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- : e Marks
Question 1 (15 marks) Use a SEPARATE writing booklet
(&) It is given that (2+ cosxXZ —cosy}r 3, where O<x<z and 0< Y< .
. 3si
(i) Showthat cosy= 1+ 2c08x and siny= @ﬁ 2
2+cosx 2+cosx

(ii) Hence show that @ = i . ‘ 3
dx 2+4cosx

By e

The diagram shows the graph of f (x)z 1—¢™. On separate diagrams sketch the graphs
of the following functions, showing clearly the equations of any asymptotes:

W y=[/&)T 1

@ »=r(*) 1
(i) y=—or 2
ST )

(i) y=Ins(x) 1

. L bsinx
{c)  The function f (x) is givenby f (x): a+ , x#0 and f (O)z 0, where
- I)=
a and b are non-zero real numbers.

(i) Show that f (x) is an even function. i
(i) Find the general solution of the equation f (x)= a. 2
(i) If lim f(x)=1 and f(x) is continuous at x=0, find the values of 2 and b . 2

2




Question 2 (15 marks) Use a SEPARATE writing booklet

_ 2

(a)() Find J T .
1-x

(i) Find Jf 6/; +1}dx_

(b)  Evaluate J
0

- i1
(¢)  Use the substitution #=tan¥ to evaluate J
[4

- &
4+ 5sinx

@G I Jn=f(1~1nx)"dx, n=0,1,2,.. showthat I,=-l+nlI,, ,

(i) Hence find the value of 1.

n=12,3,..

Marks

Qhesﬁon 3 (15 marks) Use a SEPARATE writing booklet

(a) Find all the complex numbers z=a-+ib, where a and b arereal, such that

lzi2+52+10i:0

(b) z =1+ i\/g and z,=1—1 are two complex numbers.

(i) Eszpress z,z, and A in modulus / argument form.
Z

n

(i) Find the smallest positive integer n such that —L- is imaginary. For this value of ,
Zy
write the value of —Zl; inthe form bi where b is areal number.
Z

(c)(i) On an Argand diagram shade the region where both | z—1 I <1 and O0<argz<Z.

(ii) Find the perimeter of the shaded region.

(d) On an Argand diagram the points 4, B and C represent the complex numbers
a, B and y respectively. A4BC is equilateral, named with its vertices taken
anticlockwise.

(i) Show that y—a= (cos—’35+ isin—’f)CB— a)

(i) Show that o+ &+ = aff+ By+ ya.

Marks




Marks
Question 4 (15 marks) Use a SEPARATE writing booklet

2 2
(a) P(a cosd, bsin 19) is a point in the first quadrant on the ellipse f7+ %}7— =1 and
2B

2
Q(asec@ btanﬁ) is a point on the hyperbola %—%:1, where a>b> 0.

(@) Sketch the ellipse, the hyperbola and their common auxiliary circle x* + y* = &*
on the same diagram, showing the angle & and the related points P and Q.
Show clearly how the positions of P and Q are determined by the value of

6, 0<8<%.

ii) Prove that the tangent to the ellipse at as eluation + =]1.
i) Prove that the tang he ellipse at P has eq xcosf ys;n@ 1 3
a

Deduce that this tangent cuts the x-axis vertically below Q.

(iif) Given that the tangent to the hyperbola at O has equation xsecd —y—t?ﬁ =1, 4
a

show that this tangent and the tangent to the ellipse at P intersect at T’ (a s btan%).
Show both tangents on your sketch.

(iv) Without any further working, sketch a second diagram showing both curves, the
common auxiliary circle, the points P, O and the corresponding tangents intersecting

atT if Z<0<nx.

(b) P[Z P, EJ is a variable point on the hyperbola xy=4. The normal to the hyperbola at P

meets the hyperbola again at Q(Zq R EJ M is the midpoint of PQ.
q

(i) Show that g = ~~13~. 2
.. . I, 1 1 2
(i) Show that M has coordinates | —| p"—— |, p|—5—pP" | | 1
p P P
2

(iii) Show that as P moves on the hyperbola, the locus of A/ has equation
2
(xz _yz) - ~x3y3<
N

Question 5 (15 marks) Use a SEPARATE writing booklet

(8)  Aright circular cone ofheight (r-+x) is inscribed in a sphere of radius 7

e

(i) Show that the volume V" of the cone is given by V' =% P - - % )

(ii) Hence show that ¥V is a maximum when x = %r

(iii) Find the ratio of the maximum volume of the cone to the volume of the sphere.

(b)) By considering f ’(x) where f (x): ¢*—x, showthat &>x for x=20.

(ii) Hence use Mathematical Induction to show that for x>0, e™> x_] for all
n!

positive integers n 2 1.

(c)  The polynomial P(x) is given by P(x)= x°+ax”+bx+c where a, b and ¢ are real.
The equation P(x): 0 hastoots a, fand y. S, isdefinedby S, ="+ 5"+ for
n=12,3,.., anditis given that S;=S8,=3 and S;=7.

(i) Show that a=-3 and b=1.

(i) Find the value of c.

Marks




Question 6 (15 marks) Use a SEPARATE writing booklet

(2
2
74 (x—2)2+2:?=1

2
The region enclosed by the ellipse (x ~2)2 + yj =1 isrotated through one

complete revolution about the y-axis.

(i) Use the method of cylindrical shells to show that the volume ¥ of the solid of
3
revolution is given by . V=8x I x4/1~ (x —Z)de

(if) Hence find the volume of the solid of revolution in simplest exact form.

(b

C

ABCDE, where AB= AE, is a pentagon inscribed in a circle. BE meets 4C and

AD at M and N respectively.
(i) Show that £/BEA=/ACE.

(ii) Hence show that CDNM is a cyclic quadrilateral.

Marks

(© The polynomial P(x) is given by P(x)= x*+ bx*+1 where b is areal number.

The equation P(x): 0 has arealroot «, where a#0.

(i) Express the other three roots of the equation P(x)= 0 in terms of ¢ and deduce

that all four roots are real.

(ii) Find the set of possible values of b.

- Question 7 (15 marks) Use a SEPARATE writing booklet

(2)()) Show that the equation z’' ~1=0 hastoots 1, @, @", ®’, »*, &’ and @°, wheré

= 27 4 jeipn 2%
@ =Ccos=f +isinst.

(i) Hence show that the equation z°+ 2’ +z*+ 2 +2*+z+1=0 hasroots
o, 0, &, ', o and &°.

(iii) Find the value of cos%’f—+ cos%ﬁ + cos%.

(iv) Find the monic quadratic equation with numerical coefficients whose roots are
o+ o +0 md o*+0° +0°.

(b) A particle of mass m is moving vertically in a resisting medium in which the

resistance to motion has magnitude %mv2 when the particle has velocity vms™.

The acceleration due to gravity is 10ms™.

(i) The particle is projected vertically upwards with speed U ms ™. Show that during

its upward motion, its acceleration a ms? is givenby a=-% (l 00+ vz).

(i) Hence show that its maximum height, H metres, is givenby H= 5]11[ 100
(iii) The particle falls vertically from rest. Show that during its downward motion its

acceleration ams™? is given by a=1(100-1").

(iv) Hence show that it returns to its point of projection with speed Vms" givenby
10U

Ut 4100

V=

U? +1oo]

Marks
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Question 8 (15 marks) Use a SEPARATE writing booklet

(&)  Consider the function f (x)z Z(akx —1)2 where ¢, >0, a,>0,...,a,>0 arereal.
k=1

(i) Express f (x) in the form f (x)= Ax*+Bx+C forreal numbers 4, B and C. 1

2
(if) Show that Za:Z%(ZakJ. 2

k=1 k=1

(iii) Hence show that 1’ +3*+ .+ (271 —1)2 zn® and I*4+3*+ .+ (2n —1)4 >n’. 2

(b)  Two players A, B play a game of chance comprising several turns in which each
player throws a fair 6-sided die. The possible outcomes are a draw (A, B throw the
same score), A wins (A’s score is higher than B’s) or B wins. The game is over
when either player first records two wins. Let p, be the probability the game ends
onthe n™ tum. Let ¢, be the probability the game does not end in # or fewer turns.

. . e .. 5
(i) Explain why, on each turn, the probability that A wins is 5. 1
(ii) Explain why p,+¢q,=1. 1
(iif) Explain why p,-+g¢,=4,,, n7=3,4,5,.. and deduce that Z pr=l—gq,, n=2. 3

k=2

- 25(n—-1)Y5n—-8

(iv) Show that g = 2> —"F4 g pﬁw, nz2. 3
4x6" 4x6"

(v) What is the probability the game will never end? Justify your answer. 2




CATHOLIC SECONDARY SCHOOLS ASSOCIATION
2007 TRIAL HIGHER SCHOOL CERTIFICATE EXAMINATION

MATHEMATICS EXTENSION 2
Question 1
a. Qutcomes assessed : E6
Criteria Marks
1 e rearranges given equation to obtain expression for cosy 1
 uses trigonometric identity and rearrangement to find expression for sin y 1
ii  uses implicit differentiation with given equation or with expression for cosy or siny 1
 substitites for cosy or siny as appropriate in resulting expression for o 1
1
o simplifies to obtain required expression for derivative
Answer
. _ _ 2
i. (2 +cos xXZ cos y)— 3 -sin’y = 3—-3cos JZ
2 _ (2 + cosx)
Tesy= 2+cosx
3 3(1 ~cos” x)
cosy =2~ = 2
7 2+cosx (2 + cosx)
2(2+cosx)-—3 3sin x
T 2+cosx = (2+cosx)2
_1+2cosx
2+ cosx 2 Also O0<x<z and O<y<7,
sin® _1_—(1+2c05x) hence sinx >0, siny>0.
Y (2 + cosx)2 Clearly 2+ cosx >0
(2+cosx)2—-(1+2c0sx)2 ~siny= 3sinx
= 2 2+cosx
(2 + cosx)
ii. (2+cosxX2—-cosy)=3 dy _[2+cosx j2—cosy
dx 2+cosx
—sinx(2—cosy)+ (2+cosx)siny~@=0 1/5
dx But (2 + cosxXZ - cosy): 3
& sinx(Z—cosy) & ﬁ
'dxﬁsiny(2+cosx) T e 2+ cosx
Substituting for sin y
3301-2

b, Outcomes assessed : E6

Criteria

i e sketches curve with correct shape and position, showing asymptote with equation

ﬁ o sketches curve with correct shape and position, showing asymptote with equation

iii » sketches branch of curve with correct shape and position for x <0, showing asymptotes
o sketches branch of curve with correct shape and position for x > 0, showing asymptotes

iv o sketches curve with correct shape and position, showing asymptotes

Marks

[T

Answer

| RS T 7=
Y={/\x 7(x
vl N

ii.

iv.

yp  y=Ihnf(x)

2
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c. Outcomes assessed : K6

Criteria Marks
i e applies criterion for determining a function is even 1
ii e identifies solutions as non-zero solutions of sinx =0 1
o writes general solution 1
iii ® evaluates appropriate limit to find value of a I
s evaluates appropriate limit to find value of b 1

Answer
i. For x =0, f(—x)=a+bs%(")x) ii. f(x)=a = sinx=0, x#0
~X

x=nz, n=%1,£2 ..

—bsinx ;
=a+——x i, bsin x SP——>O as x-—>w
. X X
o gy 5nx “limf()=a  a=1
x xoe .
_ . _ . sinx e
—f(x) ggf(x)_ﬁbg%—x =a+b . b=-1

Hence f is an even function.

Question 2
a. Qutcomes assessed : H5
Criteria Marks
i e rearranges integrand into terms involving standard integrals 1
» finds primitive 1
ii ® rearranges integrand into terms involving standard integrals 1
e finds primitive 1

Answer

i'J J(I x Xl”_l) =f(e*+2ei‘+1jdx

1.
=& +4e” +x+c

:J{l_,_l dx =ex+4\[e_"_+x+c

X

=x+1n'x]+c

3

b. Ountcomes assessed : HE4, HE6

DISCLAIMER

The information contained in this document is intended for the professional assistance of teaching staff. It does not constitute advice to students. Further it is not
ihe intention of the CSSA to provide specific marking outcomes for alt possible Trial HSC answers. Rather the purpose is o provide teachers with information
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No guarantee nor warranty is made or implied with respect to the application or use of CSSA Marking Guidelines in relation to any specific trial exam question
or answer. The CSSA assumes 1o liability nor responsibility for the accuracy, completeness or usefulness of any Marking Guidelines provided for the Trial HSC
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Criteria Marks
e rearranges integrand into terms involving standard integrals 1
» writes sin™ x as one term in the primitive, then substitutes limits to find term Z in answer 1
» finds and evaluates remaining term in the primitive to complete value of the integral. 1
Answer
£, J
de= T—+3 oxY1-x")’
Lo a0 o
7
=|sin x + (1 x ﬂ
( 1‘r—31n“‘0)+(1/ 1-2 —+1- ]
=Z..1
T3z
¢. Outcomes assessed : HE6, E8
Criteria Marks
e writes dx in terms of df and converts limits to ¢ values 1
» expresses original integrand as a function of ¢ 1
 writes new integrand in partial fraction form I
o finds primitive then evaluates by substitution of limits 1
Answer
j %
=tanZ . 2t
! 2 4+5sinx=4+5—— 4+5$1nx
dt =1sec” % dx 1+2
2 42 4101+ 4 L 2
2 . =
2dt=(1+tan% TP 2(2t+1Xz+2) 1+
=(1+f2)7b( 2(212+5t+2)
=2 =
de=—2_ar ) 1+ . 2t+1Xt+2)
1+¢ 201 +1)1+2)
T =1 2
3 (21 + 1) (t + 2)
x=0 = t=0
1
x=2= t=1 i 241
I\ r+2
—1 1
=1(in1-1n})
=1
=52
4
DISCLAIMER
The information contained in this document is intended for the professional assistance of teaching staff. It does not constitute advice to students. Further it is not
the intention of the CSSA. to provide specific marking ¢ for all possible Trial HSC . Rather the purpose is to provide teachers with information
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d. Outcomes assessed : E8

Criteria Marks
i e applies integration by parts 1
» evaluates and simplifies to obtain recurrence formula 1
ii  applies recurrence formula to express /; in terms of I 1
e evaluates J; and hence I, 1
Answer
i i, L=-1+3]
1= f(l_lnx)"dx ) =—1+3(-1+21)
P L -1 =—4+61
- _ - - =1
—[x(l Inx) :ll j xX.n @ ]ﬂx) (xyx =—4+6(—1+I0)
=—l+n J- (i-mx) a =—10+61,
[ =-1+nl,, n=123,.. But f,= [ lde=e-1
s I =6e~16

5
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Ques’aon 3
a. Outcomes assessed : E3

| Criteria Marks
" » writes equation in terms of ¢ and b I
e equates real and imaginary parts to find 5 and a quadratic equation for a 1
o solves this quadratic equation to find two values for z 1
Answer
z=a+ib Equating real and imaginary parts
lZ|2+5§-+10i=0 b=2 and &?+5a+b =0
s 2 ] . a+4)a+1)=0
@+ 5 +5(a-ib)+10i=0 (a=_4 i
g?ibf_;l:Sg;l-Sz’(Z—«b):() sz=-4+2i or z=~1+2i
b. Outcomes assessed : E3 .
Criteria Marks
i e expresses both complex numbers in modulus/argument form 1
e expresses the quotient in modulus/argument form 1
ii @ realises 71”2” is an odd multiple of £ and deduces smallest positive integer 7 is 6 1
o cvaluates quotient in form b7 !

Answer

2(+ZI) I(T_lf) ii. ar
z =2(cos—+ zsm~)

z,= \/— (cos ——)+zsm(~—~)

I(cos_mm ,

6
. Zl — T : ot Z 3\ \—
? = 8{cos —7)+ zsm(——z—))—— -8
2

6
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¢. Outcomes assessed : E3

Criteria Marks
i e realises that the region lies inside the circle with radius 1 centred at (1 5 O) 1
» shades the part of this region which lies between two appropriate rays from the origin i
ii ® uses circle property to find length of boundary arc 1
o finds the length of the chord and hence the perimeter.

Answer

ii. Boundary arc subtends angle 2x%=% atthe
centre of the circle, and hence has length £.
04 =1" +1 —2c0s22 =3

Hence perimeter is 2+ £+ \/5

. Outcomes assessed ;: E3

) Criteria Marks

i e relates the complex numbers y—¢, f—~a to the vectors AC, B !

 uses the properties of an equilateral triangle to deduce the result 1
ii » writes a similar result considering a second pair of triangle sides as vectors }

e uses both results to obtain required equality
nswer

ii. Similarly CB is the rotation of CA
C ) .
anticlockwise by £.
y—a L p-y= (cos—;5+isin?”Xa—y)
- - )
Hence £~ % = sy =Cos% +isinZ
B-a a-y ’
. ) sAy—afa—y)=(L- -
ABC is equilateral. Hence AC= 4B (7 Xa 7) (ﬁ }/X'B a)
nd the angle between these sides is Z. &~y +2pa=F —af-Pr+ya
AC is the rotation of AB anticlockwise by Z. Hence o + f + ¥ = aff+ fy+ ya
y—a= (cos—;’~+ isian,B— a)
7
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Question 4
a. Quicomes assessed : E3, ¥4

Criteria Marks

i e sketches auxiliary circle and ellipse, showing how @ determines position of P
o sketches hyperbola, showing how € determines position of Q
i e finds gradient of tangent by differentiation
» finds equation of tangent
e finds x intercept of tangent
iii @ solves equations simultaneously to show x=a atT
o finds the y coordinate of 7'in the required form
o shows the tangents on the sketch with x intercepts and T" correctly positioned
iv  gketches second diagram

[y

[E O NS Y P S VOV

Answer
—
JER v
77
Q
\
8
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— bsi P _
y—bsm€:>d9—bcos€ & _dr boosd
“dx

PR Ry is gradient of tangent at P,

x=acosf = féi=—asin€
de
Hence tangent to ellipse at P has equation y—bsinf= —M (x —acos (9)
asin &

Rearrangement gives xbcosf+ yasin = ab(cos® -+ sin® 9)= ab

xcos9+ ysing
a b

xcos 6

Hence equation of tangent is 1

y=0=> 1. x=asec 6

a
Hence tangent cuts x axis vertically below Q.

P .
xcosd ysm¢9=

1 1
a b W
xscc&_ytané’=1 @)
a b
(1) x secd + (2) = ZC—(l+sec«9) + 0 =secH+1 Lx=a
a
_ 2sin? 8
Sub.for x in (1):  y=b| 1280|4283 - y=btan
sin @ 2sin§cos§
iv.
Y. v4
L B
T
P
s
o S
tiped | a0 aa
d B
9
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b. OQutcomes assessed : E3, E4

Criteria Marks
i e finds the gradient of the normal at P 1
e equates this to the gradient of PQ and rearranges 1
ii e writes the coordinates of M in terms of p and g, then substitutes for ¢ and rearranges 1
iii o finds expression for p® in terms of x and y 1
» substitutes for p” in expression for y” then rearranges to get required eguation 1

Answer

ii. AtA z
Hence normal at P has gradient p>. y= % + % = % -p'= p(p_lz - pzj
-, PQ has gradient p>.
2_2 y
~—"'—P—=p2 iii. At M, -—=—~p2
2g-2p x ,
P e Hence y*=-2{-X+2
g 7 (a-p) i
1 2)?
- y —-x
q= ) Xy =
4 xy
2
(yz —x?
= e yz
2
(x2 _ yz) _ _xsys
10
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Question S
a. Outcomes assessed ; HS

) Criteria [ Marks
i e finds radius of base of cone 1
« finds volume of cone and rearranges into required form 1
1
ii e differentiates with respect to x and solves % =0 -
e verifies this stationary value is a maximum i
iii » finds the maximum volume in terms of » 1
¢ finds the ratio in simplest terms
Answer
i. ii. 1ii.
v . 2
g 3 id 2rx 3x] Vmﬂx=§”(72—%rzxr+§7”)
dV=§(r—3x r+x) =%’£r3
—=0 = x=lr ,
dx Vyphere = %7‘
(since x>0 and r>0)
Then Ve *Vphere =8 :27
The base of the cone has )
: 2 2 2 avv
radius R where R*=r"-x". =—’£(—2r—6x)=-ﬂr<0
: V=l7z(rz~x2Xr+x) @ ’
N 3 Hence maximum ¥ for x =17
2 .3 2 2 3
=2 +rix -t —x )
b. Outcomes assessed : HE2
Criteria Marks
i e shows f (x) is stationary at x =0 and monotonic increasing for x >0 1
1
euses f (0):1 to deduce f (x)> 0 for x>0
ii @ defines an appropriate sequence of statemnents S| (n), using (i) to establish the truth of S (1) 1
» ‘writes an inequality involving definite integrals conditional on the truth of S(k) 1
e finds the prirhitives and evaluates to establish that if § (k) is true then S| (k + 1) is true 1
Answer
i f (x)z e —x

¥ '(x)= e -1

f'(o)= 0, f’(x)> 0 for x>0
Function f is stationary at x =0 and monotonic increasing
for x>0. But f(O)zl. f(x)zl for x>0.

f(x)> 0, andhence & >x, for x=0.

11

x

ii. Let S(n), n=L2,3,... bethesequence of statements &* > x_’ for x>0

n:

1
Clearly S(l) is true since e”>—);~ using (D).

k
If (k) is true e”>% for x>0

x x k
t
Then for x>0, je’dt > —dt
k!
0 0
tk+1 *

[el]a z (k+1) ,
k+1

x X
€ *12@
K+l

. x
e 2F(k+1)+1
1

k
x+

> ——
(k+1)
Hence if S(k) is true, then S(k+ 1) is true. But S(l) is true, hence S(Z) is true, and then S(B)

is true and so on. Hence S(n) is true for all positive integers n21.

x

€

¢. Outcomes assessed : PE3

Criteria . Marks
i e expresses S, interms of a and b 1
o uses the given values of S and §, to find values of o and b 1
ii » writes an equation for ¢ in terms of. S, S,, S, }
s uses the given values of these sums to evaluate ¢

Answer

i P(x)= P +a+bx+c

ii. P(a)=P(f)=P(r)=0
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S,=a"+["+y"
sa=-=S=-3 & -3 +a+c=0
S2=(a+ﬂ+y)z—2(aﬂ+ﬂy+ya) B =3f+p+c=0
¢ g =3 +y+c=0
=(4) 8, =38, +8,+3¢=0
T7=9-2b 3- 21 + 3+3¢=0
s b=1 +oroe=
se=5
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Question 6
a. Outcomes assessed : HE6, E7

Criteria Marks
i e finds an expression for the volume of a typical cylindrical shell 1
o takes the limiting sum of such shell volumes to express ¥ as the integral of a function of x 1
ii » makes an appropriate substitution 1
 recognises that the integral of an odd function between —1 and 1 is zero !
o recognises that the remaining integral is given by the area of a semi circle of radius 1 1
e evaluates V, giving an exact value 1
Answer
L. A Ignoring second order terms in (&c)2 :
TR, =3
> ¥ =1lim Y 4zxy s
S? R=x+6 =a
h > e = f4ﬂ e
Xy
== * >
3
=4nf x.291- (x-2) dr
1
Cylindrical shell has volume f o 2
5V=E(R2-—7”2y —87r1 x 1—(x—2 dx
= ﬁh(R+rXR—r)
=27y (Zx + é}c)&(
ii.
u=x-2 ! 2
e = dh V=8ﬂf_l(u+2 1—u" du
x=l=u=-1 =8ﬁ_ru - du+167rJ11/1—u2 du
x=3=u=1 - =
But f (u)= uVl-4* is an odd function, and _[11‘\/1 —u” du
is the area of a semi circle of radius 1.
V=0 + 167;(%7112)=87z2
b. Outcomes assessed : PE3
li Criteria Marks
i e explains why £BEA =_/ABE 1
e explains why ZABE = /ACE 1
i » explains why ZEAD = /ECD !
e explains why £BEA + LEAD = /END 1
o uses these deductions with the result from i. to apply a test for a cyclic quadrilateral !
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Answer
A
i AB=AE (given)
. ZBEA=/ABE (/'s opp. equal sides are equal in AABE)
B E But LABE = LACE ( /'s subtended at the circumference by
M same arc AE are equal)

. LBEA=/ACE

D
C

ii. LEAD=/ECD (/'s subtended at the circumference by same arc ED are equal)

~ZBEA¥ ZEAD = ZACE + ZECD
But ZBEA+ /EAD = /END (Exterior £ is sum of interior opp. L's in AAEN')
and LACE+ LECD = £ACD ( By addition of adjacent £'s)

. ZEND =/ACD
.. CDNM is a cyclic quadrilateral (Exterior £ equal to interior opp. £)
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c. Outcomes assessed : PE3 .
Criteria Marks
i ® shows the roots come in pairs of opposites 1
o uses the product of the roots to write the other roots in terms of « and deduce they are real 1
ii » solves the equation as a quadratic in x’ 1
o uses the fact that b and all the roots are real to find the possible values for b 1
Answer
i P(—a)= at+bat +1=P(a)
Hence if « isaroot, then —« is also aroot.
Lettherootsbe «,—a, B, —p.
Then considering the product of the roots, o =1 = B=+1
Hence roots are o, —«, é, ——é , and all four roots are real since ¢ is real.
o . L . ~bxVp -4
ii. Considering x*+ bx* +1=0 as a quadratic equation in x*, solutions are x*= —
. . l—b+\/b2—4 [—b—\/bz—4
Hence the roots of this equation are * , £ .
V2 V7
Since b is real, and all four roots are non zero real numbers,
»¥ 24 and -b—Vb* -4 >0
[[22 and b<—B*-4<0
b2
14
DISCLAIMER
The information contained in this docwment is intended for the prc jonal assi of teaching staff. Tt does not constitute advice to stadents. Further it is not

the intention of the CSSA to provide specific marking outcomes for all possible Trial HSC answers. Rather the purpose is to provide teachers with information

so that they can better explore, understand and apply HSC marking requirements, as established by the NSW Board of Studies.

No guarantee nor warranty is made or implied with respect to the application or use of C3SA Marking Guidelines in relation fo any specific trial exam question
or answer The CSSA assumes no liability nor responsibility for the 7y, compl or useful of any Marking Guidelines provided for the Trial HSC

papers.




Question 7
a. Outcomes assessed : E3
Criteria Marks
i e describes the position of the roots on an Argand diagram, referring to DeMoivre 1
o Iists the roots and relates the non-real roots to powers of @ 1
ii ewrites 2 +2° +z*+ 2 + 2 +2+1 asafactorof z' —1 fo deduce required result L
iii » realises the sum of the roots, grouped into complex conjugate pairs, is ~1 1
e simplifies the sum of each complex conjugate pair to evaluate sum of cosines 1
iv ® shows the product of the stated roots is 2 1
o writes the sum of the stated roots and hence finds the required monic quadratic equation 1

Answer
i =1= ]z[ =1. Clearly cneroot of z’ =11is 1. Using DeMoivre’s theorem, the seven roots of z” =1

are equally spaced by 2% around the unit circle in the Argand diagram. Hence the roots of z'-1=0 are
1, cos7+zsm7=m, cos——+zsm——a) cosT”+isin7”=m ,

cosi2% + isiniZE = °, cosl+isinl¥=w’, cosiE+isiniz=p'

i. 27-1= (Z—IX26 +2 4+ v+ 42+ 1)., Hence o, &, @°, @*, ®°, @° are the roots of

L+l + 4+ +2+1=0.

iii. @°=cos ——)—Hsm( ) ®° =cos ﬁi’ﬁ)-&zsm(— ) @ —cos(— )+zsm(

But (a)+a) )+(a) + @ )+(a) +@ ):—l

Hence 2co0sZE + 2<:osM + 20036—’£ =-1

. c0s22 + cos i + cos—é—’£ =—

iv.Let a=o+o" +a°, ﬁ:a) + o +az6
Then a+f=-
af=0'+o°+ 0" + @+ + 0"+ 0+ + "
=o'+ +1+0° +1+0+1+ 0" + 0
=2
Hence ¢, § areroots of 2 +z+2=0
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b. Outcomes assessed : ES

Criteria Marks

i e identifies forces on particle and uses Newton’s second law to find acceleration
ii e selects appropriate derivative for o then integrates to find x as a function of v

e uses initial conditions to evaluate constant of integration

o substitutes v=0 tofind A intermsof U
iii e identifies forces on particle and uses Newton’s second law to find acceleration
iv e selects appropriate derivative for a then integrates to find x as a function of v

e uses initial conditions to evaluate constant of integration

* substitutes x = H and expression for A to find ¥ as a function of U

— e e e e e

Answer
i. N Cid 2
Forces on . %E:"Tlo‘(loo"'v )

Particle

dx 1
T e W) 1w 6)

x=—5 [(1 00+ )A] A constant

-
l

10m

<y
[
Qo<

100+U2
100+ U?
100+v*
By Newton’s second law : At maximum height: v=0, x=H
ma=—(10m+1l0mv2) - H=5 U’ +100
& (loo++?) 100

x=51n|

iii. By Newton’s second law :
Forces on )
Particle ma=10m—5mv

. ~a=}{100-17)
0m||®

< w0~
o

1l

S o
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i %% = %(100 - vz) .. returns to point of projection with speed V'if
dx 1 2
s : s U100 =51n[ 100 ZJ
d(*) " 100-() 100 1007
100-7* 100
x=—5m|100-v*B|, B constant b A
[( )B] 100 U?*+100
#=0l_ p_ L (_l00-y2 . 100
v=0 100 100 U +100
- v
100—v 100 U*+100
= 10U
VU +100
Question 8
a. Outcomes assessed : PE3
Criteria Marks
i e expands square and regroups terms to obtain required form 1
ii e deduces that the quadratic expression in real x has a negative discriminant i
 uses this result to obtain required inequality 1
iii e selects @, =2k—1, k=L2,..,n and deduces first inequality from (ii) i
e replaces a, by ak2 to deduce second inequality from (ii)

Answer

i f(x)=§n_:(akx—1)2
k=1
= zn:@,fxz —2a, x+ 1)

n 2 n

— 2 _

= Zak X 2 Zak X +n
k=1 k=1

ii. Since ¢, isreal, k=12,..,n
f (x)z 0 for all real x Also ,

The quadratic function f(x)has A<0. i(a2)2>1 Zn:az 2>1 l Z":a 2
% J = Ltk =l i3
k=1 k=1 k=1

iiil. Let @, =2k -1, k=12,..,n

Then Zn:ak = g— [1+ (Zn —1)]= n
P

2
n
.lz O
L) =n
k=1

LB+t 2n —1)2 >n?

2
-4 Zak —4nZak2§0
k=1

k=1 5 s 3
.'.Za >1(n
2 kK Ton
n 2 n k=1
4n ) a, 24 a
i 2
k=1

k=1

.'.l4+34+...+(2n~1)42n5
a, =zt a
k=1 f ? k=1 £
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b. Outcomes assessed : HS

Criteria v Marks
i e explains why the probability A wins a turn is 2

ii » explains why p, +g,=1
iii ® explains why p,+¢g,=g,, for n>3
« takes the sum of a sequence of such equations p, + ¢, =q,,, £=2,3,4, ..,n
o simplifies this to obtain required result
iv o finds probability of possible outcomes if the game does not end in » or fewer turns
« adds all such probabilities to find g,
s finds p,
v e writes this probability as a limiting sum of p,, £=2,3,...
o deduces this is the limiting value of g, as 7 — oo and justifies a limiting value of 0

Pt pmed ek b et et

b

Answer

i P(draw)=£=1

P(A wins)= P(B wins)= i (1 - %): 3

ii. The game cannot end on the first turn.
q,= P(game does not end on 1" nor 2 tum)

=1 —P(game ends on 1" or 2™ tum)
=1 —P(game ends on 2™ z‘urn)

=1-p,
Lt g =1

iii. Consider the sample space of possible outcomes for the first » turns, » > 3.
The event E defined as
E: the game does notend in n—1 or fewer turns
is the union of the mutually exclusive events
By : the game ends on the n™ turn
B, : the game does not end in n or fewer turns

o P(EY+P(E)=P(E) = p,*+ 4, = s 123
Thén
Dtg =1
D3+ q=q,
pitq,=4q;

D, +4,=4,,
.'.Zpk+qn=1 .'.Zpk=l—qn, nz2

k=2 =2
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iv. If the game does not end in 7 or fewer turns, consider the outcomes for the first » turns :

Wins for A | Wins for B | draws probability H
7 ence
- . . ‘ (%) =] 1 5n Sm 2572(11 —1)
1 0 n—1 n(%)@ q"=?1+—2_+7+7
1
0 ! nel] n) 257’ —5n+4
1 1 n-2 n(n - IX%)Z (%)H T 4x6"

Then p,=4,,-4,

4x6" p, =6%S(n—1)2~5 n—1)+4}(25n2—5n+4)
=125n% — 3257 +200
=25(5n2—13n+8)

~25(n—1)5n-8)
I e

V. P(game never ends)z 1- h_r)gi A
k=2
=1-lim(i-g,)
n—X0

=1-1+limg,
n-30

251 ~5n+4

= lim
e 4 x6"
2
=§limn— - élm— + lim—
4 no G" 4 n—o §" n—0 G
2
“Bim ~ im0

X .

Considering the behaviour of the familiar graphs y = xe™ and y = x"¢”
x (%)x <xe*—>0 as x>+ and xz(%)x <x’e™ >0 as x >+

Hence lim— = lim’~=0 P(game never ends)= 0
b0 67! 7I—00 67‘
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