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Ll ‘ ' I E ’ l l ’ ‘ , D Question 1 Begin a new page
Centre Number Student Number
@
¥y ‘r
S A L The diagram shows the graph of y= f(x)
CATHOLIC SECONDARY SCHOOLS where f(x) = j# :
ASSOCIATION OF NEW SOUTH WALES T+l
2002 NS s
TRIAL HIGHER SCHOOL CERTIFICATE . 3

EXAMINATION

- ) . (1) Find the equation of the asymptote .
M at h e m atl CS (i1) On separate diagrams sketch the following graphs, showing any intercepts on the 6
coordinate axes and the equations of any asymptotes : .

y={fe}, y=Ji®) ., y=—— and yme 1O

Extension 2 "
) (iii) The function f(x) with its domain restricted to x>0 has an inverse F 7 x). 2
Find f™(x) asafunction of x.
. — f(x) > -1 - -1 2
Morning Session (iv) I.f g(.\c)_1 et x> Of write the inverse function g™ interms of £~ and hence
Monday 12 August 2002 find g7 (x) as a function of x.
General Instructions ; - : ; ¥=tt4r-1
: (b) Consider the curve defined by the parametric equations 2 .
. : o y=te
* Reading time — 5 minutes : : ) d
o T ' , (i) Show that 2= ¢ 2
“ ¢~ Working time - 3 hours Total marks (120) . d
+  Write using blue or black pen * Attempt Questlons 1-8 ’ ) (ii) Hence show that the tangent to the curve at the point on the curve where ¢ = -1 2
* All questions are of equal value passes through the origin.
* Board-approved calculators may be
used
¢ A table of standard integrals is N
provided separately R

¢ All necessary working should be
shown in every question

[ Disclaimer
Every effort has been made to prepare these “Trial” Higher School Cenificate Examinations in accordance with the Board of Swudies documents,
Principles for Setting HSC Examinations in a Standards-Referenced Framework (BOS Bulletin. Vol 8, No 9, Nov/Dec 1999), and Principles for
Developing. Marking Guidelines E. in a Stundards Referenced Framework (BOS Bulletn, Yol 9, No 3. May 2000). No guarantee or
warranty is made or implied that the *Trial’ Examination papers mirror in every respect the acwal HSC Exammation question paper in any or all w
courses to be examined. These papers do not constitue ‘advice’ nor can they be construed us authoritative interpresations of Board of Studies
intentiohs, The CSSA accepts no liability for any retiance use or pumpose related to these *Trial’ question pupers. Advice on HSC examination issues is

|_only to be obtined from the NSW Board of Studics.
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Question 2 Begin a new page

cos*x

(a) (i) Find J : dr . )

—Sinx

— 1
(i1) Find jm dx .

(b) (i) Use the substitution u=e” to find J—————‘/_i_—; dx .
e 4

x

(ii) Use the substitution t=tan% to evaluate U S
£ 1—cosx
4 o ,
®If I = X, n=1, 2, 3,... , show'that
N (1+x )

2nl,,, = @n-1)I, +

(i) Hence find the value of I, in terms of 7.

Question 3 Begin a new page
(@) Let z=3 +i

(i) Express z in modulus / argument form.

(ii) Show that z7 +64z7=0.

(b) Find the complex number z=a+ib, where a and b are real, such that

Im(z)+7 = —1— )
1-i

() The complex number z satisfies the condition |z~ 8| = 2 Re(z ~2).

() Sketch the locus defined by this cquation on an Argand diagram, showing any
important features of the curve. State the type of curve and write down its equation.

(i) Write down the value of [z+8]-]z-8|.

(iii) Find the possible values of argz.

Marks

(d) P, Q represent complex numbers @, § respectively in an Argand diagram, where O s
the origin and O, P, Q are not collinear. In AOPQ; the median from O to the midpoint
M ol PQ meets the median from Q to the midpoint N of OP in the point R, wherc
R represents the complex number z.

(i) Show this information on a sketch.

(i) Explain why there are positive real numbers k, [ sothat kz= ;— (a+8) and
lz=B)=2a-8 .
(ili) Show that z=1(a+ ).

(iv) Deduce that R is the point of concurrence of the three medians of AOPQ.

Question 4 Begin a new page

The parabola x* = 4c¢y intersects the
xZ yZ

ellipse —+=5 =1 atthe point
a b

P(2cp, sz) in the first quadrant,

where a>b>0 and ¢>0.
The tangent to the ellipse at P meets

the parabola agamat Q(2cq, cq*).

L2 Ty
(1) Show that the tangent to the ellipse at P has equation -% + ﬁbPz_)’ = 1.
2 pit?  4pt 1
(ii) If this tangent meets the parahola at (20[, ct ) show that ~b—2 + el 3 =0

and deduce that , considered as a quadraticin 1, this equation has roots p and g.

iii) If PQ subtends a right angle at the origin, show that pq=-—4 and deduce that
1 1 1
-3

b a * (4(:)Z ’

iv) Hence show that if PQ subtends a right angle at the origin, then p=2e¢, where ¢
is the eccentricity of the ellipse.

v) Find,a set of positive ratiopal numbers a, b, ¢ with a>b sothat PQ subtends a
right angle at the origin, and sketch the corresponding parabola and ellipse showing the
equations of the curves, the equation of the tangent at P, and the coordinates of P and Q

Marks

™~



Marks

Question 6 Begin a new page
X Marks
Question 5 Begin a new page (a)
(3 A
v}
A particle P of mass m kg 1s connected
) toa fixed pomnt A by alight, inextensible
The diagram shows the graph of the relation string. Point A 1sata height / metres
1 SR X h abov . i
/ % I _ g1 above the centre O of a smooth,
[ * +1y[* =L for some L>o0. hemispherical shell of radius R metres.
— ’ . P travels in a honizontal circle around
o x the surface of the hemisphere with
constant angular velocity @ radians per
. second. The length of the string is
R metres, and the siring makes an
v angle 8 with OA.
(i) Show that the area of the region enclosed by the curve is g- L% 3
(i) Draw a diagram showing the forces on P, and explain why the magnitude T of the tension 2
(i) A stone bulldmg has height H metres. Its base is the region enclosed by the curve 4 in the string and the magmitude N of the normal reaction force between P and the surface of
i i 1 - the sphere (measured in Newtons) satisfy the simultaneous equations
Jx |7+ ,y[ =L?%, and the cross section taken parallel to the base at height / metresisa - ToN = 18
similar region enclosed by the curve |x [2 +|y ]Z =1t where I= L(l— i) . \ 08
. . H T-N = mRo?
Find the volume of the building.
(ii) If @, is the maximum angular velocity for which P stays in contact with the surface, and 4
. . N 1-2?
(b) (i) Use De Moivre's Theorem to show that (cot 6 +i)" + (cot @ -i)" = 2 0sm . 2 @=Aiw, forsome 0<A<l, show that T 1+A%
sin” 9
(if) Show that the equation X+i)" +{x-i)" =0 has tcotZ, +cotk
d ( ) ( ) roots 0, % cotff, +cot 10 - 2 (iif) Describe qualitatively what would happen to the motion of the particle P if @ were to 1
increase to @, and then exceed @,.
(iii) Hence show that the equation x*—10x2+5=0 has roots =+ °°t'16 , * cotf—g ) 2 increase to @, and then o
(iv) Hence show that cot{—g- =54+25 . , 2 (b) An object of mass m kg is dropped from rest from the top of a cliff 30 metres high. The
resistance to its motion has magnitude 55mv® when the velocity of the objectis v ms ™.

The object has fallen x metres after 7 seconds.

B (1) Draw a diagram showmg the forces on the object, and explain why i=g— —v . 1
(ii) Find v as a function of x. 5
(iii) What percentage of its terminal velocity V ms™ will the object attain just before it 2
hits the ground ?
7




Marks

Question 7 Begin a new page

@

C

ABCD is acyclic quadnlateral. DA produced and’ CB produced meetat P. T 1sa point on
the tangentat D to the circle through A, B, C and D. PT cuts CA and CD at E and F
respectively. TF=TD.

(i) Copy the diagram. ’
(ii) Show that AEFD isa cyclic quadrilateral.
Jii) Show that PBFA isa cyclic quadrilateral,

(b) (i) Use the method of Mathematical Induction to show that :
a*+(a+d)’ +(a+2d)" + ... +{a+(n—1)d}'l=én{6a2+6ad(n—1)+a’z(n-—l)(2n—1)}
for all positive integers n > 1.
(if) Hence show that 1% +3*+5%+ .. +/>=11(1+1)I+2) if / isodd, and
28447 46"+ + =L 141 14+2)  if 1 is even.

Question 8 Begin a new page

G, i P(x):x"'(b"—c")+ bf"(c"~x")+c"'(x"~b") where m and n are positive
integers, show that x*—(b+c)x +bc isafactor of P(x).

DYE I flx)=x —ln(l +x+ %x’) show that f(x) is an increasing function of x for x<0.

(if) Hence show that e¢* < 14+x+ ;—xz for x<0.

C) A goat grazes a rectangular paddock 10 metres by 20 metres. Itis tethered to the fence
at one corner of the paddock by an inextensible rope of length x metres, where 10 < x <20.

(i) Show that the goat can graze anareaof Am? where A= %xzsm“(lgj +54 %" =100.
x

(ii) If'the goat can graze an area equal to half the area of the paddock, find the length of the rope
using one application of Newton's method with an initial value of x = 10. Give your
answer correct to one decimal place.

8
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Mathematics Extension 2 CSSA HSC Trial Examination 2002 Marking Guidelines

Question 1

1(a) Outcomes Assessed: ()PS5 (i)E6 (ili) HE4 (iv) HE4

Marking Guidelines

Criteria Marks
(1) * equation of asymptote %
(ii) * graph of y={ f(x)}"
» graph of  y= ./ f{(x) 1
1
* asymptotes of y=-—— 1
f(x)
h d intercept of y L !
* shape and intercept of y=——
e 1
« shape of y= e’
* intercept and asymptote of y= e’ %
(iti) « interchanging variables with attempt to rearrange ) 1
* successful completion of rearranement to find inverse function
(iv) « writing g~ in terms of f ™ 1
» obtaining expression for g'l(;c) !

Answer

xt -1
) li = lim
(1) x—)nl xz “+

@

N e

-1 O 1 x -1 0 1 x
y={sx}" y=J )

| yﬂ ; X

/' NEAE)

=7 L1
l | )=

11 -1 0 1 .
'r:—l:/\:x:l




uvy

[¥Ity) . -
yxt+y=xt-1 Iny= f(x)
Fy-D)=-1-y y=e', 120 = {7 (ny) = F ()
)’”xz*l x20 = =2 [ (ny)=x
= , x> - )
o 5 - 870)= £ )
x= [—= .
1-y ool | 1T Inx
~ g7 1-Inx
1+x
Loty o [ITX
RO 2
1(b) Outcomes Assessed: (i)PE3, PE5 (i) E3
Marking Guidelines
Criteria Marks
dx &y
i) e ining both —, —= 1
(i) * obtaining AT
1
« obtaining gxy—-
(ii) * finding the equation of the tangent in any form i
» showing tangent passes through origin
Answer
® (ii)
2 dx ) .
=A== dar 2+l r=-1 required tangent has equation
dy 2 x=-1 y+e P=e(x+1)
y=te = E—l::e +2{e z,i:__e-l = y=e"%
dy dy Jax  eM1+21) sz =e” which passes through (0, 0).

Question 2
‘a) Outcomes Assessed: (i))HS (i) ES8
Marking Guidelines

« finding indefinite integral

Criteria Marks
(1) *simplification of integrand }
+ finding indefinite integral ) 1
(i) » decomposition into partial fractions !

\nswer
i) (i)
2 L ain? .
COsX =J‘1 s1‘r1 X i 1 5
“L-sinx 1—sinx x(x2+1)

=J-(1+sinx) di

=X—Ccosx+c¢

=J(i- - xzil) =

=Injx| - tin{x*+1) + ¢

2(b) Outcomes Assessed: (i) HE6 (ii) HE6
Marking Guidelines

Marks

Criteria
(i) » change of variable to obtain integral with respectto u 1
» indefinite integral expressed as function of x 1
(ii) * converting x limits into ¢ limits and replacing dx by ES dt 1
. . . 1
* converting the integrand to function of ¢ in simplest form 1
» calculation of definite integral
Answer .
® (1)
— P ’ 1
u=e* = du=e” dx f=tanz g1l-cosx
e” 1 1
dx = du 1 2 1 2
J‘/e“+l j\/u2+1 di=gsec’ s dx =J T o
* 22
=ln(u+‘}u2+1) +c 9 1
dx = -;f dt =j. -5 dt
=In(e"+‘/e"+l)+c 1+ #!
1
. . 3 3
(using the table of standard integrals) *
=% = t=1 =-1+.3
2(c). Outcomes Assessed: (i) E8 (i) E8
Marking Guidelines
’ Criteria Marks
(i) * correct use of integration by parts 1
* substitution of limits 1
* rearrangement of remaining integral to express it in terms of 1,1, 1
* rearrangement of resultant recurrence formula 1
(i1) * evaluation of . I, 1
* using recurrence formula to find 1, 1
inswer
) - , (if)
I3
1
I, = J — dx | o -
o (1452 1 =f0 1+x1dx=[tan x|, =tan s
1
1 13
1 —2nx n=1 =21, = I, + ——
=lx. oL - J v dx 2 Vg
(1+x?) o (1+27) ;
| (e )
! 1+x%-1 I+t
= A 2n T dx !
(1+1%) . (14x7) n=2= 41,=3], +Z——2)T
1+1
I=—lr ton(l, -1, )
(1+1%)




3(a) Outcomes Assessed: (i)E3 (i) E3

Marking Guidelines

Criteria Marks
(i) * expressing z in modulus / argument form 1
(ii) « showing required result 1

Answer .
) (i)
z=3 +i o' =2"(cos 2+ i sinZE) =— 64 (3 + 1)
z=2(~‘§+51i)=2(cos%+ism6£) L7 +64z=0

3(b) Outcomes Assessed: E3
Marking Guidelines

[ Criteria Marks |
* equating real and imagmary parts of the two expressions 1
* finding z 1
Answer ] )
z=a+ib Equating real and imaginary parts,
Im(z)+Z=b+(a~ib)=(a+b)+i(-b
O 220+ (e~ i0)=(a) (1) wrbmt]  ami, boy
i . = .
P A ~b=1] 7 z=1-}i
3(c) Outcomes Assessed: (i) E3 (i) E3, E4  (iii) E3, E4
Marking Guidelines
Criteria Marks
(1) +name and equation of locus 1
* sketch of locus 1
(i) » value of expression 1
(ii1) » finding the asymptotes 1
___ s using the asymptotes to deduce the values of argz 1
\nswer
|z-8] = 2Re(z—2) ) = Sx
listance from z to S(8, 0) is twice distance from [
toline / with equation x=2, and Rez > 2. e
ocus is the right hand branch of the hyperbola 7’
ith focus S, directrix /, and eccentricity e=2, L A4 Ky
1 - P
Ix=2 =2 s (8.0)=(4e,0) 0 2\; 4 8
e :
‘ence the hyperbola is centred on the origin | N x? AR 1
ith a=4, b*=47(2>-1)=4s, LY\ 16 48
2 2 —_
dequation — — 2 = ], x=2 ¥y=—Bzx
16 48

VIf P represents z, then |z+8|—|z-8|= P§s'— PS =2(PM’' —PM) =8 .

where $(~8,0) is the second focus of the hyperbola, I’: x=-2 s the second directrix, and M' M

are the.feet of the perpendiculars from P to I', I respectively.

) 6 = 4~Z-§-—= V3. Hence the asymptotes of the hyperbola have equations y=%B1x
a .

The asymptotes each make angle & with the x axis. Hence — ¥ <agz <%

3(d) Outcomes Assessed: ‘(i) E3  (DE3 (i) E3 (ivy E2, E3, E9

Marking Guidelines

Criteria [ Marks
(1) « sketch showing vectors 1
(ii) * obtaining relationship for & z 1
* obtaining relationship for I(z - §) %
(iii) » finding values for k¥ and 1
* deducing required result 1
(iv) * explaining required deduction

Answer ]
¢ (i) ,

Completing the parallelogram to add the vectors
/7 representing o and f, OM = i(x+g)

since the diagonals bisect each other.
Ve / — —_—

Vectors OR, OM are parallel. Hence
kz=%1(a+B) forsomereal k>0.
/ —— —_—
Also ON =3a = QN =ta-§8,

f4

Q —_— — —
{ B - QR =z~ and QR, ON are parallel.
Hence l(z—ﬁ)=~21~a—ﬁ for somereal >0,

(1) k (iv)
kz=%(a+p)
z-B)=ta-B = l=ga +(1-1)B

k=Dz=(3-1)p

Similarly if the median from P to OQ meets the
median OM in 7, then T represents the complex

1

By subtraction, number 3 (a+ B ) Hence T and R are the same

—_— point, and the threé medians are concurrent in R,
But OR, OQ are not parallel. Hence
k=l=3-1=0, sk=l=3

=2
Now kz=3(a+B) = r=1(a+p)
Question 4
(
Outcomes Assessed: () E3, E4 (ii) PE3, E2 (i) PE4, E2 (iv) E2, E3, E4 (v)E3, E4

Marking Guidelines
. Criteria Marks
(i) +finding the gradient of the tangent 1
* finding the equation of the tangent
* substitution of the coordinates of P
(ii) * obtaining required result
* explaining required deduction
(iii) « showing pg=—4
* substitution of =g and pg=-4 in expresion in (ii)
* rearrangement to obtain required result
(iv) » obtaining an expression for P4 as the product of the roots of the quadratic in (ii)
* expressing p intermsof b and c.
* * expressing the eccentricity e in terms of  and c.
* deducing that p =2e
(v) «finding an appropriate set of values of a, b c
+ finding the corresponding values of parameters p, g
* sketch with required information

e i S

S




v 1 XX Ny

.
'

: 1
L _}’T =1 Hence tangent at (xI :)’1) has equation e + X
a? b ) \
2x 2y dy : ko= S + PAY 1
254 2 o X,,Y,) lies on the tangent = T T
P b? dx ( t ‘) a b ,
d x . 2cpx  cp*y -
Z{— = - Z{/% Hence tangent at P(2cp, sz) has equation —-—-—-al + = b7 1
(i) | o) N
2cp(2ct cpri¢ P Pt 1 n osx
(20:, ctz) lieson tangentat P = I;(z + X =1 T + pE: P 0

Since (201, ctz) lies on the tangent forboth t=p (atP) and t=q (at Q), equation ** , considered

as a quadratic in z, hasroots p and gq.

(i)
. - 2a . -4
P(2(:p, cpz), Q(Zcq, qu) = gradient OP.gradient OQ—2 s S OPL OQ = pg=-4
2
N . q 4pq 1
Since g isarootof ** substituting t=gq gives (};2) + PERE 0.
» —4)*  4(=4) 1 50— o0 = L _ L 1
Now pg=-4 = Lbzl_’-% -a= 0. Hence POQ=90° = e p + —(46)2
. 1*  4pt 1 ..

(iv) Quadratic equation in ¢ -pb—z+—ap—Z - T= 0  hasroots p, g. (from (ii))

2

-1 pz_ b . - 19
'-‘-Pq=c—z/7———czpz o pq 4=7p 20

A b
Since P isin the first quadrant, p>0. Hence POQ=90° = p= Py
2

The eccentricity e of the ellipse is given by e’>=1 — pra

. 1 1 1 b:_ b Lo b
From (i), POQ=90° = -7 =— + o = l-—= G = P
Hence if POQ=90°, p=2e.
11 1
(v) A suitable setof a, b, ¢ can be formed from any Pythagorean triad using PXEare + (40)2'
3,
3 20
e Using (3, 4, 5) and dividing by the product of 4 and 5
4 1 1 1_a_1 L s i
=+ Z=?50_=2_’ ~=3 = 5 yyliat satisfy
L1, 1
b? a®>  (4c)

<

b 10
Now a=35, b=4, c‘=§, p=5-;=-§-. Also pg=-4 = q=~3%

i =k, kconstant

=]
Question 5
5'("\ Outcomes Assessed: (i) HS (i) E7
Marking Guidelines
: Criteria Marks
(i) + expressing area as a delinite integral 1
¢ carrying out the integration 1
* substitution of the limits to evaluate the area 1
(ii) « expressing the area of cross section in terms of L, h and H 1
* expressing volume as limiting sum of volumes of slices 1
* carrying out integration ~ 1
* substitution of limits 1
Answer
8]
y‘r For x>0, y>0
1 L1 1 1\ 2
O\ Il elyt=rt I+l =2f o y=( 2h- )
{ + Hence area enclosed by the curve is given by
L
— — — 2
7 > A—4JO(L 2L%x +x) dx
13 L
=4 ’:Lx —£12? +%x2]
]
A=4(L2—4.L%L%+LL2) =272
3 3 3
)
theight & area of cross section A is given by Hence

A=21=21(1-4)
Tence volume of slice at hej ght & is

H h 2
roflsr(et) o
o H

V= 2IM1-£)sn —2LH[( 1"
1d volume of solid is = 9 (1.- H)
0

h-Hz 2 h 2
V=§hh1r_n’0 ‘g 5L (l—_ﬁj Sh

V=-2LH(0-1)=21'H




S{L) wvurcomes Assessed: (1) K3 (1)E3, E4 (m)E3, E4 - (iv) E2, E4
Marking Guidelines
Criteria Marks

(i) rearrangementin preparation for use of De Moivre's Theorem
+ using De Moivre's Theorem and simplifying to obtain required result

(if) « substitution of x =cot§ to obtain equation cos 56=0
+ solution of this trig. equation to obtain the values of x
(iii) » binomial expansion and simplification
« deducing required result
(iv) * solving equation as quadratic in x*
* deducing value of cot {% in surd form 1

b et bt et o

Answer

B

(cot 6 _H-)n_(cosﬂ +isin9)"=cos n6 +isin né

sinf sin" @

cos 6 —ismB)" _cos nf —isinnb
sin”" @

(cote ~5)" =(

n Na _ 2cos né
o+ tg — = ———
(cotd +i)" + (co i) e

siné

)

2 cos 58
=coth = (x+i)°+(x-i)° =
Fecotd = (x4) 4 (- = 222

Then (x+i)°+(x=i)* =0 < cos 50 =0

w x=cot where 56 = n%, n=x1, £3

L

— K = Z 3z
r=cotny = x=*cotf, icot1 , tcot

. — X 3z
. x =0, *cot f, *cot T

’ (c+1)°+(x-i)°
= (1 +1) + 554 fi+ (-} + 102 12 +(-i)* }+1022i2 +(= } sx{it + (i} +{7 + -’}
Hence (x+i)°+(x i)’ =2x°-20x° +10x =2x (x*-104* +5)
. ¥*~10x* +5=0 has roots *cotZ, #cotdk

10480 10445
2 2
Hence the roots of x* —=10x*> +5=0 are i‘/5+21/§, i"/5—2\f5~. Since the largest positive root

of the equation is cot %, cot& = V5+245.

) Considered as a quadraticin x*  x*—10x*+5=0 hassolution =

{

Question 6
6(a) Outcomes Assessed: (i) ES (i) E2, E5 (iii) ES, E9

Marking Guidelines

Criteria Marks

(1) *using the diagram and vertical components of forces fo deduce Tirst equation ] 1

* using the diagram and horizontal components of forces to deduce second equation 1
(i) * finding expression for N in terms of @ 1

» finding expression for T in terms of @ %

* finding expression for o,

R . N : .

* substitution in expression for T to obtain required result 1

(ii) + correct description 1

Answer
(1) The resultant force on P is directed toward the centre of its circle of motion, and has magnitude
mre* =m(Rsin8) w®, since the radius r of the circle of motion is Rsin@ .

! Hence the resultant force on P has

TN\ lo AN ,
vertical component zero = Tcos@ + Ncos® =mg
horizontal component mrw? = Tsin® — Nsin =mRsing m?
=
mg Hence T+ N= s

T — N =mRow?

L A P T:z’zﬁ(_g_. ; a)J

s 6 2 \ Rcosf
The particle’ P stays in contact with the surface if N> 0, thatisif w?< —& . Hence o,*= —& .
Rcos6 Rcos B
N=TR & (1 -2?)
2 " Reos- N 1-A?
o=Aw, = mR = T =0
r=1% 8 (1+27%) *
V2 Rcos 6

(iii) As @ " increases, N decreases while T Increases, until @ reaches @, when the particle is on the point
of losing contact with the surface. For w>w,, the particle is no longer on the surface of the sphere, and

1t moves in a horizontal circle above the hemisphere, the string making an angle 6 with the vertical which
INCreases as @ Increases.



0(b) Qutcomes Assessed: (J))ES (i) ES (i) ES

Marking Guidelines

Criteria Marks
() +diagram and explanation 1
(ii) * choice of appropriate expression for & i
* carry out integration to find x in termsof v 1

+ identify initial conditions to find constant of integration

. . ~bx 2
* obtain relation between e 1907, v

* rearrangement to find expression for v in terms of x.
(iii) » expression for terminal velocity ) o )
* calculation of percentage of terminal velacity attained just before impact

= et ot

Answer
)
Initial Forces By Newton's second law, the

Terminal velocity
conditions resultant downward force on the

=0 %mvz object has magnitude m %. ¥ =0 as v —éJQTg
=0, v=0 Hence . . Hence the object has terminal
’ Mmr=mg=ozmv velocity V=./20g
x mg X= g—-—216v2
@i
av? _ v?
%—d—x_ = g_zovz -l-l—o—x——ln(l—-éo—g-]
dv? 2 2
10 — = 20g~v Sdr g Y
dx § e 1 203
1 dx ~1 b2 .
— 10 AN 2 —_— 1 T
d(v ) 20g-(v j 208 1-e
- dey = —y?
10):-1n{A(20g v )} A constant fps0 o e 20g(1—e"’f”)
1=0, x=0, v=0 = A.20g=1

iii) Terminal velocityis V=,/20g.

x=30 =>% = Jl-e? = 0-975.

Hence object attains 97-5% of its terminal velocity just before impact with the ground.

Question 7
T(a) Outcomes Assessed: (ii) PE2, PE3 (iii) PE2, PE3

Marking Guidelines

Criteria Marks
(i1) * one mark for each deduction * with reason 3
(iii) « one mark for each deduction * with reason 3

Answer

TFD=1DF (equal £'s Lie opp. 8iven equal sides TF, TD in isosceles ATFD) *

£ between langent TD and chord DC is equal to £ subtended by DC )*

TDC = DAC ) i
ar circumference in alternate segment.

. TFD= DAE (D, F, C collinear = TDF =TDC; A, E, C colliriear = DAE =DAC)

< AEFD is acyclic quadrilateral (exterior angle, TFD, equal 10 opp. interior angle, DAE) *

(iii)

AEP= ADF (exterior £ equal to opp. interior £ in cyclic quad. AEFD) *
ABP=ADC (exterior £ equal to opp. interior Z in cyclic quad. ABCD) *

~ AEP=ABP (D,F,C collinear = ADF = ADC)
< PBEA is a cyclic quadrilateral ’(equal £'s subtended by AP at B, E on same side of AP)#*
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Marking Guidelines

Criteria

Marks

(i) »showing S(1) is true

* incorporating result if S(k) is true in expression for S(k+1)

+ algebraic rearrangement to show S(k) true implies S(k+1) true

* correct concluding statement of process of mathematical induction
(i) * correct choice of a, d, [ when [ is odd

* substitution and rearrangement to obtain result for ! odd

» correct choice of a, d, [ when [ iseven

* substitution and rearrangement to obtain result for / even

Pt b b et et Rt b

Answer

(i) Let the sequence of statements S(n), n=1, 2, 3, ... be defined by

Sn): a* +(f1+d)z+(a+2d)z+ v Ha+(n-1d}’ = %n{6a2+6a§‘(n—1)+d2(n—1)(2n-1)}

Consider S(1). LHS = a’ = %.l.{6a2}= RHS = SQ) is true.

If S(k) istrue, then a®+(a+d)*+.. +{a+(k—1)d} = tk{sa® +6ad(k—1)+d*(k ~1)(2k~1)} *=

Consider S(k+1).

LHS=a*+(a+d)" +(a+2d)" + .. + {a+(k-1)d}* +(a+kd)’
=tk{6a’+6ad(k—1)+d* (k- 12k - 1)} +(a+kd)*
=4{6a%k+6ad k (k=1)+d ™ (k-1 2k—1)+6(a’ + 2ak d+k*d*)}
=4{6a*(k+1)+6ad[k (k-1)+2k] +d% [(k-1)2k-1)+6k]}
=t{6a’(k+1)+6ed[k (k+1)]+a*k [(k+1)2k+1)]}
=4 (k+1){6a* +6ad k+d% (2k +1}
=3 (k+D{6a* +6ad[(k+1)-1]+d* [k +1)-1]2( +1) - 1]}
=RHS -

Hence if S(k) is true, then S(k+1) is true.

But §(1) is true, hence S(2) is true, and then S$(3) is true and $0 on.
Hence by Mathematical Induction, S(n) is true for all positive integers n.

) If lisodd, putting a=1, d=2, I=2n~1 in S{n) gives
‘ 1*+3% 457 4 +l’=—é—n{6+12(n-1)+4(n—lx2n-—1)}=-é—n{8n2—2}
L3245 L +t=d (2n-1).2n.20+1) = L I(1+1)(1+2)

If I iseven, putting a=2, d=2, I=2n in S(n) gives

27 +4% 46 + . +12=én{24+24(n—1)+4(n—1)(2n~—1)}=é—n{8n2+12n+4}

L 204 ARE6T 4 L = 20 2n41)(20n42) = L I(1+1)(142)

=

if S(k) is true, using **

{

Question 8
8(a) Outcomes Assessed: E2, E4

Marking Guidelines

Criteria Marks
* showing x~b isa factor of P(x) 1
* showing x—c¢ isa factor of P(x) %
* deducing required result
Answer
Plx)=x"(b" —c")+ b"(c"~x")+ c"‘(x"—b")
P)=b"(b"~c")+b" (c"~b") + c™(b"~b")=0 = (x~b) isafactor of P(x)
Plc)=c" (v —c")+ b (c" -c”) +c"'(c" —b"):O = (x—c) isafactorof Px)
S (x=B)x—c)=x—(b+c) x+bc isa factor of P(x).
{ .b) Outcomes Assessed: (i) H6, E2 (ii) PE3, E2
Marking Guidelines
Criteria Marks
(1) e differentiation 7 1
* rearrangement to show f’(x)> 0 I
(i) »use f(0)=0 asan upper bound for £(x), x<0 !
* obtain inequality for x in terms of In (1 +x+3x z) 1
* use the fact that e” is an increasing function of x to obtain required result !
Answer
6 (i)
flx)=x —ln(l +x +%x2)
o » F@=0 #)<0
Fix) =1 - = —2 fisincreasing p = x—ln(1+x+%x2)<0
Tx+ix I+x+2x?
x<0 x<ln(1+x+i—x2)
, % %
o X) = = . x 2
f\( ) T l+(1+x)T o for x<0, e*<l+x+4x

2 x<0 = fx)>0= f isvincreasing.

(since e” isalsoan increasing function of x)



8(c) Outcomes Assessed: (i)EZ (ii) PE3, E2

Marking Guidelines

Criteria Marks

(1) * deduction from diagram that region comprises a sector and a right triangle 1

* obtaining expression for area of triangle 1

* obtaining expression for area of sector 1

(i) » forming function on which Newton's method can be applied 1

« differentiation 1

* substitution into approximating formula for x 1

* calculation of length of rope 1

Answer
D ' (i)
p U x*—100 0
The goat tethered at R can graze the sector RUV
J and the right-angled triangle UQR .
x 10 Intriangle UQR, UQ=+/x* ~100 using
‘ . (10
A Pythagoras' Theorem, and 6 =sin™ (—j .
x
R 1
v N * Hence A=%xzsin"(—q) +54%*=100.
- 20 > x

if) Let f(x)= A-100. Then the goat can graze half the area of the paddock when f(x) = 0.

Using Newton's method with initial value x =10, f{x)=0 hassolution x = 10 —

fx)=x sin"(-l—(—)) sl L (_’iQ) + o5x = x sin"(lgj
- x 27 100 \ & Vo100 x

==
£(10) 50.% —100 20
¥=10 - = =10 - —EF—— =5+20.11.4
£(10) 10.% ™

Hence the length of the rope is 11-4 m (correct to 1 decimal place).

f(10)

fao)




