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CATHOLIC SECONDARY SCHOOLS ASSOCIATION OF NEW SOUTH WALES Question 1 Begin a new page

YEAR TWELVE FINAL TESTS 2000 (a) Solve the inequality — x* >2x . 2
ATHEMATICS (b) Find the number of ways in which 4 girlsand 3 boys can be seated in a row 2

3/4 UNIT so that no two girls are next to each other.

(i.e. 3 UNIT COURSE ~ ADDITIONAL PAPER:
4 UNIT COURSE - FIRST PAPER) (c)Thecurves y=Inx and xy=e intersectatthe point P (e, 1). 3
: (1) Find the gradients m, and m, of the tangents to each of the curves at P.
Afternoon session Thursday 10 August 2000
() If 6 is the acute angle between the tangents to the curves at P, show that
2e
( tan 9 = 2
{ B} e’ -1
Time allowed ~ two hours
@ 5
EXAMINERS B

Graham Amold, Terra Sancta College, Nirimba
Sandra Hayes, Aquinas College, Menai

Frank Reid, St Ursula’s College, Kingsgrove In the diagram ABCD isa cyclic

A quadrilateral. The bisector of ABC
cuts the circle at E, and meets
AD produced at F.
DIRECTIONS TO CANDIDATES: ) c

¢ ALL questions may be attempted.

¢ ALL questions are of equal value. D
‘ { ~
( * All necessary working should be shown in every question. : - \ £
o Full marks may not be awarded for careless or badly arranged work. r

¢ Approved calculators may be used.

* Standard integrals are printed at the end of the exam paper. (i) Copy the diagram showing the above information.

(ii) Give a reason why CDE=CBE.

(iii) Show that DFE bisects CDF.
Students are advised that this is a Trial Exammanon only ‘and cannot in any way guarantee the content or the foxmat of
the H]gher School Certificate Exammanon £How commlttees responsible for the preparation of these ‘Tnal
Exammatlons do hope that the will p 'de a n to your preparauon for ;
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Questlon 2 : Begm a new page

. (@) A(—-l 5) and B(S 4) are two points. Find the coordinates of the point P .
" Which divides the interval AB internally in the ratio 2: 1. ’ e

(b) The equation 2x°—5x~1=0 hasroots ¢, B and ¥ . 2
Find the value of L + 1 + 1 .
« B v

(c) Consider the series  tanx + tan’x + tan*x + ... , where 0 S x <k 3
(i) Show that the limiting sum § of the series exists.
(i) Show that § =% tan 2.

@) P(2at,at*), t>0 isapointon the parabola x* =4ay. The normal o the 5

parabola at P cutsthe x axisat X and the y axisat Y.
(i) Show that the normal at P has equation x+1y—2af—at’>=0.
(ii) Find the coordinates of the points X and ¥ .

(iii) Find the value of ¢ such that P is the midpoint of XY.

Question 3 Begin a new page
(a) Consider the function f(x) = Bx—;i,. 8
x_

(i) Show that the function f(x) is an increasing function for all values of x in its domain.

(if) Sketch the graph y= f(x) showing clearly the coordinates of the points of intersection
with the axes and the equations of the horizontal and vertical asymptotes.

(iti) Show that the x coordinates of the points of intersection of the line y=mx and the
curve y= f(x) satisfy the equatlon mx* —(m+3)x+4=0. o

(iv) Find the equations of the tangent lines to the curve y= f(x) which pass throtigh the origin.

3
Marks
Question 4 Begin a new page
(2) (i) Find the domain and range of the function y=3cos™ % . 4
(ii) Find the equation of the tangent to the curve y=3cos™ # at the point on the curve
where x=0.
? 3x
b) Evaluate f —===dx using the substitution u=1+x . ’ 4
® . Jirx ¢
(¢) The region bounded by the curve y = -—‘Bl_.-z— and the x axis between the lines 4
+Xx .
x=1 and x=3 isrotated through one complete revolution about the x axis. Find
the exact volume of the solid formed.
Question 5 Begin a new page
(a) Use the method of Mathematical Induction to show that n! >2" for all positive 4
integers n>4.
(b) d
A 6 metre high vertical street lamp
stands on horizontal ground.
A 2 metre tali man runs away from
the street lamp at a constant speed
6 of 2-5 ms™. When he is y metres
from the street lamp his shadow has
length x metres.
y x
. +
(i) Show that 222 = % :
(i) Find the rate at which his shadow lengthens.
{c) In the Binomial expansion of (1+x)" the coefficientof x* is 6 times the coefficient 4

of x*.
(i) Show that n*—5n — 66=0.

(ii) Find the value of n.
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Question 6 . Begin a new page

(@) After jt__-:years, 120, the number N of iildiVidugls in é}ﬁoﬁﬁlaﬁon is given by 4
N=1000~ Ae™ for some constants A>0, k >0. The initial population size
is 200 individuals and the initial rafe of increase of the population size is 80
individuals per year.
(i) Find the valuesof A and k.

(ii) Sketch the graph of N against ¢.

(b) A particle is moving with Simple Harmonic Motion in a straight line about a fixed 4
point O. Attime ! seconds, 20, it has displacement x metres from O given by
x=a cos(2r+a) for some constants a>0, O<a < % . Initiallyitis 4 metres

totherightof O. After ¥ secondsitis 3 metres to the left of O,

(i) Show that acosa =4 and asing =3.

(i) Find the exact value of a, and the value of & correct to two decimal places

(c) Each time that Bill and Vlad play a set of tennis there is a probability of %— that Bill 4

wins and a probability of 31- that Vlad wins the set.

() If Bill and Vlad play 4 sets of tennis, find the probability that Bill wins 2 sets and
Vlad wins 2 sets .

(ii) If Bill and Vlad play sets of tennfis'until one of them wins 3 sets, find the probability
that Bill wins 3 sets and Vlad wins 2 sets .

5
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Question 7 Begin a new, page
(a)A garden sprinkler is positioned ai.t}ieﬂéeiitréa of a'lz;rge,wfnluat lawn. Water d;ople;fs are 6

projected from the sprinkler at a fixed speed of 20 ms™ and atanangle 8 above
the horizontal. The acceleration due to gravity is 10 ms™.

(i) Use integration to show that the horizontal displacement x metres and the vertical
displacement y metres of the water droplets after time 7 seconds are given by

x=20tcos® and y= 20tsinf—51>.
(ii) Show that the horizontal range R of the water droplets is given by R= 40sin26 .

(iii) If the angle of projection varies between 15° and 45° above the horizontal, find the
exact area of that part of the lawn which can be watered in this way.

(b) A particle is moving in a straight line. After time ¢ seconds it has displacement x metres
2

and acceleration

from a fixed point O on the line, velocity v ms™ givenby v =
a ms™. Initially the particleisat O.
(i) Find an expression for a in terms of x.

(ii) Show that 122 = ! +

and hence find an expression for x interms of 7.
—X 1+x 1-x

(iit) Describe the motion of the particle, explaining whether it moves to the left or rightof O,
whether it slows down or speeds up, and where its limiting position is.




STANDARD INTEGRALS .

1 .
jr"dx =——x™l neol 220, ifn<0
n+1
I .
—dr =lnx, x>0
x
J{.E‘zdz :_eﬂ' a0
J 1
cosaxdx =—sinax, a=0
a
. 1
sinax dx =-—cosax, a#0
a
2 1
sec”ax dx =-—tanax, a0
a
fsccartanaxdx =—secax, az(
1 1 x
dx =Zmn !t
Jraz-f-,rI cz[;m a’ an0
J’ 1 dx sl X
———— =S~ a>0, —g<x<a
a?—x? a

1
I R

I
e

NOTE: Inx=log,x, x>0

Answers to 3 Unit Mathematics CSSA Trial 2000

Question 1.

@ ‘
(by  The only possible pattern is
GBGBGBG
x*22x
Arrange G's in 4! ways then
¥ -2x20 arrange B's in 3! ways.
x(x—2)20

is 4Ix3l =24x6=
<0 or x>2 Number of waysis 4!x3! =24x6=144

@0 - {o) (D)

=lnx =< - (:el)
y y x tan@ — =
dy 1 dy —e I+ E(T)
_ = - - ==
dx * & x ) 226 (since e>1)
m = é‘ m,= = e =
(d) () @a) A
B CDE=CBE  ( Anglesin the same segment
standing on arc CE are equal )
(iif)
A CBE = ABE ( given BE bisects ABC)
c ABE=FDE ( Incyclic quad. ABED,
exterior angle FDE isequal to
D opposite interior angle ABE )
= FDE=CDE (CDE= CBE = ABE = FDE)
F and hence DE bisects CDF.
Question 2
@ (b) 25°-5x—1=0 hasroots &, § and 7 .
A B
+yo +
(-1, 5 (5, —4) ;+i+i=ﬂua_£_ﬁ
>< o By o By
3
=< e
2 : - (L
3)
-1 85 -5
2+1 ! 2+1 r (3 __1)
() (i) Series is geometric, @ = tanx, r=tan’¥. (o) (ii) “
0<r<% =5 0<tanx <1 S = tanx2 = L. 21an;\
- 2 —tan? x
Hence 0<r<1 and since {r|<I, 1= tan®x 2 I-tanx
N =% tan 2.x

limiting sum § exists.

o f oo




Question 2 (cont)

@ ®
y=at® = —dl=2at
dar 4y _ 2ar -
& S = Tl =
x=2at ~—£=2a dx 2a
dt

=1

Normal at P has gradient 3+ and equation

x+ty=k , forsomeconstant k.
x=2at

At P, = 2at+al =k
y = at*

-. Equationis x+1ty-—2at—ar*=0

x+ty=2at+at’
Y(O, 2a+al2)

(i) At X and ¥,
X (2ar+ar®,0)

Question 3.

@O
()= Throughout domain
x o x#1},
3(x 1) 1 f ! }
x—1 f(x)=r—"rg >
(x-1)
_ 1
=3 - 1 Hence f is increasing.
1
:3 —
Y x =1
As x>0, y—3 . ¥y =3 isanasymptote
As x—1, y—e . x=1 isanasymptote
(iii)
3x-4
mx =
x~1
mx_2 —mx = 3x—-4
mx® —(m+3)x +4=0 *

Q) fx)=x"-kx+1 = f0)=1, f)=2-k
Butif f(x)= 0 has exactly one root between 0
and 1, then f(0), f(1) have opposite signs,
2-k<0. s k>2.

s G

Question 4
a)(i) Domain Range
~1s%<1 0<cosF<m
-2<x<2 0 <3cos” §<37
o g . —2<xL52 :0<y<3m
(iif) Midpt of XY is M(at+%at3, a+%_azz) {x 1 {r y }
Hence if P is the midpoint of XY, (a) (i) When x=0,
at’ =a+iar’ y=3cos'E = y=3F
Lo = _
Ta a Q: - 3 = iil: —%—
17-:2 dx 4-—x2 dx
3z fent — 32 i
r=+/2 (since 1>0) Tangentat (O, > ) hask gradient —3 and equation
+2y=k tant
For t=4/2, PE‘,ME(Z‘Ea,Za) 3x +2y constan
x=0, y— = 3n=k
-, Tangentis 3x+2y-3n=0
. ©
a)(ii
@D y
Yy A | y=1 _41?
: y _3x-4
4 | x=1
__-_/_.__.‘_ S y:3 °
3
: L
| Ve
1 4
o] 1l/4 x
I
] Question §

(iv) y=mx isatangent when * has equal

roots and hence discriminant A = 0.
A=(m+3) -16m

=m’=10m+9

A=0 =m=1,9

(@) Let ${n) be the statement n!>2", n=4, 5,6 ...
Consider §{4) :
41=24>16=2" = S$(4) istrue

If S(k) istrue, then k1>2" **

-~ tangents are Consider S(k+1), k24 :
=(m=9)(m -1 y=x, y=9%% (k +1) 1= (k +1) k!
>(k+1)2*% if S(k)is true, using **
>2.2F since k24=k+1>2
M) f{x)=x"-3x+1=> £(0-3)=0-127 =t
F(x)=3x?-3 = f(0-3)=-2.73 Hence if S(k) is true for some k=4, then S(k+1)
R AP et i
10-3) 2-73 *

induction, n!> 2" forall integers n24.

)

‘3..

3y &
u=1+x J1—+—x-
du=dx
1=0= u= "3Ju —u?

3 4
3[ ut -2u? }
1

X =u—1
varl =2(8-1)-6(2—1)
=uf—y? -8
1
V=7tj _ dx
; 3+x
1 X 8
=2 tan X
=& [= "],
=Zlan Y3 —tan "L
g5 5]
-5i5-%
_w:d3
=TIET
2
Volume is E—lgﬁ CU. units.
() D
A J
D
6 2
B y E x C x+y 6
‘ - ==
AABC Il ADEC (equiangular) xi , _;
6 2
(bay
xX+y=3x 2.
! &2 105
2x=y a2
7(1\ ay Shadow lengthens at
da a rate 1-25 ms™




Question 3 (cont)

© @ )
Coeff. of x* is "C () (i)
(1+x)" Coeff. of x* is "C‘4 nz4 and (n~11)(n+6)=0:
N 2
son=11
R u n{n-1)n-2)}n=3) _6n(n—1)
€,=6'G = 4l T
-~ nz4 and (n-2)n-3)=72
n>4 and n*-5n-66=0
Question 6
@) @) (b)®
N =1000—Ae™* x=acos(2t+ )
1=0 200=1000-A.1 t1=0, x=4 = acosa=4
=
N:ZOO} A=800 l=‘2£, x=-3 = acos(—’%—!—a):—
W _ e =800ke™ asing =3
dt )
1=0 B (i)
dN = 800k =80 . az(coszoc +sin’o )=41+32
— =80 k=0-1 ; .
dt ~oa =25 a=>5
asino _ 3 = tno=3 =064
(a) (ii) acosct 4 4

Populetion size

1000 - N=800¢ " =800 whent=0

g0t 1
2
1000-N=400 = <-0-1 t=-In2
1=10In2 =7 (c)(@) The number of arrangementsof B, B, V, V
!
is 'C,=——=6. Hence
. 1000 — N halves every 7 years and 212}

graph has horizontal asymptote at N =1000 P(B wins wo and V wins two) = 6@)2@)2 — %

then B must win the 5'th set. Hence
P(B wins three and V wins two) = 28—7 X% = -é—?—

Il .
1 I {

T
0 7 14 21

Time (years)

(c) (1) B and V must each win 2 of the first 4 sets,

Question 7
(a(@)
Y.
20ms™

=3
N 4

0
Initial conditions

x=0  x=20cos 8
y=0  y=20siné

(@)(i1) x=R when y=0
20tsin6—5*=0
5t{4sin—1)=0
~for y=0, £=4sinf
and x =201tcos @

=40 (2sinf cos @)

Horizontal motion Vertical motion

=0 §=-10

X=¢;, ¢ constant ¥y=-102+c¢;, ¢, constant
when =0, x=20cosf
. ¢, =20cos O

< X=20cos 6

x =20t cosf +c,

when 7 =0, y=20sin8
" ¢, =20sinf

.~y =20sin6 ~10¢
=20t sin6 —51* +c,
when =0, x=0 when =0, y=0
~c,=0

‘. x =20t cosf

~oc, =0
- y=20¢sinf —5¢*

(a) (iii) If the horizontal range R
variessothat R <R <R, ,
then the area watered is shaded

in the diagram .
15°<6 <45°
30°<28 £90°
0-5< sin28 <1

Shaded area is 7 (402 —202)

-~ R=40sin26 20 <R < 40 Area watered is 12007 m? .
(b) ()
v=%(l—x2) ) (b) (1ii)
dv ¥ a=v dv ¥ —x v4
— = . =y = A 2
e o 5 2 v=i(1-x )
(b) (ii) / \ R
1 R S (I—x)+(1+x) _ .2 i 73 0 N x
1+x  1-x 1+ x)(1-x) 1-x
de. 1-x° N a 2 ‘A . )
a2 dr - 1-x | @=1x("~1)
dt 1 1
= + — /\ / »
dx 1+x 1-x
/—1 0 1 x
t=In(l+x)-In{l—-x)+¢
when t=0, x=0 =~ ¢=0
14+ x
t=1In l—‘
- Initially the particleisat O, moving right at speed of
14x t = . .
T 0-5ms™ and slowirig down (since v and a have
-x

opposite signs for 0 < x <1).

The particle continues to move right while slowing
1-0

Xy =]
1+0

Its limiting position is 1 m to the right of O.

downfor x<1. As 1—>es |




