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Section |

10 marks

Attempt Questions 1-10

Allow about 15 minutes for this secfion

Use the Multiple-Choice Answer Sheet for Questions 1-10.

1 Let z=1--1 and @ =-2+i. What is the value of z& ?
(A) 3
® -3 o
(9] 3+
o) 1-3
2 What is the primitive function of sin xJJeosx ?

{A) cosxveosx +C

(B) —cosxeosx +C
) % cos’x +C

) —% cos’ x +C

2 2

3 ‘What are the foci of the hyperbola %g%ﬁu =17
E VIR (<)
@) @50
© &30
© 0L

B
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The polynomial P(x) with real coefficients has x =1as a root of multiplicity 2 and
x-+7 as a factor.

Which one of the following expressions could be a faclorised form of P(x)?
A DY
®) _(x+ iy (x —1)1
©  (x-i) (x-1)

D) (x’ +1)(x—r‘)1

A particle of unit mass moves in a straight line against a resistance R, where
R=v(1+v*} and v ms™ is the velocity of the particle at a distattce x metres from the
origin.

Given that the particle is initially at the origin with velocity Q ms™, which one of
the following is correct?

(A) x=—(tan' Q+tan™ v)
B) x=tanv+tanQ
(€) x=tanv-tan'Q

O x=tm'Q-tanlv

The polynomial equation x* —5x" +6=0 has roots d:, Band y.
Which one of the following polynomial equations has roots e —~1, #—1 and y-1?

Ay P87 +13x=0
B) -8 -Tx=0
© -3 -Tx+2=0

(D) -2 -Tx+2=0

[I5]

7

The graph of y = f(x)is shown.

Yo

Which graph best represents y =/ /' (3:) .

(A
3
1
A
—a [e a
-1
©
)?
1
[9) a
-1

®)

T

D




The region bounded by p =4 —x"and the x-axis is rotated about the line x=3 to
form a solid.

Using slices perpendicular to x =3 , which one of the following integrals will give
the volume'of the solid?

@) 12af Ay
® sl Vi@
© 12nf Jiy dy
©  oxf Ja-ydy

EP

10

A particle P of mass m is attached to the points 4 and B by two light, inextensible
strings. The particle is moving in a horizontal circle of rad'ius r with constant
angular velocity @ . The strings make angles of aand 4 with the vertical.

The forces acting on the particle are the tensions ¥; and 7} in the strings and the

gravitational force mg.
A

¥

B

Which one of the following gives the correct resolution of forces in the horizontal
and vertical directions?

(A)  Tsing—7,sinB=mre’ and T, cosa—T,cos f=mg

By  Tsina+Tsinf=nra’ and 7, cosa+ 7, cos f=mg

€ Isine+Tsinf=mre’ and T eosa T, cos S =mg

M) Tsina-Tsinf=mre® and 7, cosa+7, cos f=mg

A bag contains 11 letters of the alphabet.

There are four different black letters, four different white lefters and three different
red letters.

How many different combinations of any number of letters can be chosen
containing at least one black letter and at least one white letter?

(a) 38
® 40

© 1800
(D) 2048

End of Section 1
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Section H

" 80 marks
Attempt Questions 11-16
Allow about 2 hours and 45 minutes for this section

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

In Questions 11 — 16, your responses should include relevant mathematical reasoning and/or

calculations.
Question 11 (15 marks)
Use a SEPARATE writing booklet.
(2) Let z= 31 .
1+21 _
(i) Express z in the form a+ib where a and b are real.
(ii) Hence express z’ ﬁmodulus—argument form,

48

g 5
Using the substitution f = {an—, ﬁndj -
®) Sing the Subsuitio 2 o 3sind+4cosf+5

(c} M, N and P are three poinis on a circle,

The altitudes MB and NC in the acute-angled triangle MNP meet at the
paint Z, NC produced mests the cirele at A as shown below.

Figure not to scale

Prove that AC = CZ,

Question 11 continues on page 8

Question 11 continued

(d) Find the real numbers 4, § and ¢ such that

A5 x+2 xta bxte

xz(x2+l) Xt +x2+t‘

() A solid is formed by rofating the region bounded by y = cosx, the x-axis,

x= —% and x =§ about' the ling y=2.

s

Using slices perpendicular o the axis of rotation, find the volume of the
solid that is formed. '

End of Question 11
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Question 12 (15 marks)

Use a SEPARATE writing booklet.

(@)

- ®

(©)

Find the equation of an ellipse which has eccentricity % and foci (— 5, 0) S 2
© and(5,0). -
Evaluate J.: x*log, xdx. ‘ 3

The diagram shows the graph of y = f(x).

Y

y=f(x)

Make neat, separate one-third page diagrams of each of the following
graphs, showing all x and ¥ intercepts and asymptotes.

@ r=[r@r , _, 1
. 1

® !
@ =0 | ' 1
@) y= -1/ | 2

Question 12 continues on page 10

Question 12 cuntinuc&.
(d) ) Find the roots of the equation x* —x* = —% using the substitution

x=co0s@, given that cos46 =8cos* §—8cos’ #+1 and 0<F<r.

(i) Henee, or otherwise, show that ::,os.£+<:os3—7r ? =M .
8 8 2

L3

End of Quesfion 12
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Question 13 (15 marks)

Use a SEPARATE writing booklet.

(@)

(b)

©

@

Tet z=x+ip.

Sketch on an Argand Diagram the locus of the point P representing z given’
that zZ —z(2+D)-7z(2-NH=4.

Using implicit differentiation, find the coordinates of the points on
the curve whose equation is x*+y* +xy =3 where the tangents aze
horizontal.

The cubic equation »” + px+g =0 has three non-zero real roots e, §and y.

) and, in terms of the constants p and g, the values of
2+ P+ and & B+ B+

(i) Hence deduce that p <0.

(iii)  Form the cubic equation with roots -@,EK and 2L
174

s

A sequence {U/,} is defined so that U, =1, U, =2, U;=3 and
U =U_+U_+U, fornz4.

Using mathematical induction, prove that U/, <27 for integers n=1.

S

End of Question 13

-
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Question 14 (15 marks)

Use a SEPARATE writing booklet.

(@)

®

For the complex number z =cos 8 +isind
] Show that 2™ +-z " =2cosnf.

(i)  Hence, or otherwise, solve 3z* —2" +42” ~z+3=0.

Let P(x,,»,) bea point on thd right-hand branch of the hyperbola whose
2 2
. . X ¥
uation is ——*=-=1,
eq al b2

Let Sand S'represent the foci of the hyperbola.

The fangent at P intersects the x-axis at .

@ Show that @5 _05 .
BPS PS5

(ii) Using the triangles PSQ and PS'Q , show that #SPQ = /S'P(.

Question 14 continues on page 13
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Question 14 continued Question 15 (I35 merks)

(¢) A particle of mass 4kg is projected vertically upwards, Usea SEPARATE writing booklet.

The particle is subjected to a gravitational force of 40 Newtons and ) (8  The region bounded by x?—y? =1, and the fine x =2 is rotated about

2 . the y-axis fo fi lid.
air resistance of %}- Newtons. ©¥-8x15 1o lorm a solt
] Use the method of cylindrical shelis to find the volume of the solid.
The hci%ht of the particle at time 7 seconds is x metres and its velocity

ig yms™.
. _x . . . 1 n
@ Given that v* = 400[106 ® "1J until the particle reaches its 1 () Consider the integral I, =J. \Thx— dr , where » is a positive integer.
0 +x
maximum height, find the maximum height in exact form.
(3] Find 1;.
(i) After reaching maximum height the particle begins to fall. 1
. a2 1
Show that the equation of motion as it falls is ¥= 4030 Y. (ii) Showthat I, +1I, = L W4y dr.
(iiiy How ff:r has the Parucle.fa]len ﬁ'olm its maximum height when the 3 G Use intogration by parts o show that 7, = W2 -2, )
speed is 50% of its terminal velocity? 2n+1
(iv)  Find the speed of the particle when it returns to its point of 2
projection. . .
© O Show that W < T <1 given that f is a posilive real
number,
(D)  Hence, show that for # >0, I—E— <log,(1+1) <u.
u
2 2 .
(d) P(2p,—) and Q(2g,—) are two poinis on the rectangular hyperbola xy=4.
P q
M is the midpoint of the chord PQ.
Find the equation of the locus of M if PQ is a tangent to the
parabola y? =2x.
¥nd of Question 14 . . End of Question 15
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Question 16 (15 marks)

Use a SEPARATE writing booklet.

()  Inamultiple choice test there are x questions with a choice of five
answers for each question, only one of which. is correct.
A student guesses the answers to all questions by choosing one of the
five options.

Show that the probability that the student gets at least (x—2) answers

correct {s given by 517(83:2 —~d4x+1).

®k

(if)

The diagram below shows a trapezivm ABCD whose parallel
sides AB and DC are 9 m and 13 m respectively.

The distance between these sides is 4m and 4D = BC.

EFis parallel to AR at a distance of i m.

D 13m c
]
E4 m
hm ! Figure not
% ' toscale

A 9m
Show that EF'= (9+/) m. '

The trench in the diagram below has a rectangular base with sides

9 m and 3 m. Its top is also rectangular with dimensions of 13 m
and 5 m, The trench has a depth of 4 m and each of its four side
Taces is a symmetrical trapezium.

13m

4m

) 7 |
TS _
_ V 3m  Figure not (o scale

N Om

Find the volume of the irench.

Question 16 continues on page 16

Question 16 confinued

(©)  Theseries 1-x* +x* —.....+x™ has (2n+1} terms.
.2 . 143"
(i) Show that 1- ¥ 42—+ 2" = o Justify your answer, 2
x
1 1
i H how that gl-x+xt — xS — 4t :
i ence sho . x+x x i X 2
(ili) Henceshowthatif 0<as<1, 2
3 3 . 4n+l
g sa— Lt St g,
. 3 5 4n+1 dn+3
2 -
{iv)  Deduce that 0<(1—1+1— Jri)—fqo-2 2
. 35 7T 101" 4
End of Paper
3
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CSSA :

CATHOLIC SECONDARY SCHOOLS ASSOCIATION OF NSW
2016 TRIAL HIGHER SCHOOL CERTIFICATE EXAMINATION
MATHEMATICS EXTENSION 2 - MARKING GUIDELINES

Section I

10 marks

Questions 1-10 (1 mark each)
Question 1 (1 mark)

Oufcomes Assessed: E3
Targeted Performance Bands: E2

Question 3 (1 mark)
Ountcoines Assessed: E4
Targeted Performance Bands: IE2

Solution Mark

2
oy

9 16
x-intercepts of the hyperbola are (13,0),
Foci are on the major axis, ) 1

Faci must be (£5,0)

Hence (B)

Question 4 (1 mark)
Outcomes Assessed: E4

Tarpeted Performance Bands: E2-E3 ALy
Soelutfion :

x=1 is a root of multiplicity 2 so (x—1)° is a factor of P(x).
Coefficients are real and (x+1) is a factor so (x—7) is also a factor.
P =+ -NE -1

= (& - (x -1

=+

Hence (A}

Solution Mark
23 = {1 -1)(-2—1)
=-2-i+2i+i
=-3+i . 1
Hence (C)
Question 2 (1 mark)
Outcomes Assessed: I8
Targeted Performance Bands: E2-F3
Solution Mark

Isi.u xcosx dx u=Cosx
) . dte =2 —sinx dx

zﬁ_“uidu sinx dy=-du

3
——Zayic
3 1
=gz C
3
Hence (D)
1
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Question 5 {1 mark)
Qutcames Assessed: ES
* Targeted Performance Bands: E3-E4

Question 8 (I mark)
Outcomes Assessed: E7

Targeted Performance Bavids: E2-IZ3

Solution Mark Solufion

F=—v(l+vh) :

v
v ep(f =

& (1+v%)
v
Sl v
i (1+v7)
a1
dv 1+ i
x=—tant 4 O
Whenx=0,v=0so C=tan™"Q

r=tan” O—tany

- ye=d-x
Henee (D) x=hfi-y
Let R and r be outer and inner radii of a typical annular slice. 1
Question 6 (1 mark) R=3+4-y
Oufcomes Assessed: E6 y =3 fd- y
Targeted Performance Bands: E3-E4 Rire6
Solution Marle +r=
(x+1¥ —=S{x+1)* +6=10 R-r=2Jd-y
243 +3x4+1-5¢" ~10x-5+6=0 Volume of stice & #(R+7)(R-r)Sy
x*—2x? —7x+2 =0 is required equation 1 =x%6x2f4—y =8y
=12z J4—y 8y )
Hence (D) - Volume of solid = 127 {' 4y d
2 Volume of soli J‘TL ydy
Question 7 (1 mark) Henee (A)
Oufcomes Assessed: E6
Targeled Performance Bands: E2-E3 -
. Solution ] Mark
By inspection, (B) 1
- . 3 ‘ ) 4
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Question 9 (1 mark)
Oufcones Assessed: ES

Targeted Performance Bands: E3-E4
] Solution

Mark

JTsing

[

\
T cosa

P

4 T,cos

kt
Ising

Horizontal forces: 7, sine +7; sin B =mra’
Vertical forces:  mg +F,cos f~Tcosa=0
Ticosa—T,cos f=mg

Henee (C)

Question 10 (1 mark)
Outcones Assessed: E9
Targeted Performance Bands: B4

Solution

Marl

At least one black letter can be chosen in *C, + °C, + 'C, +'C, = 15 ways.
At least one white letter can be chosen in *C,+'C, +*C, + 'C; = 15 ways.

Red letters can be chasen in *Cy +°C, +°C, +°C, =8 ways.
Hence required numbers of ways is 15x15x8=1800 ways.

AR

Hence (C)

5
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Section IT

90 marks

Question 11 {15 marks)
(a) (i) (1 mark)

Ouicomes Assessed: E3

~Targefed Performance Bands: E2

Criteria

Mark

*  Correct solulion

Sample Answer:

L

3+

1+2i
_ G+ (-2
T a+2) (-2)
36iti-2°
h 5

5-5i

5

=1-i

(a) (ii) (2 marks)
Outcomes Assessed: E3
Tuargeted Performance Bands: EX

Criteria

Marks

*  Correct sohwlion
* ‘Writes z in modulus and argument form

Sample Auswer:

z=1-i
w

|2|=+2, arg(2) =+
o i T
.,z_ﬁ(cos( 4)+xsm( 4))
= (/3 (eos(- L) isin-1)

=8\/§(cos-§+isin%)

6
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Question 11(continued)

(b) (4 marks)

Outcomes Assessed: E§

Targeted Performance Bands: E2-F3

Criteria Marks

*  Correct solution 4

*  Demonsirates sighificant progress towards answer 3

*  Simplifies integral correctly in terms of ¢ 2

*  Tinds limit values for f and correctly substitutes expressions for sin # and cos ¢ 1
Sample Answer:

{ =tan E

2
dt 1,8
dg 2 2

1
= (14 tan® -~
2 anz)-

1+
T2

_2d
148

o=2 -t=1,8=0:1=0
2

de

< 1

J'E d@ 1 2 dt

: = 3 7% 2
o 3sinf+4cosf+35 WX 2r1)+4(1 t )+5(1+f2) (i+£%)
1+¢
! 2dt

1+ 1+¢
T i 6tra—ar +5+58
2
_LF+&+9
L
AT

H
:2{__11
43

1
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Question 11{confinued)

(c) (3 marks)

Orifcomes Assessed: E9

Targeted Performance Bands: E2-E3

Criteria Marks
*  (Correct solution 3
* Recognises that CZPB is a cyclic quadritateral - = - - , 2
* Shows that £ MAN= L MPN 1

Sample Answer:

Join 4 to M

/ MAN = ZMPN (= a){Angles at the circumference subtended by the same chord are equal.)
CPBZ is a cyclic quadrilateral (opposite angles at C and B are supplementary.)

ZMZC=/CPB (= &) (Exterior angle of a eyclic quadrialteral is equal to interior opposite angle.)
o LMAZ = £ MZA

- AMAZ is isosceles.

MC {s perpendicular to AZ and hence bisects AZ.

LAC=CZ

8
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Question 11(continued) . ' Question 11(confinued)

(d) (2 marks) (e) (3 marks)
Ouicomes assessed: E4 . - Qufcomes assessed: E7
Targeted Performance Bands: E2-E3 Targeted Performance Bands: E2-E3 et
Criteria Marks Criteria Marks
* Correct solution 2 *  Correct solution _ . _ 3
* Demonstrates significant progress towards answer 1 *  Substantial progress towards solution TR 2
*  Correct integral - i
Sample Answer:
Sample Answer:

P57 +x+2 x+a bx+c

S +) x2 P+l _ Y
Let R and r be the oufer and inner radii of the annutus. ¥y
y=2 t

When the strip is rotated about y =2 it will form an annulus.
G+ +a)+ 2 br+o)=x" +5" +x42 s
Putx=0 = a=2 R=2 ; r=2-cosx .
. B Area of annulus = #(R +r}(R-r
LD+ )+ (b e) =X + 5% +x+2 (R+r)(R-1)

R+r=4—-cosx ; R—r=cosx
Coefficient of x*: 14b=1

Area of annulus = #(4—cosx)cosx X
~b=0
N = 7{4cosx—cos’x)
Coefflcient of ™2 2+4¢=3 Let thickness of slice be &x
Le=3 .
. Volume of slice = 7 (4 cosx —cos® x)8x
.~ Required values are ¢ =2, b=0and ¢=3. .
Volume of solid =x j 1 (4cosx—cos’ x)dx
)
£
2 1 1
=g | (4cosx-—-—cos2x——)dx
= 2 2
2
_ x
. 1. x |2
=m|4dsinx——sin2x——
L 4 2=
[, .= 1, 4 .- 1, —
=7 | (4sin———sin 7w -=)— (4 sin ———sin{—m) ——-)
L 2 4 4 2 4 4
PR 3
, =n| @-D—(-4+2)
# 1 4 4
il :
= 2(8—=) units®
2
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(Qa; gi}i;;;éz)(ls marks) ) : Question 12(continued) SR
§

b) (3 marks
Outcontes Assessed: E4 E)zf(camej A)ssessed: E8
Targeted Performance Bands: K2

— Targeted Performance Bands: E3 B
- _ Criteria Marks - Criteria Marlks
N go rrect solutlonl % Correct solution 3
inds correct yalue of a , Significant progress towards answer _ 2
¥  Applies integration by parts correctl 1
Sample Answer: PP & ye ¥
Smmnple Answer:
4
e=-—
5 _[v du:tw—_[u dv
ae=>5 2
v=log,x  du=x 3
ax—=5 - 3
5 dvs L n=
25 - x 3
=— .
4
LIS FER ' ; 3 - t 3
boal-e) j ©log, x dx =| Zlog, x »-J 2
—E(i 16) ! 3 IS 3x
16 25 ¢ ope2
625 9 = [—lege x] uJ 5 dx
T 16 25 L
= = 'L;log x——3
16 30 91
. - & & & i
Equation of ellipse is 5995 = 1 - (?Iogg " ——E-}_)_(—B—IOg' 1_5)
162 16 ] ~ fi B i . i
16x +16y -1 3 99
625 225 2841
@
11 ’ 12
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Question 12{continued} (c) (i) (! mark}
Outcomes Assessed: E9
Targeted Performance Bands: E2

Criteria Mark
*  Correct diagram 1
Sanple Answer:
y={ )
x
AY
\y=S{x)
v
\
(c) (i) (1 mark)
Outcomes Assessed! E9
Targeted Performance Bands: E2
Criteria Mark
*  Comect diagram : 1
Sample Answer:
“ ¥y . .
\\ x =3 is a vertical asymptote.
_ \ x-axis is a horizontal
y=sx) Y asymplote
AY
Y
!
3
0
13
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Question 12{confinued)

() (iiD) (1 mark)
Outcomes Assessed: E%
Targeted Performance Bands: E2-E3
Criteria Marlk
* Correct diagram 1

Sample Answer:

14
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Question 12(continued}
(c) (iv) (2 marks)
Outcomes Assessed: E9

Targeted Performance Bands: E3

Criteria” Mark
*  Correct diagram ) 2
* Shows some correct part of diagram 1
Sample Answer: ’
A\
' ¥y
\
v
\
1
A
hY
A
2P y=I®
~.
- A Y
*3 d
x-axis for x< 3 is included g \
in graph Y
y=f&-110N
]
\
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Question 12(continued)

(d) (i} (2 marks)
Ounlcomes Assessed: E4
Targefed Performance Bands: E3-F4
Criteria Marks
Correct solution 2
* Significant progress towards answer 1

Sawmple Answer:

1

4.2

X' -xt=—=

t
8xf -8xt+1=0. .
Put x=cosd d
8cos'6-8cos’ @+1=0
Bui 8cos' —8cos’ 0+1=cosd8  (given) . .
.~ Equation becomes cos4@ =0
49==, i ,5_”, i

272 22
g 37 3m Ix
8°8°8°8
T In Sr T
-, Roots are cos—,€08-——,c08—,C08——
3 8 8 8
16
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Question 12{continuecd)
(d) (ii) (3 marks)
Outcomes Assessed: E4

Targeted Performance Bands: K4

3

Criteria : ) ™

* Correct solution
*  Significant progress towards answer
* Correctly finds product of roofs

— bW

Sample Answer:

hY s I N F 4 7
o8 = 05— and cos— = —cos—
8 8 8 3

Hence roots are :I:cosg- and % c:os—jg1

T 37, T 23 7 3
(cos—+cos—) =cos —+cos’ —+2cos—cos—
8 8 8 8 8 8

3z
8

. - x
" Using product of roots, —cos’ 48—><—cos2

ot |

'COS-{T'-COS-SE“‘"“-]:——
TR T8 a2

Using sum of roots, two at a time,

—cos? 2+ cosicos§£+(—cos£cos§£)+(—cos£c053—”)+cos£cos§£—c0523—ﬁ=~
-8 8 8 8 8 8 8 8 8 8
rcos? Zpcas? ST
8 -8

b4 37 Pl 1
Hence {cos—+cos-—)" =1+2x—=
¢ g 8 ) 22

=1+

JZ+1

-

s
&N
it

== as required,
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Questien 13 (IS5 marks)

{(a) (3 marks)

Ouicomes Assessed: E3

Targefed Perforinance Bands: E2-E3

Criteria Marks
*  Correct graph of locus : 3
*  QObtains correet simplified form of locus 2
*  Correctly substitutes for zZ,zand 7 1
Sumple Answer:
Letz=x+iy

2Z7-z{(2+0)-F(2- <4

Xy~ (x W) —(x— Y2~ S 4

Xyt -2 ix-2y—Py-2x+ix+ 2y-Fy<4

Pyt —2x-ix-2Up+y-2+in+ 2+ y <4

¥4y —dx+2y<4

O —dx+4+y 42y 1544441

G-+ (p1) <9

This describes the circumference and interior of a circle, centre (2,—1) and radius 3.

-2 +(p+1Y =9
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Question 13(continued)

(b) (3 marks)

Ouitcomes Assessed: EG

Targeted Performance Bands: E3

Criteria Marks

* Correct solution 3
*  Significant progress towards answer 2

. . d
* TFinds cotrect expression for -&{- L

Sample Auswer:

P4y +xy=3 "
Differentiate each term with respect to x,

Ly dy
2x+2y——+y+x—=0
ydx Y xa‘.\:

(2x+y)+(2y+x)%=0

dp _ —(2x+y)
dc  2y+x

For horizontal tangents, Z—y =0
id

.. Tangents are horizontal when y = —2x

Subin (¥) -

(=25 4 x(-2x) =3 _

¥ axt 25t =3 :
Ixt=3

=1

x=+1

Whenx=1, y=-2

Whenx=-1, y=2

. Tangents are horizontal at (1,-2) and (~1,2). 3
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Question. 13(continued)

(c) (i} (3 marks)

Outcomes Assessed: E4

Targeted Performance Bands: E3

Criteria Marks

* Correct solution 3
*  Significant progress fowards the answer 2
# Finds correct expression for o + 7 +5° 1

Sample Answer:

a’+ 5 1y =(a+f+y) ~2Aef ray+ fr)
=0-2p
=-2p
&' B+ By +yiat =(af+ Br+ay) e’y + Brlata’ fy)
=p' —2afy(a+f+7)
=p?—2x px0
.":‘.pz

=

(©) (i) (1 mark)
Outtcomes Assessed: B4
Targeted Performance Bands: E3

Criteria Mark
* Correct deduction L

Sample Answer:

a, f and y are real non-zero roots.

Hence the sum of their squares must bs positive.
From (i} the sum of their squares is -2
Hence -2p>0 iep <0.
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Question 13(contimued)

(c) (iii) (2 marks)

Ountcones Assessed: E4

Targefed Performance Bands: X4

Criteria Marks
* Correct solution 2
* Finds comectly either sum or product of roots . 1
Sample Answer:
' . e o
Sum of roots (one at & {ime)} = —ﬁ+ﬂ+1—
r a £ :
_ a2ﬂ1+ﬁ1y2+?2a1
afly
P
q
AN
Sum of roots (two at a time) =ﬂ.ﬁl+’—8z.z—+l~.£—
' y a o p g r

_ ﬂi +72 e

=-2p
Product of roots = ﬂ?—ﬂﬁ

. a B
=afly
)

-
Hence required cubic equation is % -l—p?x2 —2px+g=0

e
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Question 13{continued) '
(d) (3 marks) )
Outeomes Assessed: 9

- Fargeled Performance Bands: E3-E4

Criteria ) Marks
*  Correct solution 3
*  Significant progress towards 2
*  Shows that n = 4 is true 1

Sample Answer:

Cleatly, U, < 2" forn=12 and 3.

Whenn=4, U =14+2+3=6 ¥
2t =16
~ U, <2" whenn=4.

Assume U, < 27 forall integers n = 5,6, 7ok,
Need to show that U, ,, <2

From definition of U, ,
Upn =U+U, U,
<2842ty {from assumptior)

2 1
< 52* +—§T2H +—§TZM {(Multiply each term by I to pet 2%)

< .1,2“1 +£2hl +£21+1
2 4 8

<12l+l
8

<2 as required.

. By mathematical induction T/, <2” for all integers n 21,
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. . Question 14{continued)
Question 14 (15 marks) : (a) (i) (3 marks)

(a) (1) (1 mark) ) ’ Oufcomes Assessed: E3
Oulcomes Assessed: E3 - Targefed Performance Bands: E3
Targefed Performance Bands: I'2 e e Criteria Marks
ri I3 -
¢ Comi o sotution i : Correct solution 7 3
oree Solves correctly for cos @ 2
Sanole Answ ¥ Qbtains correctly 6cos’ #--cosf~1=0 1
ample Answer:
2= cosf+ising Sample Answer:
2" 27" = cosnd + isin nd + cos(—n) + isin(-nd) 3zt -z 44z — 24320
=cosnd +isinng +cosnd - f§iﬂ no Take out a factor of 2°.
=2 cosnd, as required. O -z 44— +327) =0

‘ Cz#0s0 322 —2+4-2"432% =0
3z ) (z+z ) +4=0
3(2cos2dy—(2cosB)+4=0
6(2c0s” 8 —1)~2cosd+4=0
12¢cos?@—2cosf~2=0
6cos’@-cosf—1=0
(2eos8—1D(3cos+1)=0

cosﬁ'=l , <:059=—l
2 3

3

If cosQ=-1-, sing =+ —
2 2

If cosﬂzﬁl, sin9=:t£
3 3
i 1,48

.. Solutions are l:‘:%' and ——+—1
2 2 T3 03

&
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Question 14(continued)

(b} (i) (2 marks)

Ouitcomes Assessed: E4

Targeted Performance Bands: E3-E4

Criteria Marks
* Correct solution 2
* Obiains correct expressions for P8 and 50 1

Sample Answer:

Equation of tangent at P is TH% =
. a

2

|

AQ x= £
%
PS=ePN . PS'=ePN'
a a
= ey ) e +)
e e
=ex,—a =ax, +a
a a
SO =ae—— O8'=—+ae
k4 %
_ alex; —a) _alex, +a)
N |
alex; —a) alex, +4a)
S¢__ w  S2__ 0w
PSS  exy-a P ex, +a
=8 =2
xi h
50 ==-=  agrequired.
PS PS’
25
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Question 14(confinued)

(b) (D) (2 marks)

Ounfcomes Assessed: E4

Targeted Performance Bands: E3-E4

Criteria

Marks

* Correct solution
* Applies sine rule correctly

Sample Answer:

Let ZSPQ=a ,Z8'PQ= B
Let ZSQP =8, 25'QP =180 8

sina smB <
SO 2
S50

sosing =—sin#
- PS

In APSQ,

n APS'g, S0 sin sm(lSO—B)
o8t rs

~sing =%sh1(180—-6)
But sin(180—8) = sin @

sosing =sin f
~ L8P0 = £8' PO ,as required.

26
DISCLANER
The tozaton coridnad n s docurterd I rderdiad for e profestiond] assistonoa of eaching st B does ot corsflut adios D $dads Futer B B mol £ btatfon ol CSSA

pmdda spocts making cuAmmes for gt possths Trid HSG ersaers. Refber B plrposa 5 B provida hachens wiih Miverafon s0 Sl Fey can betler evplore, Ledkrstand and arpdy HSC
mmaqmgaaseymwmwmmmﬁdmta

-
i e At e

Friistenk spesfeta en Fia cacr-Tha CEEA

um; o fespuns bty £ 18 oouray, mﬂz,;&anass ormumssdm; Macidryg B:Jje.nss W.'ijai oo fa Trkd HSCP!;’E:S.

s

—ckka o - L BESA e tra G Adat

oukef 3 HrebiorbayapedichiE et s T O3 sty

tft{ mpcr:.m,‘irr Fa WVEM&MJ@S of arvy Wi Guidetnes proided fur 6 Trid HSC pepars.




Question 14{continued)

(¢) @) (1 mark)

Outcontes Assessed: ES
Targefed Performance Bands: -

Criteria Mark

¥ Correct sclution for maximum height . . 1

Sample Answer:

v =400(10e ® - 1)
At maximum height v =0

ie10e ®-1=0

oL
10
e® =10
x
— =log,10
20 E.
x=20log, 10

- -, Maximum height reached is 201og, 10 metres.

(c) (ii} (1 mark)
Quicomes Assessed: ES
Targeted Perforinance Bands: E2-E3

Criteria Mark

*  Correct solution I

Sample Answer:

2 hd

. ¥ 2
45 =40-2 t
¥ 10

_ 4009
T
H400-av1
T 40

, as required.
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Question 14{continned)

(e} (iii) (3 marks)

Ouicomes Assessed: ES

Targeted Performance Bands: E2-E3

Criteria Marks
* Correct solution ) | 3
* Substantial progress towards solution 2

* Obtains correct expression for dgor finds 50% of terminal velocity
v

Sample Auswer:

400-1?
© 40 ¥
dv 400 —-4?
dr: 40
dv 400~
dc Ay
de 40y
dv 400y

x=-201og,(400-v)+C
Whenx =0,vy=0s0 C=20log, 400
400

s x=20lo
ST T

From (i), ¥ — 0 as v* — 400
. Terminal velocity is 20 ms™,
400

400100

4
=20log, —
333

When v=10, x =20log,

.. Body has fallen 201og, gmetres when its speed is 50% of terminal velocity.
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Question 1d(continued)

() (iv) (2 marks)

Oulcomes Assessed: ES

Targeted Performance Bands: '3

Criteria Marks i

* Correct solution
* Demonstrates some correct working 1

Sample Answer!

400
©=20log, —0__
=08 0

From (i), x = 20log, 10 when body returns to point of projection.

400

+20log, 10 =20og, = or
Olog, arn—

oy,

400~v

400~ =40

v =360

v =610 ms®
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" Question 15 (15 marks)

() (3 marks)
Cutcomes Assessed: E7
Targeted Performance Bands: E2-E3

Criferia Marlks
*  Correct solution 3
* Writes correct integral for volume 2
* Finds correct sxpression for 1

Sample Answer:
¥
¥-y=
| x
P 2 +
0
N
-y =1
=yl
yot ,r—‘xz_l Puty=x"-1
2 iﬁ:zr
Sh=24x" -1 e
Volume = 2z_[‘22x\fxz —1ldx 2xdx=du
1 Whenx=2,u=3
37
=2;'rfnu du x=lu=0
3
2 2
=2 | (u)?
dgi 2
=221 9)?
~ o)
:%{x?:ﬁ
=4+/3 7 units®
30
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Question 15(continued)

(b) (© (1 mark)

Outeonies Assessed: E8

Targefed Performance Bands: E2-E3

Criteria

Marlc

* Correct solution

|

Sample Answer:
Vodv
ot x
=2+ +x]:
=222

(b) (ii) (1 mark)
Outcomes Assessed: E8
Targeted Performance Bands: E3-E4

Criteria

Mark

*  Correct solution

Sample Answer:

1 1 ]

x" x"
Ia+I= x + ==X
w J-J1+x ,[«.lrﬂ

(1+r)[
s Vl+x

= j: "1+ x dx, as required,
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Question 13(continued)

() (i) (2 marks)

Outcomes Assessed: F8

Targefed Performance Bands: E4

Criferia Marlks
*  Correct solution 2
* Demonsfrates some correct working 1

Sample Answer:

1 .‘t‘"
=[2x” Jla-_.x:r —ZnEx”'IJIT; dx : (using integration by parts)
=22-2n(1, ,+1) (using part (if))
sonl 41 =22 -2l ,

@naDI, =222l
22 —2nl_,

= , as required,
2n+1
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Question 15(continued)

(c) (i} (2 marks)

Outcomes Assessed: E3

Targeted Performance Bands: E4

Criteria

Marks

* Correct solution

* Shows 1

LI
A+ 1+t

Sample Answer:

11 1+t
14t 1+ @+
_
(+0°
>0iff>0
1 1
——
1+ 1+¢
A_lsol——l—=l+t_1
I+t 14+¢
t

Y,
>0iff>0

i

n—xl
Lot
< L <1, as required.

1
Hence m 141
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Question 15(continued)

(c) (if) (2 marks)

Ontcomes Assessed: E3

Targefed Performance Bands: E4

] Criteria Marks
* Correct solution 2
* Inteprates expressions from correctly from 0 to i 1

Sample Answer:

From (i)
1 1
(+6 1+r ¥

Yo “dt e

— el a
J:,(IH)’(J,OH:{-L

ll‘

I:I_?]n <[log, (140}, <[t], -
(ﬁ)u(%l) <log,(1+u)—log, 1 <u—0

Hence IﬁL <log (I+u)<u
1+u

. H

1 <log, {1+u) <, as required.
+u
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Question 15(continued)

(d) (4 marks)

Ountcomes Assessed: E4

Targeted Perforinance Bands: F4

Criteria

Marks

* (Correct solution

* Substantial progress towards solution
* Tinds equation bf chord PG

* Finds midpoint of P}

e B L

Sample Answer:

2 2

Gradlent of PQ = L4 -1

2p-2 M
; 2 1
Equation of PQ : y——=——(x-2p)
P

Pay—29=—%+2p
1+ pp=2Aptq) (0}

Midpoint of PO: M = (p+q,%;2

2
Let T(iz-,:) be a point on y? =2x

dy
Z_VE=2
@ 1
d y
. 1, £
Equation of tangent at 7@ y—¢ :-;(x-—;)

2z

[
T
54 g

t2
=L ) .
x-ly=—7 2)
2

f
Fquate coefficlents in (1} and (2) pg=-t, 2p+g)= Y

2

!

P Lt
AtM, x= g ¥ 34
f=-dx =16

S ALM, 1697 = 4x
2. X
g
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Question 16 (15 marks) .

(a) (2 marks)

Outcomes Assessed: E4

Targefed Performance Bands: E3-F4

Criteria Marks
*  Correct solution 2
* Demonstrates some correet working 1

Sample Answer:

Let p = probability of a cormrect answer =

Let g = probability of an incorrect anser = %

Let 1 be thhe number of correct answers where 0<n<x
Pnzx-2)=Pn=x-2)+Ph=x-D+Pln=x)

= x-1q2px 2 + xCx—]qpx-I +px
= P C, L+ gp+ P

:@r"x& D g 4 xgpt p?)

rlyea x(l Dl 4, L
H() (—=——= ( 3 {25}+(25))

Qrﬁ“ DO®+ﬂ®+®)

= 5%(8):2 —8x+4x+1)

= 5—1;(8.1:2 ~4x +1), as required.
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Question 16{confinued)

(b) () (2 marks)

Cutcomes Assessed: E7

Targefed Performance Bands: E2-E3

Criteria Marks
*  Correct solution 2
* FPstablishes expression EY correctly 1
Saniple Answer;
I3m Fal
SN
4 AL xrm vl /r
Am
4 Om

Draw AX and BU perpendicular to DC.
Triangles AXD and BUC are congruent (RHS)
DX= CU=2

By similar triang-[es,

EY Dbx

AY AX
EY 2
h 4
EY=£
2

Similarly, VF =§

EF =EY+94+VF
=9+ h
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Quesfion 16{continned)

(b) (i) (3 marks)

Ontcones Assessed: E7

Targeled Performance Bands: E3-E4

Criteria Marks
* Correct solution : 3
* Establishes correct integral 2
* Finds correct expression for E'Y” 1

Sample Answer:

Vertical cross-sections through centre of the base and parallel to the sides of the base will be
symmetric trapezioms.

\ Y v / e o7
4m NG—E—I1 \_l¥ . ym | /.
\hm 4m| E F :

hm ;

A i

A Im B!

Cross-sections parallel to the base of the {rench will be rectangles with H
sides x and y as shown in diagrams above. i
From (i), x=9+4

From second diagram, D'X'=C'U'=1.

Using similar iriangles again, EhY =%
=342 ><ﬁ
4
=34 il.
2
¥3
., Area of cross-section = (9+h)(3+—) =%+% 97
2
. Volume = J‘ (h_ ﬂ +27)dA
| ® 15}:
6 4 \
= 1’783::[13
3
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Question 16(continued)

(c) (i) (2 marks)

Outeontes Assessed: E4

Targeted Performance Bands: E3

Criteria . Marks
* Correct solution with justification L 2
* Shows correct sum of geometric series SR ‘ 1
Sample Answer:
The series 1—x? +x* —.....+ x™ is 1 geometric series with a =1, 7 =—x* and (214 1) terms.
1 — (=2 Y
1-x+xt =, +x‘":ii%l
I~ (—x?)
AR5 '
{c} (i) (2 marks)
Ouicomes Assessed: E4
Targeted Performance Bands: E3
Criteria Marks
*  Correct solution 2
* Shows some correct working 1
Sample Answer: )
1 + tdnﬂ 1 x4n+2
1+x  1+x* 142
1 x‘ln+2
2 —, since =20 forallx
l+x 14+x
3 4n42
1 _< 1+x i ]
1+x 1+x i
1151—r1+x‘~ ....... +x*
I+x
1 xdn{-l 1 4’”1
Also -+ 5 < 7+x sincex® >0 and 1+x* 21
1+x* 1+x l+x
Sl-xtext o g ! s+ x
I+x
1 An 1 An+2
Hence FEI- X +x" 8 +x
i+ 1+x
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Question 16{continued)
() (iii) (2 marks)
Quicomes Assessed: E4

Targeted Performance Bands; B4

Criferia ) . Marks
*  Correct solution 2
* Finds three correct integrals of each expression in the inequality 1
Sample Answer:
I B 4 -+ x
+x? 1+x
f o ! = v SI (lex? e x® 1“")(& < +x" Ny
0 }
a 3 L5 dnal Ami3
[tan" x] P T . < tan x4+
o 3 5 dn+1 |, 4n+3 |,
3 5 Amtl 4n+3
ctanasa- L + <tan” a+
3 5 4n+1 4n+3
4n43 1
Since 0a<l, <
i 41313 4n+3
3 5 4n+l
ctantaga-S Lt ctanat .
) 3 5 4n+1 4n+3
(e} (iv) (2 marks)
Outcontes Assessed: E4
Targeted Performance Bands: E4
Criteria Marks
* Correct solution 2.
* substitutes correctly for g and » . 1
Sample Answer:
From (jii}, let @ =1 and » = 25.
I 1 1
Hence tan'l < (=4 =~ e F—=) < tan” l1+—l4
3 5 101 103

11 ™ oz i .7 ) .
sO<(l-c+ == t——)——<——  (after subtracting —from each expression)
35 01" 4 103 4
100
o<—dsl 4 I—)—— L
35 101 100
0 <(1—%+—;-‘—........ {6-1—)—— <107, asrequired.

40

Jeofsshnal essstincs of feaching oA4. X dis rob consfrs edvics fo ehelerts Futher Bis red fa andon of CS3A 1o
prondids specifc mading ovbtres fr B posstie Trid HSC erswars. Rater Ba pumpsa k0 provdds feechers with Iforralion s Bt Fey een befier eoplore, indiesand and eppdy HSC
rariing repfreTents, as edabistad by F0 NSW Board of Shufes,

4 guzratenor wamady briads of Frpfad wih respect 1 e eppfcaton o Less of CSSA Markl paniic i e Gesfon of agaer, Tha CSSA ecs rres

DiSCLARER
Tha frformefion oordarad b ¥ donent ks Handed fir Fo

oty o tesqunsbity e e anouracy, v pleferess or Uschuress of any Maning Gridelnes prowlad e 1 Tral HSC papers.

TaEly or resporatelty or P abtraty, Competress Of (sehiress of airy kg Guidelres pronkdal knha Trtaliﬁc;a;a-s




