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General Instructions

¢ Reading time — 5 minutes

® Working time — 3 hours Total marks (120)
»  Write using blue or black pen ¢ Attempt Questxons 1-8

¢ All questions are of equal value
* Board-approved calculators may be

used

* A table of standard integrals is
provided separately

¢ All necessary working should be
shown in every question

Disclaimer

Every offort has been made to prepare these “Trial’ Higher School Certificate Examinations in accordance with the Board of Studies documents,
Principles for Setting HSC Examinations in a Standards-Referenced Framework (BOS Bulietin, Vol 8, No 9, Nov/Dec 1999), and Principles for
Developing Marking Guidelines Exami in a Standards Referenced Framework (BOS Bulletin, Vol 9, No 3, May 2000). No guarantee or
warranty is made or implied that the *Trial’ Examination papers muror in every respect the actual HSC Examunation question paper in any or all
courses to be examined. These papers do not constitute ‘advice’ nor can they be construed as authoritative interpretations of Board of Studies
intentions. The CSSA accepts no liability for any reliance use or purpose related to these “Trial® question papers. Advice on HSC examination issues 1s
only to be obtained from the NSW Board of Studics.
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Question 1 Begin a new page

(2)  The diagram shows the graph of y = f(x) where f(x)=1-2¢*".

Y (1) Find the values of the x intercepts.
_____________ y=t (ii) On separate diagrams sketch the graphs of
\ / y={f(x)}1’ y2=f<x), y=COS_If(JC),
0 — in each case showing the intercepts on the
y=/0) ] * axes and the equations of any asymptotes.
(b) Consider the function f(x)= : xx2 .

(i) Show that the function is increasing for all values of x in its domain.
(ii) Sketch the graph of y = f(x) showing the intercepts on the axes and the equations of

any asymptotes.

(iif) Find the values of k such that the equation ] d > =kx has three distinct real roots.
-Xx

(¢) Consider the curve defined by 2x*+xy-y®=0. Atthe point (2,4) on the curve,

dy dly
find the values of —= and —=.
ind the values T i

Question 2 Begin a new page

cos2x

cos’x
x3

(ii) Find J =,

(a)(i) Find f dx .

2x
(b) Use the substitution «=1+e* to find J —Jlf—.;;dx .
+e

. . “Inx
(¢)  Use integration by parts to evaluate | ;—z—dx.

L
(d)(i) Use the substitution ¢ = tan% to evaluate J —_—
= 24cosx

sz

2 X
(ii) Hence use the substitution u =47 ~x to evaluate f ——e
3y 2+cosx

Marks

"

fu—y



Question 3 Begin a new page

(a) Ifxisreal and (x+i)* is imaginary, find the possible values of x in surd form.

(b) zandw are two complex numbers such that |z|=4, argz=3Z, |w|=2, argw=%.

(i) Express each of z and w in the form a +ib, where a and b are real.
(ii) In an Argand diagram the points P and Q' represent the complex numbers z and w
respectively. Find the distance PQ in simplest exact form.

(c)(i) Express v3+i in modulus / argument form.

(ii) On an Argand diagram sketch the locus of the point P representing the complex number

z such that ’z - («1’5 +i )I =1, and find the set of possible values of |z| and argz.

(d) Inan Argand diagram the points P, 0 and R represent the complex numbers z,, z, and

2, +i(z2 - z,) respectively.

(i) Show that POR is a right-angled triangle.

(ii) Find in terms of z, and z, the complex number represented by the point § such that
PQRS is arectangle.

Marks

Question 4

Begin a new page

(a)

y4 N
P(ce ,%) and Q(—c@ - —3) , where >0
M and ¢ >0, are two points on the rectangular
hyperbola xy = c”. The circle with centre P
and radius PQ cuts the hyperbola again at
Q
A

points Alca , &), BlcB,%) and Cley ,£).
B Y

CP produced meets AB at D. MCN is
tangent to the circle at C.

aw“’

5

(i) Show that the circle cuts the hyperbola at points (ct,%) where ¢ satisfies the equation
-2 -3(6? +35)-$1+1=0. Hence deduce that o fy 6=~1.

(ii) Show that CPD1AB. Hence show that MCN || AB.
(iiiy Show that CA = CB.
(iv) What word best classifies triangle ABC ? Justify your answer.

(b)

7t P(acos,bsing ), where 0< 0 < %, is a point

2 2
/_m on the ellipse %-}--Z—»z-:l,where a>b>0.
a
\\Oﬂ :

/B

The normal to the ellipse at P has equation
axsin® — by cos@=(a’® —b*)sin6 cos@. This
normal cuts the x axis at 4 and the y axis at B.

(az—bz)2

(i) Show that AOAB has area sin@ cos 9.

(ii) Find the maximum area of AOAB and the coordinates of P when this maximum occurs.

Marks
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Marks

Question 5 Begin a new page

(a) The equation x* —x* +2x* ~2x+1=0 hasroots &, 8,7, 5.
(i) Show that none of ¢, 8,7, 8 is an integer.
(if) Find the monic equation of degree four with roots &~1, B—1,7 —1, 8 —1, and hence
find the value of (a+B+y)(B+y+8)(y+6+0a)(6+a+p).

(b) (i) Express the roots of the equation z° +32=0 in modulus / argument form.
(i) Hence show that z* -2z° + 4z -8z +16= {z2 —(4003%)z+4}{z2 - (400515’5)z+4}.

(iii) Hence find the exact values of coszs"'- and 005%75 in simplest surd form.

Question 6 Begin a new page

(@)

»

1 X

A mould for a circular fish pond is made by rotating the region bounded by the curve
y=2-cos’x and the x axis between x = —-—} and x= 7} through one complete
revolution about the line x =1. All measurements are in metres.
(i) Use the method of cylindrical shells to show that the volume of the fish pond is given by
=xlfp_
V= n.]'_% (1-x)cos2x dx .

(ii) Hence find the capacity of the fish pond correct to the nearest litre.

(b) A particle of mass m kilograms is dropped from rest in a medium where the resistance
to motion has magnitude Tlo‘mv ? Newtons when the speed of the particle is vms™. After

t seconds, the particle has fallen x metres, and has velocity vms™ and acceleration ams™.

The particle hits the ground lh(l +2 ) seconds after it is dropped. Take g =10ms™.
(i) Draw a diagram showing the forces acting on the particle. Deduce that a = TIG(] 00-v 2).

(ii) Express v as a function of ¢. Hence find the speed with which the particle hits the ground,
giving the answer in simplest exact form.
(iii) Find in simplest exact form the distance fallen by the particle before it hits the ground.

Question 7 Begin a new page

(a) a, b, ¢ denote the lengths of the sides of a triangle.
(i) Express 4b%* - (b2 +ci-a 2) ? as the product of four factors.

(ii) Hence show that (b +¢c*—a?)” <4b%c?,

(b) Consider the function f(x)=cos™ x.
‘(i) Show that the function E(x)= f(x)+ f(~x) is even, and O(x)= f(x)— f(~x) is odd.
(il) Hence express cos™ x as the sum of an even function and an odd function. On the same
diagram, sketch the graphs of these two functions.

(c) Asequence u;,u,,u,,u, ... satisfies the relationship u, =u, | +u, , for n23.
(i) Show that  u,u, +u, 1, =u* —u,’
(ii) Use Mathematical Induction to show that
_ 2_ 2
Uply FUylgttstey YU U+ ot Uy, Uy U Uy =Wy, "~ fOrn2l.

Question 8 Begin a new page

(@  Code numbers of three digits are made from the digits 1, 2, 3, 4, 5, 6,7, 8, 9 where
no digit is repeated.
(i) Find the number of different code numbers that can be formed.
(i) How many of these code numbers are such that the three digits do not occur in
increasing order of magnitude, reading from left to right?

(b)  Consider the function f(x)=x — 3sinx
2+cosx
2
(i) Show that f’(x)= (lﬁsi) ‘
2+ cosx
(ii) Hence show that x > _3sinx for x>0,
2+cosx

(c)(i) Show that sin(2r+1)6 —sin(2r —1)8=2sin6 cos2rf. Hence show that
sin@ Y cos2rf =L{sin(2n+1)0 ~sinf}.

r=1
100

(ii) Hence evaluate Zcos Z(Tr—o%).

r=l

Marks



Mathematics Extension 2 CSSA Trial HSC 2003  Answers and Marking Guidelines

1(a) Outcomes Assessed: (i) E6 ~ (i) E6 "

" Marking Gaidelines™ T o e
Criteria i Marks
(i) *both x intercepts correct o L ‘1
(ii) » graph of y = { /(x)} L R
* shape of y?= f(x) b 1.
~ ¢ asymptotes and x intercepts for y? = f(x) T I
* shape of y=cos™ f(x) - 1
* asymptote and y intercept for y=cos™ f(x) : 1
Answer
@ y=1-2¢= y=0=¢™ = t=-x*=Ini . x*=In2. Hence x intercepts *+/In2
(ii) . . .
_____ il{ =L
w2/ oym\ x
""" JITTTTEN
y={rx}) ¥ =f(x) y=cos” f(x)
1(b) Outcomes-Assessed: (i) E6 (i) E6 (iii) E6 " - ; e
Marking Guidelines - R
Criteria » Marks
() +find f'(x) andnote f/(x)>0 for x#£l 1
(i) *shape and position of curve . 1
* asymptotes with equations 1
(iii) * consideting intersections of curve with line "y '= kx for varying k 7 ’ i
* deducing values for k are k<0 or k>1

Answer )
O flx)= 1—-xe has domain {x:x %1} (i)
sy L{1=x*)—x.(-2x) 14y
f(x)— (1—x2)2 ~(I—xz)2
Sf(x)>0 for x#il

Hence f is an increasing function for all xin
its domain.

(iii) The real roots of = kx are the x coordinates of the points of intersection of the curve with the

2
- X

line y = kx, which passes through the origin O and has gradient k. As k varies, line y = kx turns
around O. The tangent to the curve at the origin has gradient 1, and equation y = x. There will be 3
intersection points, and hence 3 distinct real roots for the equation, when k<0 or k> 1.

1(c) Outcomes Assessed: E6

Marking Guidelines
Criteria Marks
dy.
* ~=in terms of x and
i Y 1
* value of % at the point (2,4) 1
%y dy
. e interms of x, y andzx- 1
d?y .
* value of - the point (2,4) 1
Answer
2x* +xy~y*=0
dx+|y+xP )2 & 0 2 (4+Q)(2y—x)—(4x+y)(2—@——l)
e Yax dy_\ dx i
dx* (2y-=x)*
(x—-2y)—l + (4x+y)=0
d’y (4+2).6-12.(4-1)
= =0 at (2,4).
.“ﬁd_)i=4x+y =£___2 at (2,4) ) 36 (2,4)
dx 2y-x 6
2(a) Outcomes Assessed: (i) E8 (ii) E8
Marking Guidelines
Criteria Marks
(@) * simplification of integrand to obtain (2 - sec’ x) }
* primitive function
(ii) * rearrangement of integrand to obtain x + 1+x 5 i
x
* primitive function
Answer ,
@ c0522x=2cos E: ! cec?y i Cx(lFx )-x _x
cos®x  cos'x 1+x* 14+x* 1+x°
x - 1
j(2—seczx)dx=2x—tanx+c J(x_ T+ di=gx —2—In(l+x2)+c
2(b) Outcomes Assessed: HE6
Marking Guidelines
Criteria Marks
* substitution to get integral in terms of ol
* primitive in terms of u 1
* primitive in terms of x. 1

Answer
e Y T
u=1+,ex P 2 ai 5
dﬁ:e"dx - I=j e* dx=j(ﬁ“1)
du=(u—1)dx AL Au
dr = 1 du .‘.I=J‘u—;—1—du=J‘(u’}—u‘*) du
Tu-1 u

= %ui:— 2ut+¢

LR IO

=h 3o

I=%(e*=2]l+e" +c




2 tcomes Assessed:  ES8 R
(c)}(:v);uv,c RANERE L farking Guidelinds

' Criteria T j " | Marks
‘ ¢ 1 i H i o P Pt R
s rearrangement to [———l-ln x] —f —-;z—dx using mtegratlonj by parts 1 ' ) l__
i X 1 [ARLPS SRRV RN TWIIEE T 13 58 [IEARTE PR
» evaluation of [—Tlnx]l )
« value of definite integral . o 1
Anslw)-e‘l- T RS B SR R R A faL
I~fl—1—lnxd5c’:[—lln:t]‘—J‘e—-l-dx C 11 2
At : x 4 JixP -'-I="e‘_(‘é"1)=1"?
: o . 11 T B
=(-10} = |2
( ¢ ) [x 1 ’
2(d) Outcomes Assessed: (i) HE6 (ii) ES o
Marking Guidelines . .
riteria Marks
(i) * substitution to obtain integral in terms of . 1
* primitive in terms of £. . }
* exact value of definite integral T
(ii) » substitution to obtain integral in terms of u. i
» value of definite integral
3 3T B e e Aty
i I= - dx:f 31+>t2' 1+7
x=-5-21’-=>t=tan-5;{£=1 ¥ 2+cosx -l \ :
2+cos’x”—2+l~22' ’ o =%j "31/3:2 dt
T A I 1
3412 =-——-tan"—'-]
= — V31
e , 3 g 1
— 2743
1=—2={3-(-5)} =42
(i) .
u=4r-x e Fooy ” ' . ‘i‘ A _
du=—dx "7 )% 2+4cosx % 2+cosu
TeEou= Ym-u ' 2,_4,,f’1 u
= ~du = .
x=Lou=% L{ 2+cosu ¥ 2+cosu
_f‘f Am-u = 4n . 228
3,12+cosu' .]_4”2‘/5
N

¥ ¥
:f 47[ .du—f “ 'du
¥ 2+cosu % 2+cosu

3(a) Outcomes Assessed: E3

Marking Guidelines
Criteria Marks'
* deduction of the possible values of arg(x+1) 1
* expressing x in the form cotnf 1
- . . 1
* writing the possible values of x in surd form

Answer
(x+i)* imaginary = arg(x +i)' = darg(x +1) = n%, nodd. . arg(x+i)=n%, nodd

Since x is real, the point representing x in the Argand diagram lies on the horizontal axis, and the point
representing x + i lies in the first or second quadrant,
) For x>0, arg(x+i
(I XH;" For x<0, arg(x+i
x ’\\ x

=54 =x=cotf, cot
3 = —x=cot§, cotif

=3z
)

Hence x=+*tan¥, +tan3z,

2t

1-¢2

If t=tan,

=tanf =1, If t=tan3Z 122 =tanf =1

Hence tan§, tan¥f arethe roots of 72 +2¢~1=0, + e

tanf>0 =>tanf =—1++/2

=x=#+2~1), £(v2+1). (Since ia{néﬂ=~tan5—”'=1+\/§)’
tan%<0:tan%=—1—«/§} ( ) ( ) i T

3(b) Outcomes Assessed: (i) E3 (i) E3
Marking Guidelines
- Criteria Marks
() * expression for z in form a+ib ST e
~ s expression for w in form a+ib
(ii) * coordinates of P and Q
» distance PQ in simplest surd form

e et

Answer ’ .
(@) z=4(cos ¥ +isin ) = 4(~ L + i P(-2+3,2), 0(1,43)
: PQ*=(1+2v3)" +(¥3-2)" =20

S PO =25

Frii)=-23+2i
w=2(cosf+ising)=2(3+£i) =143

3(c) Outcomes Assessed: (i) E3 (i) E3
Marking Guidelines
N Criteria : \ Mark:
(i) * modulus/ argument form g O B
(ii) » circle with correct centre and radjus
....* possible values for |z
_* possible values for argz

Answer e
o «[§+i=2(—2‘/-§—~)—_j%;i);2(<_:os16’-+isin%) N
(ii) Locus of P is a circle, centre C('\/.:’; ,1) and radius 1. R




| z| takes its minimum and maximum values for P at points R
and Q respectively. OC=2, RC=1=5OR=1, 0Q=3.
R Hence 15|z|<3. e “
: ' OT is tangent to the circle at T. Then OTC = 90° and
| SiBTOC=4=TOC=%. Hence 0<argz<%E:5 .. -

3 g

. BoaTON B T I LTS S e
3(d) Outcomes Assessed: (i) E3 .. (ii) E3... - o .
Marking Guidelines - : -
Criteria i ~ - |Marks
—_— B
(i) ¢ PQ represents z, -2, . .
o e 1
¢ deduction QR represents { (z2 -z ,) and hence is perpendicular to PQ. 1
(ii) * deduction PS represents i(z2 -z 1) T ’ caf
. 'S GCI‘CSCIltS"Z']"'*'i(Zz’"—"Zi') © s e o e .i;... R USSR IO S
Answer
y (i) The vector Fé represents z,—z,. @ rotated anticlockwise by

Z represents i (z2 - z,). Now OR is the vector sum of the

_.. vectors representing z, and (z2 - zl), as shqwn in the diagram.
Clearly POR=1%, and APQR is right angled at Q.

(ii) If PQRS is a rectangle, PS is parallel and equal to @—é and hence
PS also represents. i (z2 - zl). Now OS is the vector sum of OP

and PS. Hence § represents zl+i(zz'—z,).

4(a) Outcomes Assessed: (i) E3, E4 ii)H5, E4 (iii) PE3. (iv) HS

Marking Guidelines
Criteria Mar
() * PQ* in terms of 6 ’ 1
* substitution of (ct, %) into equation of circle and simplification 1
* deduction oy 8 = -1 (with explanation) 1
(i) * product of gradients CP and ABis —1 1
* deduction MCN perpendicular to CD and hence parallel to AB 1
(iii)* correct sequence of geometric deductions, giving reasons, to show CA = CB 3
(award 2 marks if sequence of deductions is correct, but one reason missing;
award 1 mark if sequence of deductions is correct, but two or more reasons missing)
(iv) * deduction that triangle ABC is equilateral with reasons 1
Answers
(i) pPQ? =4c2(62 +51§—) Hence circle has t2-210+0° +tL2_%+?12_=4(92 +9L2)

equation (x—c8)’ + (y - %)2 = 4c2(6 24 512_)
Circle intersects hyperbola at (ct, ) where
(cr—co) +(5-£) = 4ct(o? +55)

Dividing both sides by ¢? and expanding

2 2 1 1 2
t ~2t9—3(9 +9_2)+;T‘}T9"‘0
1 =20%9-3t(0% + )~ 314120
But the circle cuts the hyperbola at A, B, C and Q.
Hence this equation has roots &, 8,7 and -6.

S afy(-6)=1 and ..afyO=-1.

o3~ l) 1 (iiiy MCA = CAB(Alt. £ 5 equal, MN || AB)

(ii) gradient CP= ——f = —— . . (2 between t t and chord
c(8~y) 0y MEA=CBA between .angen and chor
- . -1 equal to £ in alternate segment
Similarly gradient AB=— R R
afB . CBA=CAB
, . 1 . AABC is isosceles with CA = CB
- gradient CP . gradient AB = m =-1 (equal sides opp. equal £'s in AABC)
Hence CPD1AB NP . ;
Also MCN is tangent to the circle at C, hence (iv) Similarly, by constructing tangent to circle
MCNLCP (tangent L radius at pt. of contact). at A, and producing AP to meet BC, AB= AC.

. MED+ ADC = 90° + 90° = 180° Hence triangle ABC is equilateral

Hence MCN || AB (supplementary cointerior
Z's on transversal CD)

4(b) Outcomes Assessed: (i) E4 (i) H5
Marking Guidelines
Criteria Marks

(i) *x intercept in terms of 6
* y intercept in terms of 6
* explanation for area
(ii) » deduction that maximum occurs for @ = .
* maximum value of area
» coordinates of P in surd form

— et et e

Answer : R Fait
2 2 con . s 1 a3
. i : _a’-b (i) 'sin® cos8 = Lsin26
AtA: =0 x= 2] / 2 L .
® Y * oo . sin@ cos@ has a maximum value of

- 2_p2 ' ~
AtB: x=0=>y=-2 b sino e 7 When 6=1%.
b Hence maximum area of AAOB is
Area AAOB=%.0A.0B (a*~b?)’

when P has coordinates

2 _ 32 2 _ 32 EEE
[“ ab cos,e).(a bé Sin9);“ 4abi)'.., S

=1 .
2 (%’ﬁ

~—2;I~)——-sin9 cos@

£

5(a) Outcomes Assessed: (i) E4 (i) E4 i
- Marking Guidelines

Criteria ot .. . {Marks

(1) * deduce integer solution would be factor of 1 . . 1
* state neither 1 nor -1 is a root and make required deduction ¢ : . PRTRTTTIvON S |
(i)« application of a suitable method o find'equation with explanation i
1
1

* equation simplified with all coefficients correct ardore bt
« expression of required product of factors as product of roots of new equation , ,
+ value of required product of factors’ -
Answer L R et s B NN R
(i) Any integer root of x* ~x* +2x*~ 2x+1=0 would have to be a factor of 1. But neither 1 nor -1
satisfies the equation. Hence none of e, B, ¥, 8 is an integer, =3t 1+ va i oo™ mif . wanionm v
(i) (x+1)° ~(x+1)° +2(x+1)* = 2(x +1)+1=0 has roots a-1,B-1y-1,8-1, -
- Expansion and simplification gives the monic equation x* +3x® +5x2 +3x+1=0. o
From the original equation, & + 8+ 46 =1. Hence T :
(@+f+y)(B+y+5)y+8+a)s+a+p)=(1-8)1-a)1-BY1-7)=(a~1)(B-1)y~1)E-1)=1

since for equation **, product of the roots is 1.

bi N
Vi .

S il et




5(b) Outcomes Assessed: . (i) E3 (ii) E3 (iii) E4

Marking Guidelines
Criteria ‘ Marks
(i) - » deduction that there are 5 roots, each with modulus 2, one being -2 e 1
* one pair of complex conjugate roots in mod / arg form (with gxplanation) s 1
* second pair of complex conjugate roots in mod / arg form ,, 7" 7" 1
(ii) * removing factor: (z + 2) and identifying zeros of remaining factor -~y - _ i
. *expansion of (z—a)(z~@) to explain factorisation s
(iii)*'sim and product of cos%, cos 2% ER 9
* quadratic equation with roots cos £, cos%" T 1
- cos —’55, cos 3£ in simplest surd form 1
Answers - ‘
@ a : e I
N The five 5th roots of ~32 have modulus 2, and are equally spaced by

AR

diagram. One of these 5th roots is —2. The others are
o= 2{cos-’5’5 + isin—gi}, a= 2{cos(—15’-) + isin(——’si)};

B= 2{cos§55 + isi‘r}%}, B =v2{cos(~ —3—5’£) + isig(—%’-)}

B

(i) 0=2"+32=(z+2)(z* - 22° +42° -8z +16) _
Hence o, &, B, B are roots of z*—27° +4z> ~8z+16=0.
.-.z4—2z3+4z2—8z+16=(z-—a)(z—&)(z—ﬁ)(z—ﬂ)

But (z-@)(z—-&)=2"— (¢ + &)z +a¥ =7 - 2Re(@).z+|a |’
©.2' =22’ +42% —8z+16 = {z* ~(4cos§)z+ 4}z - (4cos )z + 4}

-
(iii) Equating coefficients of z: -8 =-16(cos% +cos )= cosk+cosE =4
Equating coefficients of z*: 4 =4+4+16cos% cos3F = cos% cos3Z =1

Hence cosZ, cos 3 are roots of the quadratic equation 4x% —2x—1=0.
24245 _1£45

This equation has solutions x =

I
Hence cos%>0, cos%"<0:—->cos—5’5=%(l+«/§), cos%:%(l—«/g)

6(a) Outcomes Assessed: (i) E7 (ii) ES

%’9 around the circle of radius 2 centred on the origin in the Argand

Marking Guidelines
Criteria Marks
(i) * inner and outer radius and height of cylindrical shell in terms of x 1
» volume of cylindrical shell in terms of x 1
* volume of pond as limiting sum of cylindrical shells and then integral 1
(ii) * primitive function and substitution of limits %

* conversion to capacity in litres

Answer
() y=2-cos’x
x=tL=y=2 —% = % Then height of cylindrical shell is given by

h=3-(2-cos?x)=cos?x~4

® - 2_,2
i Ng r | x=1] h=COS2x—-% v ”(R ¢ )h
y=2—cos2x~_-23_-__|:(_—_ R=1-x = =”{(R(+r)(R“")}((c°S)Zf“%) )
=== b relex— G =72(1-x) - & }(&x)(%cos2x
Pond/rk_a:: \a; 8V = 7(1- x)cos2x &
F o T > (ignoring second order terms in (5x)2)
4 1 4 s,
> £
x V=1 -
:’I& ~V 6]):1_1)10x=§_:%n(1 x)cos2x &x

= nﬁ (1~ x)cos2x dx
-f

@iy v= nfi[ (1-x)cos2x dx = nji cos2x dx—-ztji xcos2x dx
- -7

~V=%[sin2x ]f% = 0 (since xcos2x isan odd function )
SV=2{1-(-)}=x
Hence the pond has volume - 7 m® and capacity 1000z L =~ 31421,

6(b) Outcomes Assessed: (i) ES (i) E5 (iii) ES

Marking Guidelines
_ Criteria Marks
(1) «diagram showing weight and resistance forces 1
* use of Newton’s second law to deduce a in terms of v 1

.. dt . . .
(ii) » ;1; 1n partial fraction form

1

* primitive function, then substitution to obtain 7 as a function v 1
* v as a function of ¢ 1
1

* substitution and simplification to obtain simplest exact value of speed on impact

L dv ?
(iii) * using either a-—vax-— o? a=%% to obtain % or :i-(%xij in terms of v 1
* primitive function, then substitution to find x in terms of v 1
* substitution and simplification to obtain simplest exact valiie of distance fallen 11
Answer )
6
Initial conditions By Newton’s second law

Forces on particle
t=0, x=0, v=0 .

ma=10m- mv?
Downwards is a=q (100 -y 2)
positive direction

.. dv : 2
(i) -{55% (100~-v?)
dt 10 e

- - #.,W.,"loezr.; vezn.: 10+y " =y

dv (10+)(10-v) :
=1{ L' t=In(l++2)= ¥ = (')’ = (1442) =3+ 2¢3
2lao+v) ~ o=wy[. -
t=%{ln(10+v)—ln(10—v)}+c
1=0, v=0 =¢=0

]

T f1E) e e T
.-.v=102—((2+7%=5(1+1/5)(2—«/§)=5x/5

Hence particle hits ground with speed 5v2 ms™',




(iii) Alternatively

, . d
%%;T%(mo;v*) o de;:‘i%(loo“vz)
g _ 3 .. Lo 1
= : v dv O(IOO—VZ)
dx 2v

s 2 7

dv "(100-v?)

x=-5In(100~v?)+b_

x=0,v=0 = b=5In100

) L AR R

v=52= x=-5In(1-{3) —sipf100-vY o (v
x=-5In 50 Sln| 100

sx==5In{=5m2

7(a) Outcomes Assessed: () P4 (i) PE3
Marking Guidelines

Criteria Marks

(i) * initial factorisation by difference of squares -
» rearrangement of each factor.as a difference of squares
» final factorisation

(ii) * required deduction made from triangle property

ot ot ok et

?)nswer
i
4b21:2—(b2+c2 —a2)2 ={2bc—(bz+cz—a2)}{2bc+(b2+cz~a2)}
={a’~@-o)*Hp+c)? -a?}
={a+(b~—c)}{a—(b~c)}{(b+c)+a}{(b+c)-—a}

=(a+b—c)(a—b+c)(a+b-4'-c)(b+c—a_)

(i) a>0,b>0,c>0=>(a+b+c)>0 o
Also in a triangle, the sum of any two sides is greater than the third side.
Hence the other three factors are also strictly positive.

.‘.4b202—(b2+cz—-a2)2>0 .‘.(b2+c2~-az)2<4bzc2

7(b) Outcomes Assessed: (i) P5 (ii) P5
Marking Guidelines

Criteria Marks

(i) * use definition of even function to show E(x)is even 1
* use definition of odd function to show O(x)is odd

(ii) * expression for cos™ x in terms of E(x) and O(x)
« graph of y=1E(x), with domain restricted to ~1<x<1

b

+ graph of y =10(x)

Answer )
(i) E(~x)= f(—x)+f(—(—x)) = f(=x)+ f(x) = f(x)+ f(~x) = E(x) Hence E(x) 1.s even.
O(=x) = f(=x)= f(~(~3)) = f(=x) f(x) ={f(x) = F(-x)} =~0(x) ~ Hence Ox) is odd.

(i) 3{E(x)+0(x)} = f(x) = f(x)=LE(x) + 1O(x) where 1 E(x) is even, and 10(x) is odd.

11

E{x)=cos™ x +cos™(~x) where  g(x)=1E(x)=%, —1<x<1 isaneven function

=cos™ x+m-cos x and  h(x)=50(x)=cos" x~Z isan odd function.
CEx)=m, -1€x<1 ’t
O(x)=cos™ x ~cos™(~x) (-1.5) y=% (L5)

7
=cos'x — (7r —cos™ x) ) :

S O0(x)=2cos'x -7

- 1,-%)
cos™ x =4 E(x)+10(x) :

7(c) Outcomes Assessed: (i) HS (ii) HE2, E9

Marking Guidelines
Criteria Marks
(i) * using the recurrence relationship to write u, in terms of Uy, Uy 1
* rearrangement and simplification to obtain required result 1

(ii) * use (i) to establish truth of statement for n=1- -
* write LHS of S(k+1) as (iy,.,2 )+ s, iy + Uy oo,y if S(K)is true
* use same procedure as in (i) to complete proof that S(k) true =»- S(k+1) true
|___*deduce truth of S(n) for all integers n>1

bt et

Answers
() uy=u,+u, Hence

Uy + Uy = uz(u3 +u,)

= (=, ) +10,)

2,2
=uU," —u,

(ii) Let S(n), n=1,2,3,...be the sequence of statements
Uiy Ty UM U Uy, Uy = Uy P02, n= L,2,3,..

Consider S(1): Uity + Uy =u® —u? has been proved in (i) .- S(1) is true
It S(k)istrue:  then  wu, +uuy +ugu, FUUsF o gy oy F Uy =, P R

Consider S(k+1): LHS=(u1u2+u2u3+u3u‘+u4u5+ +u2,‘_,u2k+u2ku2k+l)

- 2_ 2 .
= (o’ 1, )i..'.‘z&ra(’fzzwa?f Myi)
— 2 2 FAYEH I
= (“21:41""““1"‘)"'(“2“[3; '”‘i“gnx)(“zk+2f‘“ oy
_ ) ) PRt o
' ‘(”2k+x — U )"'(“2“3(,7“2“1 ‘.)x o

_ 2
Flypes U Yy

g T gl
if S(k)

coone SINCE. Uy o

true using **

=gyt gy

- 2 2
=y —H

= RHS

HECHIT CE

Hence If S(k)is true, then S(k+1)is true. But S(1) is true, hence S(2) is true, and then S(3) is true and ¢
on. Hence by Mathematical Induction, S(n) is true for all integers n 1. LT




8(a) Outcomes Assessed: (i) PE3 (ii) PE3

Markixg Guidelines
riteria Marks
(1) * correct answer i 1
(ii) * counting the code numbers with digits in order as °C; * : 1

» evaluating °C, o ) 1

» subtraction of value of °C, from (i) to count required code numbers AR

Answers
(i) Number of code numbers is 9x 8 x 7 = 504

(ii) There are °C, = 84 selections of three digits, each giving rise to 3!= 6 code numbers, only one of
which has the digits in increasing order. Hence 84 code numbers have their digits in increasing order.
Hence 504 — 84 = 420 code numbers do not have their digits in increasing order.

8(b) Outcomes Assessed: () H5 (ii) PE3
Marking Guidelines
Criteria Marks

(1) * apply quotient rule
» rearrange and simplify to obtain required result

(ii) * deduce that f(x) is increasing or stationary for x>0
* compare f(x) with f(0) for x>0
* evaluate f(0) and deduce required result

Pk ot ad ok o]

Answers

3sinx (if) f(0)=0 and f(x)=0 forall x>0.
2+cosx Hence f(x) is stationary at x=0, x=2nx
and increasing for x>0, x #2n7n.

@) flx)=x-

3{cos x(2 + cos x) —sin x(~sin x)}

4 =1-
) (2+cosx)* = f(x)> £(0) for x>0.
3(cos® x+sin? x +2cos x) 0
=1= But f(0)=0—-——=0.
! (2+cosx)? ut £(0) 2+1
=(2+°°sx)2"3”’26°°“ Hence f(x)>0 for x>0.
(2+cosx)
1-2cosx+cos’ x ———ELSIE-)—C——>O
S res Brcoss
2 x for x>0
=(l—cosx) 2+cosx
2+cosx

13

8(c) Outcomes Assessed: (i) H5 (ii) H5, E9
Marking Guidelines
Criteria Marks
(1) * Expansion and simplification to show first equality
* substitution into sum to obtain sum of differences of terms
* rearrangement and simplification to obtain second equality
(ii) » rearrangement so that result from (i) is applicable
* applying result from (i)
* completing evaluation to obtain numerical answer.

P bt b b

Answer

€
sin(2r +1)0 = sin2r6 cos @ + cos 2rf sin 6
sin(2r — 1)0 = sin 2r@ cos @ — cos2rf sin &

<. sin(2r +1)6 - sin(2r - 1)0 = 2sin @ cos2r0
> 2sin@cos2rf =Y {sin(2r +1)6 — sin(2r — 16}
r=1 r=1

= (sin 30 - sin 6) + (sin 56 — sin 36) + (sin 70 — sin 56) + ... + {sin(2n+1)8 ~sin(2n - e}
=sin(2n+1)0 ~sin@

-sii0Y cos2r0=1 fsin(2n+ DO ~sin0) - . - . . - e

r=i

(ii)loo 2 - |
21000 f8) = 231}
1 100 Ll -
22,1%3 gcos(m)
1 . . o ‘
= %(100) + % sin(ﬁ) %— {sm(%’i)- sm(l—gﬁ)} (using (i) with n =100, 0 = &)
1 . .
=50 + Z—;;-n——l_g;) {s1n(27r +1%) - sm(-lio%)}

Hence lﬁg‘ cos 2(—1—%’—) =50

=]

r=1




