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Total marks - 120
Attempt Questions 1-10
All questions are of equal value

Answer each question in a .SEPA_RATE writing booklet.

Question 1 (12 marks) Use a SEPARATE writing booklet.

(a)

(b)

(©)

(d)

(e)

®

2.1 x4.52
2.12 +45%°

Evaluate correct to one decimal place

Factorise fully 128x —16x*.

Graph on a number line the solution to [2x +1] < 5.

3

Rationalise the denominator of .
372 -1

) T T
Find the exact value of tan —3— + cosec Z

Sketch the curve y =2e™", clearly showing where the curve cuts the y-axis.

Marks




Question 2 (12 marks) Use a SEPARATE writing booklet.

(b)

. . . 2
Consider the quadratic function x* —(k +2)x+4 = 0.

For what value of

-

does the quadratic function have real roots?

<« >
\ x

Line L, has equation x+ y =2 and intersects the y-axis at point A.
Line L, has equation x — y =4 and intersects the y-axis at point C.
Line L, and line L, intersect at point R.

The horizontal line through A intersects the vertical line through R, at S.

(@)

(i1)

(1i1)

(iv)

v)

(vi)

(vii)

Find the coordinates of point A and C.

Show that R has coordinates ( 3, -1).

State the equation of the line SR.

Find the gradient of line L,.

Find the distance AR.

Show that triangle ARC is a right-angled isosceles triangle.

Find the equation of the circle with centre R, passing through the
points A and C.

Marks

NOT
TO
SCALE




Question 3 (12 marks) Use a SEPARATE writing booklet. Marks

(a) Differentiate with respect to x :

~

N

Py
pmnd

(i) x'e™* 2
tan x
iii 2
(i) 2x+1
2x
b) Find dx. 2
®) e’ +4
. 1
(c) Evaluate J. (-z—x + cos2x) dx. 2
0

(d) In the diagram, PQRS is a parallelogram. QR is produced to U so that QR = RU.
Copy this diagram into your answer booklet.

P Q
S T : R NOT
TO
SCALE
U
(i)  Giving clear reasons, show that the triangles PST and URT are congruent. 2
(i)  Hence, or otherwise, show that T is the midpoint of SR. 1




Question 4 (12 marks) Use a SEPARATE writing booklet. Marks

~
jav]
~—

20
Evaluate 22!-: -5. 2
k=4

(b) The third term of a geometric series is % and the seventh term is 12.

Find the 14™ term of this series. 2

(c) Consider the function f(x)=|4—x|.

(i) Sketch the function f(x). 1
6
(i) Evaluate j F(x) dv. 1
0
(d) Solve for x the equation m =n’. 2

(e) Sketch a graph of y=3cosx for 0 < x <2n. 2

(f)  The population (P) of a coastal town is increasing at a decreasing rate.

2
for this function. 2

Comment on _c_if_ and
dt dr?




Question 5 (12 marks) Use a SEPARATE writing booklet. Marks

(2)

(b)

(c)

In a bag there are 20 marbles. The bag consists of 7 red marbles, 9 gold marbles
and 4 blue marbles. One marble is drawn from the bag and not replaced, and
then a second marble is drawn.

With the aid of a tree diagram, or otherwise; find the probability of choosing:

(i) two gold marbles A 1

(i1) marbles of different colour 2

Consider the curve given by y = 6x2 — x°.

(i)  Find the coordinates of the two stationary points. 2
(i) Determine the nature of the stationary points. 2
(iif) Show that there exists a point of inflexion when x = 2. 1
(iv) Sketch the curve for the domain —2 < x < 6. 2

2
Given that y = 3e™*, show that 22,——)2—} + 3—dl— 2y =0. 2
dx dx




Question 6 (12 marks) Use a SEPARATE writing booklet. Marks

(a) Find the equation of the normal to the curve y =xsinx at the point

(b) The table shows the values of a function f(x) for five values of x.

x 0 1 2 3 4
f(x) 2 3 12 35 80
4
Use Simpson’s rule with these five values to find an approximation to J f(x) dx. 2
0
(© y=x : A y=3x+4
B NOT
TO
SCALE
A
< > x
\4
(i) Thecurve y=x" and the line y =3x+4 intersect at the points A and B
as shown in the diagram above.
Find the x coordinates of the points A and B. 2
(i)  Find the area bounded by the curve y = x* and the line y =3x + 4. 2
(d) Find the volume generated when the curve y =+/cotx is rotated about the x — axis
between x =§- and x = % Leave your answer in exact form. 3




Question 7 (12 marks) Usc a SEPARATE writing booklet. : Marks

Lo, ay 2x+1
Find — that y=1lo . 2
(a) in o given y g“(3x — 7)

(b) A particle moves in a straight line so that its velocity, v metres per second,

. o 2
at time ¢ is given by v=3 - ——,
1+¢

The particle is initially 1 metre to the right of the origin.

(1)  Find an expression for the position x, of the particle at time ¢. 2
(11) Explain why the velocity of the particle is never 3 metres per second. 1
(ii1) Find the acceleration of the particle when 7 = 2 seconds. 2
() (i) Show that (cosec’A — 1) sin?A = cos®A. 2
(ii) Hence, or otherwise, solve (cosec’A — 1) sin’A = % for — <A< 3




Question 8 (12 marks) Use a SEPARATE writing booklet. Marks

(a)

(b)

(©)

Cristina borrows $480 000 from a finance company to buy a house. She pays
interest at 6% per annum, calculated quarterly on the balance still owing. The
loan is to be repaid at the end of 20 years with equal quarterly repayments of $P.

Let 4, = the amount owing after the » th repayment.

(i) Show that after the first quarterly repayment of $P Cristina owes an

amount equivalent to 4, =$ 487 200 - $P. 1
(i) Find an expression for the amount still owing after 3 repayments of $P. 2
(ii1) Find the value of $P to the nearest cent. 2

Water is draining from a storage tank at a rate which is proportional to the
volume of water contained in the tank. When full, the storage tank holds

1 000 litres of water. On inspection the tank was found to be full but

40 minutes later it was found to contain only 800 litres of water.

(i) How much water (to the nearest litre) will the tank hold after 1 hour? 2

(ii) How long, in hours and minutes, will it take to reach 1 litre of water in

the tank? 2
. . . : T
Consider the series sin® x +sin* x +sin® x +.... O<x< 3
(1)  Show that a limiting sum exists. 1
(i1)  Find the limiting sum expressing the answer in simplest form. 2

10




Question 9 (12 marks) Usc a SEPARATE writing booklet. Marks

(@)  Arcsec Landscaping Company are designing a garden bed for a local park in
the shape of a sector with radius » and sector angle 6.

They have a total of 375 metres of garden edging materials to use as the
perimeter of the garden bed.

r NOT
TO
SCALE

(1)  Show that the area A of the garden bed is given by
A=%(375—2r). 2

(i) Find the greatest area of garden bed which can be made using 375 metres
of edging material. 3

(i1f) After inspecting the location for the garden bed the designers calculate
that the sector angle for the garden must be less than 110°.
Can they still create the garden bed with maximum area found in (ii)?
Justify your answer. 2

(b) A train is travelling at a constant velocity of 80 kilometres per hour as it
passes through the railway station at a town. At the same time, a second
train commences its journey from rest at the railway station. The second
train accelerates uniformly for 15 minutes until it reaches 100 kilometres
per hour and maintains this velocity for a further 5 minutes.

At this time each of the trains then begins to slow down at a constant rate,
arriving at the next station at the same time.

(i) By illustrating graphically the relationship between velocity and time, calculate

the time taken for the trains to travel between the two stations. 3

(i1)  How far apart are the stations? 2

Il




Question 10 (12 marks) Use a SEPARATE writing booklet.

(a)

(b)

(i)  Show that i(xln.wc—x) =Inx.
dx

(i) Hence, or otherwise, find I In x* dx.

Marks

(iii) The graph shows the curve y =In x%, (x> 0) which meets the line x =5 at Q.
Using your answers from (i) and (ii), or otherwise, find the area of the

shaded region.

T

y

=5
ﬁ///e
Q

y=Inx’

NOT TO SCALE

v

Consider the function f(x)=e ™" cosx for 0 < x < 27.
()  Find thex values where the stationary points occur.
(if) Determine the nature of the stationary points.

(iif) Sketch the curve showing the coordinates of the stationary points
in exact form and the intercepts with the axes.

. . . . 1
(iv) Find the number of solutions to the equation e~ cosx —Ex =0.

In the domain 0 < x < 27. Justify your answer.

End of paper

12




SUGGESTED SOLUTIONS TO MATHEMATICS CSSA TRIAL 2003

Question 1

@ 217 x4.5* 89.3 .
21 +45° 247

(b)  128x—16x* = 16x(8 —x*)

= 16x(2 — x)(4 + 2x + x?)

(© Px+1 <5

2x+1<5 —2x-1<5
L 2xs<5-1 ~2x<5+1

2x<4 ~2x<6
x<2 x2-3

@« »@®
| -

< -3 2
(d N - V5 . 32 +1 -
32 -1 3v2-1 32 +1 -
- 3J10 +/5
181
_ 310 +4/5
17
(e) tanZ + cos ec %
3 4
Using the exact triangles Ssm =43
cosecZ=_L -1 _p
4 sinZ L
4 2
E:M+8wanmm = )\w+)\w

3 4

Question 1 (continued)

(2,2¢%)
® Y

Not to scale

©,2)

A

\4

Notice the curve passes through the y-axis at the point 0,2)
As x>0  y—>0

1n

A 4



Question 2

@) A quadratic function has real roots when b —4ac20.

. =-k-2; c=4 (vi)
k* +4k+4-1620 NSRS X
K +4k-1220 L o
(k+6)(k-2)20 . the’quadratic has real roots when )
- _ ks-6andk22
() (@)  Point A is where ‘L; intersects the 'y axis A (0, 2)
Point C is where L, intersects the y axis C (0, -4)
(ii)  Cansolve equations L, and L, simultaneously or show that the point R( 3, -1)
satisfies L, and L, by direct substitution .
Solving simultaneously
L X+y=2
L, x—y=4
Adding L; and L,
2x=6
x=3 Substituting x=3 into L, or Lyresults in y=-1 .. R(3, -1)
. . . . (vii)
(iil)  Line SR is parallel to the y axis and passes through the point R(3, -1)
..Line SR has equation x=3
(iv)  Line L, has equation x+ y=2 m= = Iﬂn =-1
Using the gradient formula with two points or even m = 75 it the diagram
run

will also generate the answer to the gradient as —1.

(v)  Using d =+/(x,—x)* +(y, - »)* with A(0,2), R(3, -1)
d=:3-0) +(-1-2)

d=+9+9
Qu)\ﬂw =342 units

13
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Question 2 (continued)

From above (iv) the gradient of L, =-1

Line L, has equation x—y=4 . Using m= W@'Q or other methods it can be seen that

the gradient of line L, is 1.

As my x my, =-1 A ARC is a right angled triangle .

We know from above (v) the distance of AR = 3+/2 nits.
Finding the distance of CK , using the distance formula

d=:(x,~x) +(,-»)* with C(0, -4) and R(3, -1)

d

(B=0) +(=1+4)*
d=~9+9
d =18 = 342 units.

The distance of AC along the y axis is 6 units.
As two sides of A ARC are equal the triangle is isosceles.
- AARC is an isosceles, right angled triangle.

Centre (3, -1) and radius 3+/2 units .

The equation of the circle is(x—3)* + (y +1)% = (3v2)?
(x=3)*+ (y+1)?=18 Or x* —6x+y*+2y—8=0

14




Question 3

@ @) M.A MTW S ,
1.3
2
v 2Jx
Qcm h .W«.Monuwéﬁv = Axux“_.um-uxv+Aua~w«.$v

= 3x’e(1-x)

d m giu _ (2x+D(sec? x) - (tan x)(2)
(iif) = =

de\2x+1 (2x+1)?

2xsec’ x +sec? x — 2tan x

2x +1)?
® [ & = lilesa)ic
e +4 2
: S <
(c) % Wx+8m~a dx = x|+mE~x !
J2 4 2,
=
16 1
=f——4—|-(0
4 2 ©
_ 7’ +32
64

15

Question 3 (continued)

(d) 7 Q
S T AN
NOT
TO
SCALE
U
(i) Intriangles PST and URT: B
PS = RU (RU=QR (given) and PS = QR, opposite sides of

parallelogram PQRS.)
£PST = ZURT( Alternate angles are equal PS || QU)
£LPTS = ZRTU (Vertically opposite angles are equal)

. APTS = AURT (two angles and one side)
(i) Since APST = AURT, ST = TR because corresponding sides in congruent

triangles are equal.
.. T is the midpoint of SR.



Question 4
Question 4 (continued)

20
@  D.2k-5=3+5+7+.....+35 .
k=d (® A7
This represents an Arithmetic series witha=3,/=35and n= 17.
Using 5, =2 (a+) s, u%@ +35) , y = 3cos
=323 ,
(b)  Ina Geometric series, H:Mmaﬂo PR
2_3 n - - < .
mﬂm =% - >
ar =12 la T 3z 2z
L . 6 2 2
Solving simultaneously gives :ar® 12 3
ar’ Y%
=16 so, r=+2
3 M
Forbothr=2andr=-2,a= —
16 P
—— > 0 because the function is i i
The fourteenth term of the series, Ty = ar® ) @® dt ! mereasing
3 d*p
= T3 @2)8 e <0 because the function is increasing at a decreasing rate
= %1536
© O
A
The required function f(x)
11
4
4
< 0 » X
v
y
6
(ii) ._. f(x) dx = Areaunder the curve between x=0 and x=6
0
1 1 =Lt -y . |
= (=x4x4) +] =x2x2 =10 :
2 2 .

@ ¥m=r’

Som= :wk
e A.‘

logm =log n™
logm=3xlogn

_logm

X =
3logn

17
18



Question 5

(a) TR

e

3
- Blue
(i) Probability of choosing two gold marbles 19
P(Gold, Gold) = —x—~-= 18
20 19 95

(ii) Probability of choosing marbles of different colour

P(marbles with different colour) = 1 — P(Same colour )

7 mw 9 8 4 J
1= —x— |+ —x— |+ —x—
2019 20 19 20 19

- 127
190
b)) y=6x*-x’
(i)  Stationary points occur when .MM, =
M&N =12x-3x*=0
dx
3x(4-x)=0

Stationary points occur when x=0 and x =4
Stationary points are (0, 0) and (4, 32)

19

Question 5 (continued)

2
(i)  To determine nature of the stationary points we can use wa =12-6x
d? d? -
When x=0 w =12 w > 0 (Minimum turning point at x =0)
dx dx
d? d? .
When x=4 &«W =-12 &ﬂw <0 (Maximum turning point at x = 4)

Minimum turning point (0, 0), maximum turning point (4, 32)

2
(i)  Point of inflexion when wa = 0 and concavity changes.
2
W.w =12-6x =0
6x =12
x =2

Change in concavity and point of inflexion when x=2
Point of inflexion is (2, 16)

x <212 [>2

Qﬁ
&xw + 10 |-
@iv)
4,32)
(-2,32) 4
@2, 16)
x
(0.0) 6,0)
LY
. o ok dy L o
(¢) Ify=3e*then o |.emn ,:mua.mm; l,ﬁo,. -
“Nw.v\. “&v\ : PRy Y G DT
So, 2 +3= -2y =2(126) +3(-66) - 2(3e ™
s Y (1267 + 3(-6e) - 2(3e

=24~ 18 ~ g2
=0  asrequired.

20



Question 6

(@) y=xsinx .MW, =xcosx +sinx Question 6 (continued)
cﬁ_a:xum mr=1 > my="1 z x
3
oz (d Volume=V=rx T\N & =z ._.oomx dx
g : : i
. . m..,a.\»w..,. ‘v_wnm.l - ..N.N.; z
.. The equation of the normal mﬂm. Ny_m;u\ 5 1 wy _ Fcosx
=7z ._. - dx
y- MNI =_x + m z Sinx
) 2 ‘
. xty-m=0 =r{ln(sinx)]?
(b) Using Simpson’s rule withh =1 ¢
4 h = aTsams mmv —In(sin wmv
?8 dx anAS+£\8+>§+NCA§+\§: 3 4
’ ) ) 103y~ (L
~3[2+43+35)+202)+80] 2 V2
~86 -
uaT:% units .
(¢) (i) Solving simultaneously to find the points of intersection between y =x? and
y=3x+4.
xt=3x+4
x*=3x-4=0
G+D(x-4)=0
x=-1, x=4

AtA,x=-landatB,x=4

4 4
(i) Area= ._.wx+A dx - ._.xN dx
w1 -1

2 3
=3 g
2 3|,
2 3 2 3
= [3x4 +Axalmi S EL +Ax|H1Hml
2 3 2 3
—182 421 .
376
nwo.m units? (20.83 units?) g -

21
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Question 7

(@) log, 2241} log, (2x +1)~log, (3x ~ 7)
Ix-17 o .
dy 2 3

dx 2x+1 3x-7 o

® @ x=3t-2In(l1+4+c where c is a constant -
Since the particle is initially 1 metre to the nmE of the origin, when 1=0,x =1
I1=3t-2In(l+1) +c¢ :
c=1]
x=3t-2n(l+H+1

(i)  Since m.wlw can never be 0, v will never be 3. N
..T
dv
=3.2(1 +y"! a= =
@i v 1+ o
a=2(1+y* .
N
a= -2
. 1+0?
When =2 momozam a= lwlm um m/s?
o L(1+2) 9
(¢) (i) LHS = (cosec?A - 1) sin’A
1 2
= —— ~ 1) sin“A
Ammzn A - )
= 1 —sin’A
= cos’A
= RHS
(i) (cosec’A—1)sin’A = %
cos’A = ¥
COsA = H% -TLALx
A = X .57
£ E
23
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Question 8

(@ () 6%p.a =1.5% per quarter.

After I quarter 4, =480000(1 + Hoov_

= $487 200 - $P
(i) 4, =$487200 - $P

4, = 4, Tnll $pP.
SASTT
4, ufmooooc.oéN;ﬁé:.o@
4d,=4 H+ll P.
2 SOV 8
4; = $480000(1.015)° ~$P( 1+1.015+1.015%)

(iii) 20 years = 80 repayments.
Pattern continues.. ...
Agy =$480000(1.015)* ~$P(1+1.015+1.0152 +1.015% +
Ay =0 (Loan repaid )
$480000(1.015)* ~$P(1+1.015+1.015? +1.015........+1.0157) =0
$480000(1.015)® =$P(1+1.015+1.015% +1.015".........+ 1.015%)
$480000(1.015)*
Qi.o&i.oaw+Po_uw+.:....roasv
The denominator is the sum of a geometric series where
1(1.015% —1)

.1.0157)

$p=

a=1 r=1.015 n=80 .. S=

1.015-1
80

$P= mhwoooomo.on

1(1.015%* 1)

1.015-1
$P = $ 10 343.20 (nearest cent)
. av
(®) (D) Since the volume is changing at a rate proportional to the present volume, — = =LV

and V=V e™ canbe used.

mEno initial <oEBn is1000L, V=1 ooo
. V=1000e"
gg =40 minutes, =800 L, so: -
800 =1 000 &% - -

0.8 =%

In 0.8 = In &%

k=108 _ 5 cig6x 107
- 40

When =60, V=1000e %
(k=5.5786x107)

V'="715.54175.... litres
V=716 L (to the nearest litre)

24



Question 8 (continued)

(ii) When V=1then  1000e® =1 (k=5.5786x107)

kol zgohl -

In &* =1 0.001
K =1n0.001 -

t =12382621

W et [,

The storage tank will reach the last litre after 20 hours and 38 minutes.

(© () Alimiting sum exists as |r|<1

. 7
r=sin?x OAXAM

Note _m§~ L <1 does hold and a limiting sum exists.

(i) cmgmmu._hﬂ where [|<1  r=sin®x, a=sin’x

sin® x
VJNI.IN
1-sin®x
sin® x
S=— 3

cos” x

S=tan’x

25

Question 9

(i)  The area of a sector is given by drea= A= Wwwm
The perimeter of the sector is given by 7 +7+ 78 (Where length of arc = r8)
The perimeter is given to be 375 metres.
S 2r+r8=375
0= 375-2r
r
Substituting 8= 375-2r into drea= 4= W\g
r
gives A= Mxn Aud - wwv
2 r

A= wad ~27)

2
(i))  Greatest Area occurs when a4 =0 and ;n.lw <0
dr dr
:Qm umw]mimxno 7 =93.75 metres
dr 2
2
d w N
dr
d*4 .
As 2 <0 .. maximum area occurs when 7 = 93.75 metres.
‘s
93.75

Maximum area is A= |Nl®d —-2x93.75)

=8789.06 m® (2 decimal places)

(iti) The maximum area is 8789.06 m?
Using Areq = WX%

8789.06 = WX 93.752 %6

0= 2 radians.
0= 115° (nearest degree)
This is the angle required to produce max area from (ii). .
The maximum area found in part (ii) created with a radius of 93.75 m would not

be possible with an angle less than 110°. & is required to be 2 radians. (115°to
the nearest degree).

26



Question 9 (continued)

(®)

) vA
1® train
km/h 100 / 2 wm:._

80

60 ~ AT CaLa

40 -

207
i | | [ >
5 10 15 20 25 30 A

Let z, be the time at which the trains stop at the next station.
Since both trains cover the same distance, the areas between each velocity-time graph
and the time axis are equal. We use this to find the time taken for the journey, .

minutes

1 600 + 40 £, — 800 = '4(20 + 5) x 100 + % x 100(z. — 20)

10£=550 - ~
t, = 55 minutes

Converting time to hours because velocity is measured in km/h we can calculate the
distance as the area under either velocity graph.

Distance between the two stations = 8

The stations are 50 kilometres apart.

27

20
60

= 50 kilometres.

Ox =— +%x80x

55-20

Question 10

@& O

(i)

(iii)

Inx*=2Inx

d 1
—(xhx-x)=x~+1.Inx~-1
&«A %)=x x

=1l+hx-1

=lnx as required.

. aprimitiveof 2Inxis 2 (xlnx-x) [+a constant]

y
A

2

The shaded area in the diagram is found by taking the area under the curve
¥ = In x” between the line x = 5 and the x-axis from the area of the rectangle
OPQR.

Area OPQR : P has co-ordinates (0, In25)
. the rectangle has dimensions 5 x In 25
AreaOPQR =525
=51In 5>
"= 10 In5 units?
The curve crosses the x-axis at (0, 1)

5
Area under the curve is found by evaluating ‘_.E xiax
B 1

5
._._zxw&x N_Hkgxlk“_w
i

I

2{5|5-5—(Inl 1)}
=10In5-8
Shaded area =101n5~ (10 In5—8) =8 units?

7R



Question 10 (continued)

) () flx)=eTcosx 0<x<2z
Stationary points occur wheri f®=0 .
[ @)=(e7)sinx)+ (- )(cosx) =0
=—e(sinx+cosx)=0 -
Stationary points occur s&g sinx =—cosx
o when, tanx==1:1uz i :
L T
RS 4 74 ¥ :
(ii) To determine nature of the stationary points we can use a before and after test
with the first derivative.

x 4 4 4
"(x
ro 1, T,
3z
Minimum turning point at x = e
x 4 4 4
' X
fx N 0 ]
. T
Maximum turning point at x = T
A
(iii)
1 23
dE
)

v

4
Ny
§<
0|
N
3

29

Question 10 (continued)

(iv)  The equation e™ cosx — W x=0 can be solved graphically

Sketching f(x)=e™ cosx and f(x)= .Mnx

. 1 . .
As e7cosx==x . Thecurve and the line intersect at only one point.

2
One solution exists for the equation e cos x — Wa =0 (0<x<27)

30



