15 marks) Marked by SKB Marks

@& @ For all real, positive numbers a and b, where @ > b show that
(@) a+b>2Jab
(B) b*-a*<2Jab(b-a)

(i)  Hence deduce that @ > ¢ given that ¢ is a positive real number and

\/Z(b-—a)+«/—cj(c—b)>ci;\/.f_z2—

) I n)y=n*+6n+9
® show that A(n +12) —h(n) =8(n+1)(#n* +2n+5)

(ii)  hence prove by mathematical induction that h(n) is divisible by 8
if n is an odd positive integer.

END OF EXAM




STANDARD INTEGRALS

| fam
e
fe=dx
Joosaxdx
[sinaxds
fsec? axax

J'secaxtanaxdx

NOTE :

=—1——x"‘“, n®-1; x#0, if n<0
n+l

=lnx, x>0

1
=——cosax, a#0
a

1
=—-tanax, a#0
a

1
=—secax, a#0

a

1
=—tan?Z, a%0
a a

L X
=sin” —,a>0, —a<x<a
a

=1n(.a:4<-«v/x2 —az), x>a>0

=ln(x+\/m)

Inx=log,x, x>0




CRANBROOK MATHEMATICS EXTENSION 2
HIGEER SCHOCL CERTIFICATE

TRIAL EXAMINATION
SOLUTIONS
2007
Question 1
L Letu=x-1
® fsw/ Tdc=3 fu Zde &
{1 &
=3fuldu  (mark) Fr=2 u=1
0 fx=1 u=0
[ 2T
2
=3 2u
3
L 0
3
_,)2x12
o3
=2
{1 mark)
2" ¢ 2 Letu=e" -1
dx
® ey J(e _1)2 ﬂ—e‘
dx
=2 % wldx (1 mark)
=2 fudu
2 u
+c
-1
-2
=—+c
u
=—2_t¢
e* -1

(1 mark)

2007 Muthematics Extension 2 Trial Exam solutions

©@

The parts formula states that
J.uﬂdx =yy— J‘viilabc
dx dx

4
For .[x cos(4x)dx, let u=xand % = cos(4x)
0

d So, B 1and v=lsm(4x)
dx 4
(1 mark)
: RS
So ‘,.xcos(4x)dx= —sin(4x) jzsm(4x)dx (1 mark)
0 4 0
fﬂ A 1 1 —F
=<{—sinz— 0 - —-—cos(4x)
16 4
0
=£X0+i{cos7z—coso}
16 16
1
=—{(-1-1
Y
=1
8
(1 mark)
@ We have j sind d
1+cosd
Using the substitution £ = tang
We have sind = th
1+¢
1-£
cosé = z (1 mark)
1+¢
: 42
So, sin @ - 2t2 - 1_'_1 tz
I1+cosé 1+t 14¢
_ 2 1+8+1-¢
1+ 148
_ 2t 2
1+ 1+#
2t _1+¢
1+t 2
=t
2007 Mathematics Extension 2 Trial Exam solutions




dg 2
here — = 1 mark)
where === (1 mark)

| sind o= '[t'%dt

1+cosé
= J.I~L2dt
1+7¢
= j - fi‘z ar (1 mark)
=mn{+2 )¢
=ln(1+tanzgj+c (L mark)
2
. X +5x 4 x+2 x+ta bx+c [
© ® Let xz(x2 +1) = 2 2+l I:'
_ (x+a)(x2 +1)+x2 {(bx+c) h
- xz(xz +l) ,"
P +xtax +a+b’ +ex? ,"
- At +1)
_ B B+)+xa+c)txta H
= xz(x2 +1) I'I
v Tmeiff B 454342 =Xbr)stare)ixva J
(1 mark)
Putx=0, 2=a
Putx=1, 9=b+1+2+c+1+2
3=b+c ~ (4
Putx=~l, S=—b-1+2+c—-1+2
3m—bic (B
(D +(B) 6=2c
c=3
n(d) 3=p+3
b=0
(1 mark)
from part (i)

x° 4557 +x+2
ii N dx =
@ o et +1 x*+1
x 2 3
= | =det | dx+ dx
'l.x2 J.xz J‘x2+1

1]11x2 ~2 i 3tanx4e

X

So, a=2,b=0, c=3
J-(x-!;2+ 3 )dx
x

=1n[x]——2-+3tan‘1x+c
x

(1 mark) for first two terms
(1 mark) for 3tan™ xterm Total 15 marks

2007 Mathematics Extension 2 Trial Exam solutions

Question 2
Z  cos’x
1=z
® o sin’x+cos’x
3 T
= cos* (=~
G (2 x)
o 5 T 3 T
s (——x)+cos (——x
(2 ) (2 )
z 13
5 sin'x
o cos’x+sin’x {1 mark]
oI z cos’x+sin3xdx
" o sin®x+cos’x
=1 f1a
2%
i =
==[x]2
2 x]
T
= 1 mark]
2 [ 1
. > Letx=tand whenx=0,8=0
I= 1+x* dx
® J:’ .'.£=sec29 x=1, ==
4
I= J? V1+tan® @ sec’ddo [1 mark]
I=[% sec’9do
Letu =sécd dv=sec’* 0 df
v=tand

=[4 secHsec’d do
J;— :.ﬂ:sethanB
do

z

z
=[sec ftan O]2 - J;“— tan@secd tand d6

=[secOtam Off - [* tanBsect tmd dO (1 mark]

=[J§.1—o]— ﬁ tan® Psecd do

2007 Mathematics Extension 2 Trial Exam solutions




©

@

b
=*/§—f (sec* @-Dsecd do

S P A
=2 J?sec 0d€+L_ secd dé

~2I =w[2_+|:]n]sec9+tan 9]]0% [1 mark]
s2l=\2 +[1n(J§ +1)—1n1]

I =242+ D] [t mar

3x—-4
= {224 &
J‘«I4+5x-—3x2
1 3
2 (5—6x)—>
PN

e 1 mark
J J4+5x-3x%* [l mark]

1p (=6 3
ZI\/‘H-Sx-sx2 = 2IJ

—3[x” —gx—

1

dx

4
g]

=~%\/4+5x—3x2 xz—%j _ &

I}
3[(x 6) 36] [1 mark]

3 1
== ~3x? dx
43z 2\/5 j NG 5
2y -2

1 {1 mark]

3 . a[61—
=—4+55-37 —%smll:%:l +c {1 mark]

7
1= f cos™x sin’x dx forn 20
= f cos®x (1-cos’x) dx

z
= E cos®x -cos™x dx

=U,-U,,, (equation 1) [1 mark]

2007

Mathematics Extension 2 Trial Exam solutions

6
7z
Now U, = fcos"xdx
= Letu=cos™ x dv=cosx dx
= f cos™x cosxdx du

.'.2‘—66—-=(n—1)<;::>s"'2 x.—sinx v=sinx

L3 z
=[c:os"'1 x sin x]: +(n-1) J? cos™ xsin’ X dx |1 mark]

=[0~0 ]+(»-1I,,

=(n-DI,_,
“U,=(n-DI,, and U,,=(n+2-D,,,
=(n+1)I, [1 mark]

But I, =U,-U,,, (from equation 1)

~L =(~DI, ,~(@+DI,

SLA+@EAD)=(r-DI,,

nr =220,
(n+2)

2B 22 [1 mark]

T
Letl, = E cos*x sin’x dx

4-1
.‘.14 =~T 12

2007 Mathematics Extension 2 Trial Exam solutions




1 7 .
=—rZ_0)- Question 3
16[(2 0)-0] on
@ O

[1 mark]

z=3-4i
To show :
Lefiside

6y

1 3+4i
= X
3-4i 3+4i
344
9+16
_3+4
25
3. 4.
=—4-—i

25 25

and @=2-1i
Imz+®@ +ze=-10i
=Imz+@ +z0

(1 mark)

=—4+2+i+(3-4i)2-i)
=-2+i+6~3i~8i~4
=-10

= right side

as required (1 mark) for correct expansion of brackets

(1 mark) for the rest
Tfai is a solution to the equation
22 +{1—i)z+(2-21)=0
(@ +Q-i)ai+2-2i=0
-a*+ai+a+2-2i=0
—a?+a+2+ila~2)=0+0i
Equating real and imaginary parts, we require that

®)

then,
So,

—a*+a+2=0 AND a-2=0
(~a+2)fa+1)=0 a=2
a=2o0r a=-1
) (1 mark)
The result a = 2 holds for both equations and so this is the answer required.
(1 mark)

2007 Mathematics Extension 2 Trial Exam solutions
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9
© @ w=1-1
[ = +1?
=42 (1 mark)
Ty
argu =tan [ 1 j
— (1)

Now u is 2 4® quadrant complex number.

So argu = —% (L mark)
@ =09
12
= {J—Z-cis(—— -15)} from part (i)

= («/5)‘2 cis(lZX—%) De Moivre's Theorem (1 mark)

= 64cis(-37)
= 64cis(~7)
= 64{cos(—z)+isin(- 7))
= 64{~1+ix0)
=—64+0i
(1 mark)
(d)  For the inequation lz -2+ i[ < lz +2- ii we are looking for the locus of points for

which the distance from the complex number 2 — i is less than or equal to the distance
from the complex number —2 + i. Mark each of these two complex numbers on the
Argand plane. Mark the midpoint of the line joining these two points. Draw a straight
line, which passes through this midpoint and runs at right angles to the line joining he
two complex numbers. The diagram below shows this.

é—: Re

2007 Mathematics Extension 2 T; il Examvsolutz’ons

10

This straight line gives us those points on the Argand plane for which
lz~2+i[=|z+2—z’|.
The shaded region to the right of this line gives us those points on the Argand plane
for which Iz-—2+il < |z+2—11 .
To check this, choose a point, say 2+ 0i . Substitute this info
Iz—2+z1 <|z+2-—il
So, b+0i—2+1<p+0i+2-4
M <l—1
V1 <fa? +(-1p
which is true. That is the point 2+ 0i ,on the right hand side of the “borderline”,
satisfies the inequation.
To establish the Cartesian equation of the “borderiine” aigebraicaily, we have.
|z=2+4=]z+2-1
lx+yi—2+z1 =Ix+yi+2—i|
fe=2+i(y +1) = e+ 2+i(y 1)

Ja=2F +(p+1F =c+2P + (-1}
(x=2f +(p+1) =(x+2) +(p-1)
X —4x+4+y* +2y+1=x" +Ax+4+y° ~2y+1
~8x+4y=0
y=2x
The inequation Tm z > 0 describes all the points on the Argand plane, which lie on or

above the real axis.
The required region where both inequalities hold is shown on the diagram below.

region
required

indicates
‘boundary
included

(1 mark) for boundary given by y =2x
(1 mark) for boundary given by y=0
(1 mark) for correct shading

2007 Mathematics Extension 2 Trial Exam solutions




11 ' 12

©® O The point 4 corresponds to the complex number z. By rotating O4 Question 4
anticlockwise about the origin through 90° and siretching it by a factor of 2
we obtain OB. . . . . e
Algebraically this is equivalen to multiplying z by 7 (for the rotation) and by 2 &  TopView:  Consideraslioe of thickness Ax to -+<-=1at (5, 7)
(for the scale factor). [1 mark]
So B corresponds to the complex number 2iz as required.
(1 mark) Ay
@ y
A B
\ xy)
\ BN
- e ) >
- . 4 x
[e) \/ - > \/é/
-~
-~ —
\@/ - T e
&

Now OA+ OB=0C
So, the point C corresponds to the complex number z+2iz from part ().

So v =z 42z (1 mark) Side View:
Now since z =x+ yi, x,yeR . [1 mark]
Wehavey = x+yi+2i(x +yz')

=x+yi+2x—-2y
=x—2y+i(2x+y)
So v=x-2y-i(2x+y)
since the conjugate of a complex number is a reflection in the Real axis.

(1 mark)
Total 15 marks

Now area of cross sectional slice A(x)= %.2 y.2y.5in 60°
~Ax)= NE 3
2
= «/5(9[1—%]) [1 mark]

Now volume, AV, of each slice = A(x)Ax
4
~Total volume = lim ; A()Ax

2007 Mathematics Extension 2 Trial Exam solutions 2007 Mathematics Extension 2 Trial Exam solutions




13
x*
= -=—dx
9\/5‘ 1 T

=18J§f 1—% & [1 mark]

el 2T
=183 {x TS l
64
=183 [(4-25) —o]
=483 units’ [1 mark]

®)

>
»

D

1

/12

Consider a slice of thickness Ax . This slice when rotated about the y axis represents a
thin cylindrical shell of area 27zrA.  [1 mark]

o A(x) =27 (Ax+1) = (2% +1)]
= 27a[4x—2x%] [1 mark]

Now volume, AV, of each shell = A(x)Ax

2007 Mathematics Extension 2 Trial Exam solutions

2
.~ Total volume = Algla ;A(x)Ax

So V= 27z2j(— 20 + 4% e (1 mark)
0

5 4 372
=9 2x +_‘E_
4 3 4

{—2><16 4x8
=27 +—
4 3

~2af-842)
3

~24+32
K————ne
3

=2

=27L'><§ ’
3

= _1_(_5311‘_ cubic units (1 mark)

(c) @ The area of the annulus formed by the rotation of PQ is given by
Area= r{radius of outer edge of annulus)® - (radius of inner edge of annulus)’
=2{3-xf -52) (1 mark)
= 70— 6x+x* —25)
= 7x* - 62-16)
-8

Now, =
Y x+2

So Area= i6—‘2--1-2«1—4+:1§-}-12—-16)
y y ¥

64 so)
= —_——

2

yoy

=16 iz +£J square units (1 mark)
yo

2007 Mathematics Extension 2 Trial Exam solutions




@)

Question 5
@ O

@

15

For 0 < y <4, the area of the annnlus created by the rotation is given by

_ 2 _ g2
Area=z{72-5?) . (1 mark
= 247 square units
So required volume is
8 4 5 4
v =16 J(——2—+—)dy+247z it (1 mark)
Yy X 0
437 ¥
= 16/{—71—+ 5 yjl +24zfy] (1 mark)
4

=167[{(—?4+51n8)—(—4—4+5]n4]}+24ﬂ:(4—0)

il

167!(—%+5jn8+1—51n4]+967z
5

167 lnoo 1 | +967
FERD)

=167r(]n32+—%+ 6)

= 16/1:(12i + 11132) cubic units (1 mark)
¥y
A
\rr\t
2 &ty
2
. ®_,
] T >X
~ZL
2
(1 mark)

Let y=f(x}+el)
So y=costx+sin?x
L A S
& 1+x* 1+%°
=0
Now, _[%dx = ¢ where ¢ is a constant.

So, y=c¢

(i)

16

So, cosx+sinx=¢
Since the function is constant over the domain 0 < x <1 choose any x value in
this domain.
Let x=0, say,
Then  y=cos™ 0+sin”0
z

2
So, fx)+g(=7 (1 mark)

1

So, _[(cos 2 xtsin™ x )

1

1
= %dr
a
= 2)(Z
2
=7
(1 mark)

2007
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17

2
®» ® O x2+14—=1so,a=2andb:1

Now b* =a’(1—¢%)

1=4(1-¢%)
e= _1/_5. (1 mark)
2
The foci are located at (0,4 qe) , thatis at (0, 3 Yand (0,— 1/3) . (1 mark)
() The length of the major axis is 4 units and the length of the minor axis is 2 units.
(1 mark)
(i)  The equations of the directrices are given by y = ig
e
5
I ﬁ
2
= i@ (1 mark)
@ ¥y
A
4“3
Y=
2
3t ' 2
2+l =1
4
a1 i
ik
2 Y= 443
3
(1 mark)
© @ pE) = (-2’ h(z) M) =0 (1 mark)

So, P(x)=3(x-a) h(x)+(x—- ) H(x)
= (x~2)*Bh(x) + (x— )P ()
So e is aroot of p'(x) =0 and has a multiplicity of 2. (1 mark)

G

(i)

18

The polynomial g(x) has a quadratic factor of x* +2x+1= (x+1)>.

So, g(x) =0 has a root of —1 with a multiplicity of 2 or more. Therefore
4'(x) =0 has aroot of —1.

So, g(-D)=1-a+b6-14+2-1=0

b=a-1
and ¢'(x) = 6x° +5ax* +4bx* —2x—2 (1 mark)
s0, ¢'(-D=-6+5a—-4b+2-2=0
S5a—-4b=6
So, g=2andb=1 (1 mark)
()= [rxd
=x+ = + 2 +..+ 2l +c
oxil 3x2 (n+ 1)
Since #(0) =1,
x2 x3 xn+1
rx)=l+x+—+—+.. (1 mark)
23 (n+D!
Now let kbe aroot of r(x) =0and #'(x) =0.
So, r(k)=0andr'(k)=0.
2 n ntl 2 n
So, 1+k+k—+...+k—+ Ld =1+k+k—+...+k—
2 n (m+D! 2 al
nHl
So, -—-——k =0
(n+D!
This is only true if £=0. (1 mark)

But if k=0 is a double root, then 7'(k) =0 and r(k)=0. However r'(k)=1
and r(k) =1 and so k is not a double root.
(1 mark)

Total 15 marks

2007 Mathematics Extension 2 Trial Exam solutions
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Question 6

@& O
@)
G
@)

19

x=sech y=tand
fbi:—l(cosb’ 2 x—sind D et
7 dé
_ sinf
" cos? 6
sec’ @cos” &
sing
1

Y

So, & =
dx

So, the gradient of the tangent at P is ———.
sin

So the gradient of the normal at P is —sing. (1 mark)
So the equation of the normal s y — tan & = —sin §(x —sec)
y=—sinfx+2tané asrequired.
H @a mark)
I£S Tes on the asymptote with equation y = x then S is the point (sec8,sec8).
(1 mark)
Tis the point (secd,0).
From (i), y=-sinfx+2tand
2tan 8
sing@
=2secd
So R is the point (2sec@, 0)
Since RST is a right angled triangle, we have
ST* +RT* = SR*
Now ST = RT =secd

When y=0, x=

So, 2RT? =SR*
SR =2RT as required. (1 mark)

STR is an isosceles right angled triangle(ST = sec 8, RT =sec & from
part (if) and 7U will be a perpendicular bisector of SR and will have a gradient of 1.
So U'is the midpoint of SR. (1 mark)
So U= secd +2secd i sec@)
2 2
_ 3scc9’seca (1 mark)
2 2
For FU to be a perpendicular bisector, F must be coincident with T.
Fis the point (ae,0) or (—ae,0) where b* =a’(e” —1) andso e= V2 (1 mark)
So, secld = «/5 or secd=—2

1 1
€08 @ = = cos @ = ——=
7 7
3=£,l’£ ‘9:_315,5_”(1 mark)
4’4 474
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® ()  Wehave z'°—1=0
20 =1
Let z=rcisf (rcis&)m =cis0
ris108=cis0  De Moivre's Theorem

Sor=1 and cosi08+isin108=cos0+isin0

So cosl0@=cos0 and sinl08=sin0

So 106=0-+2kz k is an integer
_2%kz
ETY
_kz
s

o

6

So z=cosﬁ+isink—”
5 5

(1 mark) *

T, .. 7
Now, a)=cos—5—+zsm—5—

Also, @* = cos2—5”-+isin2?”

0 = cos F+isin %
5 5

o* =cos™Z 4 isin ¥
5 5
So, all the solutions of the equation z'® ~1=0 may be expressed as

" where k is an integer.
(1 mark)

G) Method1
If we consider the left hand side of the equation as a geometric series with
a=@ and r = @ then,
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s, = a(l-r )
1-r
4 k4 4 AN
cosZ+isin~ | 1—| cos—=-+isin
5 5 5 5
So, Sy =

1—(cosz+isin£j
5 5
(cos%’- +i sin-’;r—)(l —(cos27+isin 27))
T .. 7
1-| cos=+isin—
(w5003
(cos£+isin£)(1—1)
5 5

T .. 7
1~ cos—+isin—
( 5 5]

=0
(2 marks)
Method 2
Geometrically, we can consider the sum of all the 10% roots of unity.
Im
A
w1 w?
W, -w
5 10
W ,
=) T »Re
whe )
w7' i * W

These ten complex numbers are spaced evenly around a circle of radius 1 unit.

If we take these complex numbers two at a time, for example @ and ®°, and
apply the parallelogram rule for the addition of complex numbers we come up
with

D+t o’ +od+o' +o' +0° + 0’ + 0"

=0+0+0+0+0

=0

@) Leta=o+o0*
Let B equal the other root.

22

Since the coefficients of the quadratic equation are real, then according to the
conjugate root theorem, the roots must appear in conjugate pairs and so

B=a.

From the diagram shown in the solutions to part (i),
@ and @° are complex conjugates and »* and @° are complex conjugates
Hence, f=0'+0° (1 mark)

(1 mark)
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Question 7
@) @ In AACP, ZCAP =90" (A tangent to a circle meets the radii (4C) at 90°).
Similarly in ACEP, ZCEP =90"
So in quadrilateral 4CEP, the opposite angles ZCAP and ZCEP add to 180°
and so the quadrilateral is cyclic. (1 mark)
(i) In ACEP,ZLCEP =90 (A tangent to a circle meets the radii at 90°).

In ACAP,ZCAP =90° (same reason)

Also, CE=C4 (both are radii of the circle £)

CP  is a common side.

So, ACEP is congruent to ACAP . (each have a right angle, the hypotenuse is
shared and there is one other pair of sides
equal in length)

Let LCPE=6 (4)
So, LCPA =8 and ZAPE =28 (corresponding pairs of angles in congruent
triangles are equal)

In ADEF,/DEF =90" (vertically opposite angles are equal).

Also, ZEDF = LAPE =28 (alternate angles since AP is parallel to DF)

So, cos28= —’E

DF
Also, from (A), cos8 = £ .
CP
Now, cos28 =2cos*>8-1 (double angle formula)
2
0, EE = 2EP -1 (1 mark)
DF  CP?
DE _2EP*-CP?
So, — ="
DF CP
2 2 2
2P (O 4 EP) (Pythagorss’ Thoorem)
CP
_EP*-CE’
v
2 _ 2
o, DE = DEEP ~CE?) (L marl
CP
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(i) Now AACP = ACEP from part (i)

Now, let LAPC =8 n
So, LCPE=6 {1 mark) (i) The region described by Iln (x + l)dx, n=1273....is the region bounded by the
Also, let LZABC =0 0
So, ZCBD=180" - graphof y = 1n(x+1), the x-axis and the line with equation x=n, n=12,...
In A4BP we have, y
sin@ - sinex i
AB 4P
%o sin@ _ 4B :
‘singg AP y=h@+D)
In ABDP we have, N
sind _ sin{180°- ) In(n+1)
BD DP
Now sin{180° —a)=sing
sing _sina
So —_—=
BD DP B . . . s e :
sin@ BD The region described by n1n (n+1) is a rectangle with side length of 7 units and
oo DP In {7 +1) usits.
AB BD y
So, —= A
AP DP
AB _ 4P
and so —_——
. BD DP y=h+D
as required. (1 mark) :
n(n+1)
» X |
® o v ‘
A n
[ Clearly from the graphs we see that Ilog‘ (x+1)dx < nlog, (n+1), n=123..
] §
I y=ln(x+1 (1 mark)
|
| n2f
| .
A 1 i
|
|
|
|
|

(1 mark)
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(i)  Consider [n(x+1)dk.
0
The integration by parts formula states that fu-‘—iz dx =uy— Ivﬁdx .
dx dx

Now, letz = In(x+1) and %:1

1
dx x+1

So, IIn(x+1)~ ldx
0

sSoOvV=Xx

.| 1
=[Jc].n(x+1)]o —Jx-mdx (1 mark)

=l (n+1)-0— [ =
riagr-0- 2, B
nl du
1 du - =
=nla(p+1)- [[-1)-=-—d dx
i w dx =y
- x=u-1
=nln(n+1)- j(l—u"‘)a’u (1 mark) since x=n
1 \ u=n+1
=nln(n+1)—[u - Inul™ since x=0
=al{n+1)-{n+1-In(n+1)- (-1} u=1
=nln(n+1)-{n+1-h@m+1)-1}
=nl(n+1)-n+n(n+1)
=ln(n+1)"(n+1)-n
=In(n+1)" -n (1 mark)
(iv)  From part (iii) we have ﬁn E+i=mEr+1)" —n
8
From part (ii) we have Jl].n(x+1)dx < n]_n(n + 1)
0
So I+ ~n<nln(n+1)
pln(p+ 1)+l (@+1)-n<nn(z+1)
So, n{p+i)<n as required (1 mark)

™

Now Z%ln(kﬂ) =—12-1n2 +%m3+ ..+%Inn+%ln(n+1)

k=1

=%1n(2><3>< ..... 71X (n+1))

=%1n(n+l)!

(1 mark)
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The shaded region indicated in the diagram above can be described by
51
—n(k+1).
Z S+

Clearly, Ink+1)< J.]n (x +1)dx by comparing the graphs. (1 mark)
0

ax

TP
B | =

So

ro ]

In(n+i< ,j-ln (x+1)dx from part (v)

s

and In(a+Di<n(n+1)™ ~» from part (i)

2
In(z+ D2 +1)™ <27
(n+)! <—on
(n+1)2n+2
(n+1)!
So, (r+Di< e (n+1)*?
(r+DI< )Y (n+ D) (n+1)*

(n+1)i< (”—“j "(n+1)2
e

-2n

(1 mark)

n+1)"
ni< (——) (n+1) asrequired
e
(1 mark)

Total 15 marks
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Question 8
@0 @
(a+b)’ —4ab=a’ +2ab+5" —4ab
=(a—b)
>0 (as a>b)
[1 mark]
~(a+b)’>4ab
ca+b>2ab
[1 mark]
B 5 —a? —2Jab (b-a)= (b—a)(b+a)~2ab (b—0)

=(b—a)b+a—2-ab]

@

[1 mark]

<0 (as b—a<0and b+a—2Vab > Ofrom ()

~ b —at< 2«/;b‘(b~a)

B

2_ 2
()  Wehave, Va(b—a)++clc—b)> cz:/g

So, 24ab(b—a)+24belc—b)>* —a?
So, ¢*—a? <2Jab(b—a)+2vbc(c-b)

From part (i) we know that o> band b® - a* < 2Jab(b—a)

Suppose that b > ¢, then, following the pattern, we have
? b < Zw/b_c‘(c—b)

[1 mark]

(1 mark)
(&)

-®
(1 mark)

Adding (A) and (B) gives t-a’ < 2«/;2; (b — a)+ 2«/’5; (c —b) ‘which was given.

So, we know now that b > ¢,
Soif b > cand @ > b (from part ()) then @ > ¢ as required.

h(n)=n*+6n"+9
S hB+2)= (n+2)* +6(n+2)° +9

® o

b+ 2)—h(n) = (n+2)* +6(n+2)° +9—(n* +61° +9)

=(n+2)* —n* +6[(n+2)* ~n’]

(1 mark)
(1 mark)

i)

=[(n+2)* = (7 +2)" + 1’ ]+ 6[(n+2) ~n][(n+2) +7]

=[4n+41[2n" +4n+4]+6[2][27+2]

Omart]

28

=[4n+4][2A* +4n+10]
=8n+1}{n" +2n+5] Sl

h(1) =1* +6.1*> +9=16, which is divisible by 8.
[1 mark]

Step 1: Whenn=1
sitistrue forn=1.

Step 2: Assume it is true for »=kandproveitistrueforn="F%+2.
ie. @ =M (WhereM is an integer)

~h(E)=8M......... o

Now from part (i) Ak +2)—h(k) =8k +1)(E* +2k+5)

Furthermore, if & is odd then £ + 1 is even.

Letk+ 1=2J (where J is an integer).

o Bk +2) - h(E) = 8(2T)(K? +2k+5)

Rk +2)=16J (K +2k+5)+h(k)

A h(E+2)=16J(k* +2k+5)+8M (substituting (1))

o h(k+2)=8[2J(k* +2k+5)+M], which is divisible by 8.

~ifitistme forn=rFksoitistrueforn=~%+2. [2 marks]

Step 3: Ttistrne forn=1and soitistrue forn=1+2=3.
Itistrue forn=3 and soitistrue forn=3+2=35

and so on for all positive odd integral values of 7.  [1 mark]
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